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PEEFAOE. 


Tbis treatise on the Special or Elementary Oeometry oo&aisti of 
foor parts. 

Past I. is designed as an introdnotion. In it the student is mad* 
familiar with the geometrical concepts, and with the ftandamenta 
definitions and facts of the science. The definitions here giron, an 
given once for all. It is thought that the pupil can obtain his Hit 
conception of a geometrical fact, as well, at least, from a oorreot 
scientific statement of it, as from some crude, colloquial form, tin 
language of which he will bo obliged to replace by better, after tin 
former shall have become so firmly fixed in his mind, as not to lx 
easily eradicated. No attempt at demonstration is mads in this part 
although most of the fundamental fisets of Elementary IflaMOeom' 
etiy are here presented, and amply and familiarly illustraMB. Thh 
course has been taken in obedience to the canon of the teadksr's art 
which prescribes “ facts before theoriea” Moreover, such has boqp 
the historic order of development of this, and most other seUuosSj 
vis., the facte have been known, or conjectured, long bsiim man han 
been able to give any logical account of them. And does noif thh 
indicate what may be the natural order in which the individual tnlnj 
will receive science? When the stndent has become familiar wM 
the things (concepts) about which his mind is to be ocenided, aa| 
knows some of the more important of their properties and iwlsMofai 
he is better prepared to reason upem them. 

Past II. contains all the essential propositions in naae> Solid, Mid 
Sjriierioal Geometry, which «« found incur common text-boolM wfift 
thdr demonstrations. The subject of friedrals and the dooMaa of 
the sphote an treated with mom than the ordinary ftaliaMI, ^ElM 
earlier aeoticna of this part are made short, each treating of a 
subject, and the pngwsitions are made to stand out pm^BauidyillM 
the don of eodi section am Bxereieee designed to illnatnte iH 
appty the prim^des contained in the aeotioa, rathar thm te MMsmI 
dM.pi^h jbwwledge of geometaried finta Then fmtuWA t s g i liM l 
with Gm synopses at flie don of the sections, praetfaal teachess qM>» 
I0 ipprocitiln ^ A 

. PA»tlll,wfaidifaeoBtdnsdcntyfathei7nfasmd(if lifli ii fc^ 
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Imm w ritt e n with ipecud nferenoe to ttie needa of Btndente in the 
Owknnifp ^ Miekigan. Onr admir^le qrstem of public High- 
Sehotd^of which iriioola there is now one in almost every oonald- 
onUe rillsge^ promises ere long to become to ns something near 
what ttic Oerman Gymnasia are to their UniTerritiea In order to 
pnanote the legitimate development of these schools, it is necessary 
that the University resign to them the work of instruction in tire 
sisBwnta of the various branches, as first and as far as they are pie* 
pared hr snfficient numbers to undertake it. It is thought tihat 
these schools should now give the instruction in Elementary Geom- 
etry, which has hitherto been given in our ordinary college course. 

first two ptfts of this volume furnish this amount of instarnc* 
tiOB, and students are expected to pass examination upon it on their 
eotrance into the University. This amount of preparation enables 
littdenta to extend their knowledge of Geometry, during the Fresh- 
nan year in the University, considerably beyond what has hitherto 
been practioable. As a text-book for such students, Part IIL has 
been written. At this stage of his progress, the student is prepared 
to leant to investigate fur himself. Hence he is here furnished with 
a bMfe ooUeotion of well classified theorems and problems, which 
attwd a review of all that has gone before, extend bis knowledge of 
jgsnaetrioal truth, and give him the needed discipline in original 
damenstomtion. To develop the power of independent thought, is 
tin nost ditfioult, while it is the most important part of the teaoh- 
work. Great pains have therefore been taken, in this part 
attbia work, to render such aid, and oaiy suck, as a student ought to 

^ 110 in advancing (torn the stage in which he has been foUow- 
tha processes of others, to that of independent reaaoning. In 
ttw aeoond place, this part contains what is usually styled Apjaiea- 
Htm gf Algikra to Ooemotry, with an extended and oareftally adeoted 
naga of axamples in this important snbjeob A third pnrpoae baa 
bMW to inreaant in this part an introdnotion to what is often spoken 
«f M tlia Moiorn Ooometry, by which is meant the resnlts of modem 
ttonght in developing geometrical tmth upon the direct method* 
Unmbh *■ ft qr*tem of geometrical reasoning this Oeometiy is not 
yliliMephioaUy dilferent firom that with which the student of Budii 
i» IIW li lfaT , and whidi is primly distingniAed as the tpteioiotiHtf 
MifiMI ttie c h a r act er of the fhets developed is ^ite novd* So 
amah aa^iaiied, that studeDtviko baa no knowledge of Geometry 

Mi that whkh our common taxi-books fiuniA, knows abablnM|y 
t of tim doandh into wlrieh moot of the hriffiantodeanoes of 
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ih 0 present century have be^ made* He knows not eren Uie tmns 
in which the ideas of such writers as Pokcslet» Chasle^ and Sat. 
HOW, are expressed, and he is qnite as much a stranger to the thought 
In this part are presented the fundamental ideas concerning Lo€h 
Sj/mmeiry^ Maxima and Minima^ Itioperinuiry^ the theory of TV^iis- 
Anhanmnic Ratio^ Polars^ Radical Axes, and other modem 
views concerning the circle. 

Past IV. is Plane and Spherical Trigonmeiry, with the requisite 
Tables While this Part, as a whole, is much more complete than the 
treatises in common use in our schools, it is so arranged tbata shorter 
course can be taken by such as desire it Thus, for a shorter conrae in 
Plane Trigonometry, see Kotb on page 55« In Spherical Trigono* 
metry, the first three sections, either with or without the Iniraduc* 
tion on Projection, will afford a very satisfactory elementary course. 

A few words as to the manner in which this plan has been oxooutad, 
may be important In general, the Definilions are those usually given, 
wiili such slight alterations as have been suggested by reflection and 
experience. There are, however, a few exceptions. Among these is 
the definition of an Angle, I can but regard the attempt to define 
mi angle as 7%$ difference in direction between two lines, or The 
amount of divergence, as needlessly vague, abstract and perplexing' 
tp a student, as well as questionable on philosophical grounds. The^ 
definition given in the text will be seen to to, at bottom, the old 
one, the conception being slightly altered to bring it into moreoloso' 
connection with common thought, and also with the idea of an anj^ 
as generated by the revolution of a line. As to Parallels, and 
definition of similarity, my experience as a teacher is decidedly 
&Tor of retaining the old aotiona So also in adopting a definitiott^^^ 
of a Trigonometrical Function, I am compelled to adhere to the^ 
geometrical conceptkm. A ratio is a complex concept, and conse*^ 
qnently not so easy of application as a simple one. For this reasQii». 
Mniyiig others, I prefer the differential to the differential caejfiaieutp, 
in the caicalus, and a line to a ratio, in Trigonometry. Moreovmr, Z 
have found that students invariably rely upon the geometrical 
ei^^n, even when first tangfat the other; hence I am not iiiiprii|Nl«^ 
ttiat all onr writers who define a trigonometrical fhnotion as a 
hrrtfn to tell the pupil what it means, by giving him tlm geomipiiei^^ 
iBnstxationa Nor are the superior fooiU^ which the geoaNprical 
eoncsptiosi affords for a full elucidation of the doctrine it flitiilgttp ; 
ell^ftiftCthms, and ItoadmimUe adeptatfam to fix ttima laws jhi flip 
nfyeif eonridmstkmsio be lost sigtilof in esleetiiig flm^fiiiii|e^ 
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Bunly no opohgy is needed^ dt the i»eeeiit Aaj, §ot iiitrodiiciiig 
the idea ot motion into Elmentaiy Oeometrj, notwithstanding the 
rigorous and disdainful manner with which its entrance was long re- 
risted by the old Geometers. And^ having admitted this idea,, the 
conception of loci as generated by motion would seem to follow as a 
logical necessity. In like manner, I take it, the Infinitesimal 
metiiod mast come in. Its directness, simplicity, and necessity in 
applied mathematics, demand its recognition in the elements* In 
two or three instances, I have presented the reductio ad absurdum, 
where the methods are equivalents, and have always in presenting the 
infinitesimal method woven in the idea of limits, which I conceive to 
be fimdamcntally ihe same as the infinitesimal Thus we bring the 
lower and higher mathematics into closer connection. 

Themfer 0 / arrangement in Plane Geometry (Chap. I.), isthonght 
to be simple, philosophical, and practical. A glance at the table of 
contents will show what it is. This arrangement secures the 
veiy important result, that each section presents some particnlai 
wuiihod of proof, and holds the student to it, nntil it is familiar. 
TVue, it requires that a larger number of propositions be demonstrated 
fimm fhndameiital truths; but who will consider this an objection? 

To such as consider it the sole province of geometrical demonstra** 
•ricn, to oonvipoe the mind of the truth of a proposition, not a few 
theorems in these and ordinary pages must seem quite superfluous. To 
them, Prop. I., page 121, may afford some merriment But those who, 
with myeelf, consider Geometry as a branch of practical logic, the 
iiitt of which is to detect and state the steps which actually lie he* 

; tween premise and conclusion, will see the propriety of suchdemonslra- 
tioiis; and for each individual of the other class, a separate treatise 
will he needed, since no two minds will intuitively grant exactly the 
•ame propositions. 

To Bx*President Hill, of Harvard, I am indebted for the oonflr* 
matton of an opinion which had been previously forming in my mind» 
Ibat the study of Geometry as a branch of logic, should be preceded 
by a presentation of ite leading Ihots. The works of Compaokov, 
Tuwaw, and our lamented oountryman, CHAUYSicnT, have been 
wlfibin reach during the entire work of {mparatiou, and this volume 
irnddhave been diflkrent, in some reflects, if any one of these abk 
.Ikiatiasi had not appeared befbre it 
In II 16 prepararicn of Part IIL the works of Bonoirfi et Oowra* 
MMaMS and MirnoART have been fredy used. For the very ocnciaa 
eml dagant fbnn in which flie principle of IMemlam, for the pee* 
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oke oalealati<s>a of Trigonometried Fasotiona near ilieir limiti, ia 
eBi}>odied in TA.BLB IIL, I am indebted to the recent irork of 'BnA‘ 
dent Eu T. TappaH, of Kenyon College, Ohio. 

My long and intimate intercourse with Professor G-. B. Mbbsimait^ 
now of the department of Phpics in the UniTersity, has been a 
source of great profit to me in the preparation of the entire work. 
His sound, practical judgment hs a teacher of Geometry, and oulti* 
rated taste and skill as a Mathematician, hare been ever at my ser- 
vice, and have done more than I can tell, in giving form to the work, 
both as respects its matter and its spirit 

Edward Ountr. 

UmvBBnTT or MiomaAH, f 

Amm Arbor, January, 187S. 
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SPECIAL OR ELEMENTARY 

GEOMETRY. 


IKTBODUCTtOK. 


SECTION I. 

l«6I00>MATHnEHAnCAL VEBMS.* 

1» A Proposition is a atatement of aometbing to be ooBiidiNd 
or done. , 

luu— H iiu, the common etatement, “LUb le abort,*’ ie a propoaHtaii ao, 
atoo, we make, or elate a propoeltion, when we lajr, ** Let ns seek eaiMsIljr after 
truth.”—** The product of the divisor and quotient, plus theyHiilBdar,a%aale 
the dividend,” and the requirement, ** To r^uce a ftactlon to ns lowest tanNh* 
are enampies of Arithmedcal propositions. 

2. Propoaitiona are distingniabed aa Axim$, Thesrtmt, LssmsSt, 
CoroUariet, Potluhteg, and PriAhm. 

S» An Axiom ia a proporitloB vbich atatea a priao^ flift 
ia ao aiiapkb elemantaiT, and evidcat as to leqniie no prootL ' 

luL— Thus, “A part of a thing Is ieia than the whole of it,” “ fiiiilamldldll 
of equals are equal,” are eiamplea of axioaia If any one dose not admit ftiif 
Inttii of aaimns, when he underetaads the terms used, we sqr that bis aftst ll 
not aoond, and that we cannot nasen with him. 

A 3%oorem ia a prppoaitfcni wbkdi atatea a nal or .|^y|mi4i 
lhol» vlioae tmtb tn* MAtj we are to detanoioe bj waaoiiiiig, ^ , 

||||0 MUMi Ini lo tffflh iituncfiloNr 

of a IniNr ftactlon, tte vdne of the ftaetion will be Inrr saee d ,” l|satftl|Sft||b, 
ItissslBiaBseot'tlwIiaihevflddi^of which wn are to detsndae If aaaaiift' 
nC |piiNdQliN|« 

oqhe t^tnsasem ama wsWiyla ssa iymsseff Ms Ia alM l ft em w e at tbswliam'ir 

•slWe MbsaMtas asp keeMMwsaes odmaatasHtsf iMSIMItfa 
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Pii^> 4 JOtmonstreOtM, is tiie osune of reipKniqf 

ibvih or faQnfy of a tlieoim is made to af^Kar. The 
tana is also applied to a l(^cal statement of the reasons fbr tiie 
paooesses of a mle. A solution tells how a thing is done: a demon- 
stoiloii tdls why it is to done. A demonstration is dfthn cdled 
pmf. . 

0, A Jjemma is a theorem demonstrated for the purpose of 
mripg it in the demonstration of another theorem. 

lUo— That, in order to demonstrate the mle for finding the greatest oommon 
diTitor of two or more numbers, it may be best first to prove that ** A divisor 
of two numbers is a divisor of their sum, and also of tlieir difference.’* This 
fiieonsm, when proved for such a purpose, is called a Xammo. 

The term Lmma is not much ua^, and is not very important, since most 
theorems, once proved, become in turn auxiliaiy to the proof of others, and 
hence might be called lemmas. 

7* A €}oroUairif is a subordinate theorem which is suggested, 
or the truth of which is made evident, in the course of the demon- 
•ftxation of a more general theorem, or which is a direct infermice 
frmn a proposition, or a definition. 

luL—Thua, by the diacuwfion of the ordinaiy process of performing sobtrao* 
tta in Arithmetic, the following Oorottarif might be suggested : ** Subtraction 
may also be periormed by addition, at we can readily observe what aimiber 
amsl bo added to the subtrahend to produce the minuend.** 

9* A JPoetulate is a proposition which states that something 
iSA be done, and which is so evidently true as to require no paooees 

reasoning to show that it is posdhle to be done. We niay or may 
ksiow how to perform the operation. 



TU 0soiiKndO4L OMownk 


I 


12. ASoimNon is the prooeos of perfenning » profelanorKB 
ezempk. It dioold osoaUy be Moompaoi^ a demonitntioa of 
theprooesB. 

1)9. A SehoUum is a ranark made at the Okie of a diaooiidmi, 
aod designed to call attention to some partioular katuie or featara 
of it 

III.— Thn, after haring dbeoued the ratjeet of multlpHeatloii sad ^HrUoa 
In Arithmetic, the remark that ** Dirbkm is the oonreiw of mvMpUoatiOBi'' k 
a sdiolhiin. 


STNOPSn. 


Bnhfect of the section. 

Proposition. Itt. 

Varieties of propoelUona 
Axiom. JIL 

One who will not admit the tmth 
of axioma 
Theorem. M 

Demonstratfam. Difference between 
a solution and a demonstration. 


Lemma M Why Ihs taim is tBrim 
portant. 

Corollatfy. M 
Postulata fU. 

Problem. Uowaialsd. M. 

Bute. 

Solntion. 

Sdmliam. M 


SECTION II. 

THE OBOKETRIOAL COirClPT&* I 


warn. 

IJI. ..i PiodMff k a plaoe withont lise. Points aw dwignafnilE 
kttns. 

III.— If we wirii to dsiignste aqypaiiietdwpeiat(idaoe)oa 4 m psp«r»«l 
pntaletterkplttiMlMaMlinHsadotooiL lima tm 

iaJ|a4>tlM«iisfdbsVae,«hkhai»poiBM,»e if 

iMilpiiaisd as "palm V 

Ite ttolM iiMiGtd on ItaM aM 
4ii||Mai*pelati,”«poiatC”orasBaBd £ g 

€. INilfantMopoiMasiHttMMflaMi. mat « 
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14# A Line is the path of a point in motion. Lines aie lepre* 
sented upon paper by marks made with a pen or pencO, the point of 
the pen or pencil representing the moving point A line is dedg- 
nated by the letters written at its extremities^ or somewhere 

upon it 


luL— In ench case in Fig. 4, conceive a point to start from A and move along 
y the path indicated by the nuurk to B. The path 

^ thus traced is a line. Sinee a true poM hat ne 

_ ^ ebet a line hat no breadtht though the marks by 

which we represent' lines have some breadth. 
The first and third lines in the figure are each 
designated as ** the line AB.** The second line 
is considered as traced by a point starting fiorn 
A and coming around to A ag^, so that B and A 
coincide. This line may be designated as the 
line AiiinA, or AmnB. In the fboith case, there 
are three lines represented, which are desiipiAted, 
respectively, as AsiB, AiiB, and AeB; or, the 
last, as AB. 

IS, Lines are of ntfo KindSt 
Straight and Curved. A straight line is 
also called a Right Lins. A oomd line 
is often called simply a Curve. 

10. A Straight Line* it a Bn« 
traced by a point which movea oonitantly 
in the same direction. 



It* A Curved Line is a line tiaeed by a pdisi viUOk 
thmer Oumgea its direction of motion. 
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would My, that, itaiiiiig from A, On point to mm umi^ aoM, tat 
keeps dumi^f tie dlnetton more end more toward the smI, tmtO at I It mom 
directly east; and from 8 it oontinum to change to oooim and mom 
more and more toward the sonth, tUi at f it is moring’ dtremly aondi. Th» 
Same general troth is Ohistrated in 9 and 4, /V* 4- Tta path of a ban ttrown 
into the air, in any direction except directly op, represents a ourred line. Moat 
of the Hnes seen in nature are ennred, aa 
the adgm oi ksTee, the shore of a rirer 
or lake, etc. Sometimea a path like that 
represented in Fig. 6 is called, though im- 
properly, a Aoltoa Zfae. It is not a line ^ 

at 1 ^; that is, not me line : it is a series of straight linen 



SCBFACES. 


IS, A Surface is the path of a line in motion.* 
19, Sarfiioes are of Two Kinds, Plane and Curved. 


90, A inane Surface, or simply a Plant, is a snrlhce witii 
which a straight line may be made to coincide in any direction. 
Such a surCaoe may always be conceived as the path of a Btrai||^t 
line in motiMi. 

91, A Curved Surface is a snrfltoe in which, it lines m 
conceived to be drawn in all directions, some or all of them witt 
be curved lines, 


lLt.'n— Let AB, Ji|r. d, he supposed to move to the ri|d>t> so that toeMMIto 
tim A and B mm at-the same rale and in the 
eame direothm, A tradag die tine AO, and B, the 
line BC. The path of die line, the Ogure ABCO, 

Isssssfriee. This page is a aorlhce, and may he 
oonesived M tta psta of a line sliding like a ruler 
from to bottom of tt, or from one side to the 
otoar. Sodi a path will km lengdi sod breadth, 
hatof te dM Wlir t«|W 0 t imlita a Baa, which too 
on^lsHgdL 

Am a ’tttolMdtai, s a ppos e a das win tait into tta BMi 4|f Bto 
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eniyoM||py,sndto<tahAandBs«taintoarDd,xy. 

h, H is ovMiat that ttaptola#WllB 

npsapsaitod Ir B>a who AaiB. wm te dm Mfftas of a to« (sphMB^ 
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SLE1C3CNTABT OEOMETBT. 


Again* anppoae the rod XY be placed on the sorfkoe of this paper so 
that the wire AmB shall atand straight np 
from the paper, Just as it would be if we 
could take hold of the curve at m and raise 
it right up, letting XY lie as it does in the 
figure. Now slide the rod straight up or 
down the page, making both ends move at the 
same rate. The path of AmB will be like the 
surface of a half-round rod (a 8cmi>cylinder). 
Thus we see how surfiiccs plane and curved may be conceived as the paths of 
lines in motion. 

Ex. 1. If the curt'e AwB, Fig. 8, 
he conceived as revolved about 

^ the line XY, the surface of what 

bT^y object will its path be like ? 

Ex. 2. If the figure OMNP, Fig. 9, be 
conceived as revolved about OP, what kind 
of a path will MN trace? What kind of 
paths will PN and OM trace? 

One path will be like the surface 
of a joint of stove-jiipe, i. e., a cylindrical 
surface ; and one will be like a flat wheel, 
i. €., a circle. 

p! 1|^ 

Fio. S. 

Ex. 8. If you fasten one end of a cord at a point in the ceilmg and 
IlMig a ball on the other end, and then make the ball swing around 
in a circle, wiiat kind of a surface will the string describe ? 

[Notk.— T he student is not necessarily cx];>ectcd to give the geometrical 
nime of the surface, but rather to tell in his own way what it is like, so as to 
nuke it clear that he conceives the thing itself] 

Ex. 4* If you were to draw lines in all directions on the surface of 
the stove-pipe, might any of them be straight ? Could all of them 
be straight ? What kind of a surface is this, therefore ? ^ 

Ex. 5. Can yon draw a straight line on the surface of a Imll f On 
^ surfitce of an egg ? What kind of surfaces are these ? 

> Ex. 6. When the carpenter wishes to make the surface of a board 
l^erfoeQy fiat, he takes a ruler whose edge is a line, and lays 

this straight edge on the sur&oe in all directions, watdiing cloadj 
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to see if It always touches. Which of our dehnitious is he Ulus* 
trating by his practice ? 

Ex. 7. When the miller wishes to make flat the surface of one of 
the large stones with which Avhcat is ground into flour, ho sometimes 
takes a ruler with a straight edge^aud smearing the edge with ))aint» 
applies it in all directions to the surlace, and then cliips off the stone 
where the paint is left on it What principles is he illustrating ? 

Ex. 8. How can you conceive a straight line to move so (hat it 
shall not generate a surface ? 


ANCa^ES. 

22. A Plane Annie ^ or simply an Awjh, is the opening be- 
tween two lines wliich meet each other. The point in which the 
lines meet is called the vertex^ and the lines an* called (he nifteifm 
An angle is designated by placing a letter at its vertex, anil one at 
each of its sides. In reading, wo name the U tter at tlu* vt rtex wlicu 
there is but one vertex at the i)oiiit, and the three lelU rs when there 
are two or morc vertices at the same point. In the laiUT cose, the 
letter at the vertex is i)ut between the other tw'o. 


111. — In common lan.£^unge nn 
angle is called a corner. The 
oiMining between tlie two lines 
AB and AC, in which the figure 1 
stands, is called the angle A ; or, 
if wo cbooso, we may call it the 
angle BAC. At L there arc two 
vertices, so that were we to say 
the angle L, one would not know 
whether we meant the angle (cor- 
ner) in which 4 stands, or that in 
which 5 stands. To avoid this 
ambignity, we say the angle HLR 
Ibr the former, and RLT for the 
latter. The angle 2A Y is the cor* 
aer In which 11 stands; that is, 
the opening between the two 
Bnes AY and AZ. In dcalgnatlog 
an angle by throe letters, U is im- 
material which letter stands first 
so that the one at the vertex is 
pm between the other two. Tbos» 
PQSand SORai© botti dndgiin* 
liona of tbe aai^ in vriiiph 6 
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•ttnds. An angle is abo fleqnently dealgnsted by patting a letter m fignie in 
it and near the vertex. 

83, The Bixeofan Angle depends npon the rapidity with 
which its sides separate, and not upon their length. 

IX/L.— The angles 6AC and MON, Fig, 10, are equal* since the sides separate 
at the same late, although the sides of the latter are more prolonged than those 
of the (brmer. The sides OF and DE separate faster than AB and AC, hence the 
angle EOF is greater than the angle BAC. 

Side Adjacent Anglee are angles so situated as to have a com- 
mon vertex and one common side lying between them. 

III.— In Fig, 10, angles 4 and 5 are adjacent, since they have the common 
vortex L, and tlie (x>tumoa side LR. Angles 0 and 10 arc Use adjacent, os are 
also 6 and 0. 


2/fe Angles are distinguished as Right AnglcH and Oblique Anglee* 
Oblique angles arc either Acute or Obtuse. 

90* A liighf Atigle\e an angle includeil between two straight 
lines which meed each oilier in such a manner as to make the adja- 
cent angles e<iuaL An Acute Angle is an angle whieh is less 
than a right angle, i, r., one whose sides a'parate less rapidly, 
jilt Obiuee A ngle is an angle which is greater than a right angle, 
Af one whose sides separate more rapidly. 



I LI.,— As in commtm language an angle la called 
a o/ntcr, ho a right tingle U called a nguare earner ; 
an acute, a iiA<irp earner; and an obtuse angle might 
Im* called a blunt corner. In FYg. 11, BAC and 
DAB are right angU^a. In 10, 1, 2, 8. 5, 8, 9, 
and 10 arc acute angles, 4 and 6 are obtuse, and 7 la 
u right angle. 


A SOLID. 

' Mf, A SolM is . limited portion of q>ao& It may also be eon* 
asha d as the path of a surface in motion. 

yon have a Mock of wood like that rep re a e u ted in 18, 
«Mialllteoarnen(aaKlea)aqMre ooraen (rhid>t eoKte). Hold it atiUtak yoar 
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a moment, and fix your mind 
i:qx>n it Now take the block away and 
think of the space (place) where it was. 
This space will be of just the same ibnn 
as the block of wood, and by a little ef- 
fort you can think of it just os well as of 
the wood. This space is an example of 
what we call a Solul in Geometry. In 
fhet, the solids of Geometry are not solids 
at all in the cc^inmon sense of solids 
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they are only just p/<icot of errtain sAapot 
Again, hold your hull still a moment In j’our flnirers and then let it dmp, and 
tldnk of the place it filled when you had it in your finirers. It is this phwv, 
sliapccl just like your ball, that we think alniut, and talk alMiut as a aM, in 
Geometiy'. 

In order to see how a solid may bo conceived as the path of a surface, sup* 
|v>8C you cut out a piece of paper of Just the same size as (he cud of the block 
represented in Fig. 12. Let ABCD represent this piece of pa]K'r. Now, holding 
llic paper in a perpendicular position, ns ABCD is reiinwnted In the fijjpire, 
move it along to the right, so that its angles ahull truce the lliun* AC, BH, OE, 
and CF. AVhen the paper has moved to the position CHFE, Its path will be 
just the same space ns the block of wood occupied. This path, or tlie s|)«ee 
UirougU whicli the surface represented by the piece of pa|)er imived, Is Uie solid. 


Ex. 1. If a semicircle is conceived as revolvwl around its (luunoU$r> 
what is the path through wliich it moves ? Stie /V//. 7. 

Ex. 2. If the surface OMNP, Fif, fi, is conceived m revolved around 
OP, what is the path through which it mov<’g ? 

Caution .—The student needs to lie careful and distinguish Iwtw'een UlS 
•urfoM traced by Uic Um MN, and the BoUd traced by llie 9urf(ic€ OMNP. 

Ex. 3. If the surface represented by ABC Ik? con- 
ceived as revolved about its side CA, what kind of 
a solid is its path ? 

[Kotk.— A s has been said before, the student is not 
necessarily expected to nams these Mdids, but rather to 
■how, in his own language, that he has the conception.) 

Ex. 4. As you fill a vessel with water, what is the 
solid traced by the sur&oe of the water f 

Am. The same as the space within the vessel. 

Ex. 5. If a circle is conceived as lying borizontalt}7 find tlMHl ^ 
moved directly up, what will be the solid described, i. e., its ptdkf 
Do not confound the surface described with the solid. What 
scribes the surface t Whit the solid F 
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EXTENSION AND FORM. 

28* Extension means a stretching or reaching out. Hence, a 
Point has no extension. It has only position (place). A Line 
stretJies or reaches out, but only in length, as it has no width. 
IlenKs a line is said to have One Dimension^ viz., length. A Surface 
exteids not only in length, but also in breadth; and hence has 
Two Dimensions, viz., length and breadth. A Solid has Tltree Di- 
mensions, viz., length, breadth, and thickness. 

III.— Suppose wc think of a point as capable of stretching out (extending) 
in one direction. It would become a line. Now suppose the line to stretch out 
(extend) in another direction— to widen. It would become a surface. Finally, 
suppose the surface capable of thickening, tliat is, extending in another direc- 
tion. It would become a solid. 

29. The Lmils (extremities) of aline are points. 

The Limits (l)oundarie8) of a surface are lines. 

The Limits (boundaries) of a solid are surfaces. 

30. Magn itude is the result of extension. Lines^ sur- 
faces, aitd solids are the geometrical magnitudes. A point is not a 
magnitiiSe, since it has no size. The magnitude of a line is its 
lei^i^of a surface, its area ; of a solid, its volume. 

si. Figure or Form (shape) is the result of position of 
points. The form of a line (as straight or curved) depends upon the 
relative iwsition of the points in the line. The form of a surface (as 
piano or curvwl) depends upon the relative position of the points 
in The form of a solid depends ujwn the relative position of the 
points in its surface. Liues, surfaces, and solids are the geometrical 
figurd^* 


Iix.— In Pig. 14, it b cm^ to conceive the form or the lines by knowing the 
position of points in the lines. By s 

quantity of common pins of different iwig rt,. 
sticking them upright in a board, and eanoeiT- 
ing the heada to represent points in a boiAmk, 

we can readily see how the position of the poiata 

in a auiihoe determine its form. 

Ex. L Suppose a line to b^in to oon- 



Ub... , asd soBd. tr* esIM tasRaUadM vhoi ntamo. I. Iwd to thdr 
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tract in length, and continue the operation till it can contract no 
longer, what does it become ? That is, what is the minor limit of a 
line? 

Ex. 2. If a surface contracts in one dimension, as width, till it 
reaches its limit, what does it become ? If it contracts to its limit 
in both dimensions, what does it become ? 

Ex. 3. If a solid contracts to its limit in one dimension, what does 
it pass into ? If in two dimensions ? If in tliree dimensions Y 

Ex. 4. What kind of a surface is that, every jwint in which is 
equally distant from a given j)oint ? 

#9^. Geoittef r^y magnitude and form as the result of 

extension and position. 

The Geometrical Concepts are points, lines, surfaces (including 
plane and spherical angles), and solids (including solid angles). 

The Object of the science is the measurement and comparison of 
these concepts. 

Plane Geometry treats of figures all of whoso parts arc conflnctl to one plaiiiL 
Solid Geometry^ called also Getomtry of Syaeet and Oeoowtry of Three JHtnenMione^ 
treats of tlgures whose parts lie in dilferenl (danes. The division of Part II. 
Into two chnptcra is founded upfin this dl8tlncii«»n. Iti the Higher or General 
Geometry these divisions are marked by iho terms “ Of Loci in a Plane f ami 

Of Lociin Space f 


f 


Point 
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HYNOPSLS. 

What. — How designated. — III. 
Dimensions of. 

Limit of Line. — Surface.— Solid 


r What 

How designated. 

Dimensions of. 

Lnm i Limit of Surface. 

( Straight. — Whst — JU, 

Kinds \ Curved. — >Vhat — III. 

( Broken (?) 

What 

Dimensions of. 

, Limit of Solid. 

Buhfacb..^ i Plane.— What— /«. 

^ Kinds ^ Curved.— What— id 

4 What— Size depends on what— Ad[)acetit 
Angle } ( flight— What— /«. 

\ Kinds } r j Acute -What-X^ 

8aui>. Wtart^JB.— E3Mmpl«. 

f_ . ( ]Iiiciii»idfc.-Wlurt.— RaMtltofwfaat 

- . jTkwttof WlMt>-B««iUorwlHfc 

CoOMpC-WlMt 

I otiwt^ifnut , 



PART I 


A PEW OF THE MOKE IMPORTANT PACTS OF THE 
SCIENCE. 


SECTION I 

ADOPT STBAIGHT U!fES. 

• 93 . Prob* — To measure a straight line with the dividers and 
wale. 


Solution.— L et AB, Fif). 1.5, b« iho line to be measured. Take the dividers, 
^ Fig. 2 (fVontisplece), and placing 

the sharp point A firmly upon 

— I — .*Q tlie end A of the line AB, open 

the dividers till the other point 

' ^ B (the pencil point) Just reaches 

^ the other end of tlie line B. 

Then letting tlio dividers ro> 

— » K main open just this amount, 

place the point A on the lower 
Mid of the led hand scale, as at o. Fig. 1. and notice where the point B readies, 
til this case it n^aehes 8 spaces beyond the figure 1. Now, as this Is 
InudMM and tetOhe of inches * the hue AB is 1.3 inches long. 


I- 


Pto. 15. 


Mx. 1. What is the length of CO ? 


Atu. .15 of a foot 


Ex. 2. What is the length of EF ? 
Ex. A What is the length of CH f 
Ex; A What is the length of IK F 
Ek. ft. Dnw a lino 3 Inches long. 


Ant. of an indk 
Mnt. 1|^ inches; 
Ant, .18 of a ihot 


Ex. A Draw a lino 8.15 inches long; 

, Sbc. 7. Ihwsr a line 1.25 inches long, 
y Ex. A Draw a Etie .85 of an inoh l<»g. 

.■w ^ — . . - 

a vthafltiatomvIMte and tOOtia 

\Ef a IM. aM Uwiltttllvr dlvlthiaa a 
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[Nom--Suppose a fine elasUc cord were attached by each of ha eiida to tho 
pointa A and B of the dividers ; when they were o|^>euod so as to readi fhmi 
C to O, Fig, 15, the cotd would rcprwcnl the line CO* Now applying the dl- 
Tiders to the scale is the same as laying this coni on the scale. Wlihtait the 
cord, we can imagine the distance between the points of the dividers to be a line 
of the same length as CD.] 

Ex. "9. Find in the same tvnj as above the length and width of thU 
page. Also the distance from one corner (angle) to the opposite one 
(the diagonal). 


34. Frob. — To find the sum of t wo lines. 

Solution. — To find the sum of AB and CD, 1 ♦ first draw' the indefinite line 
Ex. With the dividers I obtain the length of AB, by placing one [volnl on A 

and extending Uie other to B. a« — B 

This length I now lay off on the 

indefinite line Ex, by putting one * 

point of the dividers at E and E * >08 

with the other marking the point Fm. is. 

F. EF is Uius made equal to AB. 

In the tame manner taking the length of CD w ith the dividers, I lay itotf trom 
F on the line Fx. Thus I obtain EC=EF FC::= AB + CD. Ilcncc, the sum of 
AB and CD is EC. 

[Note.— T he student may measure EC by {*Vf) and find the sum of AB and 
CD in inches or feet; but it Is most im})ortaiit that he be able to Imtk upon CC 
as the sum itself.) 

Ex. 1. Find the sum of AB and EF, Fig, IT). 

Ex. 2. Find the sum of EF, CD, and CH, Fig, 15. 

Ex. 3. Make a line twice as long as CD, Fig, 10. Three timei it 


33* JPTOb* — To find the difference of two Unee. 

Solution.— To find the difference of AB and CD, I take the length At 
Im line AB with the diridera ; and placing ^ 
one point of the dividers at one extremity 

of CO, as C, make Cs = AB. Them Is eO C »"" 

the difference of AB and CD, since eD = Tut. ir 

CO^Cs«CD-AB. 

L Find the difference of IK and EF, Fig. 16. 

Bk» % Find the difference of OH and CO, Fig. 16. 
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Ex. 3. Find how much longer IK, Fig. 15, is than the sum of EF, 
Mg» 15, and CD, Fig. 16. 

Ex. 4. Find the difference of the sum of AB and CH, and the 
sum of CO and EF, Fig. 15. 


Prob* — To compare the Ungthe of two lines ; that is, to find 
their ratio (approximately^). 

Solution.— T o compare the lengths of AB and CD, I lay off AB, the shorter, 

upon CD, as Co. (K AB could be 
^y^ iD applied two or more times to CO, 
1 should apply it as many times as 
CO would contain it) Now I apply 
the remainder of CD, viz., aO, to AB, 
as many times as AB will contain k, 
which is once with Uie remainder OB. This remainder I now apply to oO, and 
ffnd it contained once with a remainder eD. Again, I apply this last remainder 
to (B, and find it contained twice with a remainder dB. This last remainder I 
now apply to cO, and find It contained 8 times, without any remainder. This 
Inst measure, dB, is a common measure of the two lines. Calling dB 1, 1 now 
observe tliat 


-jr4i 
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A^- 


cO =8<tB= 8; 
bd =r2oO=:6; 
or =:6B=:W+dB = 7; 
oO =r or eO = 10; 

AB^Aft-fftBrroD-f rtr=17; 

CO = Ca + oO = AB + oO = 27. 

Hence the lines AB and CD are to each other as tlie numbers 17 and 27 ; AB 
Is 41 of I or, expressed in the form of a proportion, AB : CD : ; 17 : 27. 

pilOTB.«--This process will be seen to be the same as that developed in Arhh* 
and Algebra for finding the greatest or highest Common Measure of two 
Btimbers, and should be studied in connection with a review of those proomses. 
Baa OoxFUBTE ABrmxsTic (liJ), and Coupuetb School Alobbba (i^T).] 

Ex. Find, as above, the approximate ratio of ab to CD, Fig. 15. 

Jiaiio, 13 : la 

Ex* a Find, as above, the approximate ratio of CD and IK, Ftg. ItL 

Ratio, 5: a 

*** “" ■' ' ■ 

^ • fhto SM^ dost UB Ihi SMMI iwia, hscMM er tlw laiiiMbctiQii Of 1 ^^ 
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Ex. 3. Find, as above, the approximate ratio of EF to CH, Fig, 15* 

Uatio^ 1 : 

Ex. 4. Find, as above, the approximate ratio of EF to CD, Fig, 15. 

Jiaiio, 5 ; r*i. 


37, To Interact is to cross; and a crossing is culled an 
intersection. 

38* To bisect anything is to divide it into two equal parts. 

39* Proh*—To bisect a given line. 

Solution.— To bisect tlie line AB, I take the dividers ; and ojieiilng them 
so that the line between tlicir points is more than 
half as long os AB, I place the sharp point A on 
the point A, and holding it firmly there, make a 
little mark with the pencil iwinl B, as nearly ns I 
can guess, opp^) 9 ito the middle of the line* Then, 
being careful to keep the dividers open Just the 
same, I place the sharp point on B, and make a 
mark intereecting the first one, as at m. Now, 
doing just the same on the other side of the line, 

I make two marks intersecting each other, os at n. 

Finally, I draw a line from m to w, and where this 
line crowea AB is its middle point; th*t is. AO 1* equal to OB, [V^liy this la 
so we do not propose to tell now. The student need* only to l<^i how to do 
it He should meature AO and OB, and thus lest tlic accuracy of hi* work,] 



Ex. 1. Is it necessary that the dividers bo ojK'ned just as wide 
when the marks are made through w, ns wlien they are made 
through m? Try it 


Ex. 2. Suppose yon make the marks through m as directed, but, 
in making those through fi, yon have the 
dividers wider open when you put the point ^ ^ 

on A than when yon put it on B; will the 
line joining tn and n then crow AB in the 
middle ? If not, on which side of the mid- ' ^ 

die will 0 be? Try it 

Ex* S. Can yon bisect a line by making ^ ris. m 
tha ipmlpi all on one side of it ? If so* do it 
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40, Axioms* — A $iraighi line is the shortest path hettoeen ixoo 
points. 

III.— 'If a cord i» streUhed across the table, it marks a straight line. In this 
way Uie carpenUjr marks a straight line. Haying rubbed a cord, called a chalk- 
line, witli chalk, he tAreiclm it tighily from one point to anoth(;r on the surfaces 
upon which he wisiics to mark the iine, and then raising the middle of the 
cord, lets it snap upon the surface. So the gardener makes the edges of his 
patlis straight l)y stretching a cord along them. These operations depend upon 
the principle that when tlic line between the points is the shortest possible, it 
is straight 


41, Axiom, — Two points in a straight line determine its 
position. 

III.— If the fanner wants a straight fence built, he sets two stakes to mark 
its ends. From tliese its entire course becomes known. Tliis is the principle 
upon which aligning (or sigiiiing) depends. Haying given tw o points in the 
required line, l»y looking in tlic direction of one firom the other, w e l<x)k alon^ a 
suitlght line, and are thus aiiie to locate other points in the line. If the points 

^ A and B are marked, by 

putting the eye at A and 
^ lot)king steadily towards 
B, wre can tell whether D 
and E are in the same 
straight line with A and B, or not So we can observe that C' tuid C" are rwt 
in the line; hut that C is. This process of discovering other points in a line 
with two given iwlnts is called aligning, or sighting. In this way a row of 
trees is made straight, or a line of stakes set It te the principle upon which 
surveyor riiiiM iita lines, and the hunter aims his gun. In the latter case, 
Uit two sights are the given points, and the mark, or game, is a third point| 
which the marksman wishes to have In the same straight line as the sights. 




Flo 91. 


XT 


42, Axiom,--Between the same two points there is one eiraighi 
line, and only one. 

III.— Let any two letters on this page represent the situation of two points ; 
we leadUy see that there is one, and only one, straight path between them. 
Agtiii, let a corner of the desk reprraent one point and a corner of the oeOiiig 
of the room represent another point ; we perceive at once that, if a point k 
concaved to pass in a straight line hrom one to the other, it will always trace 


» An sa&Bi way be tawtratod. batttassOi dlimsagrelioii. We mw «3q»lsla the tenw 
SSSi ted eiihQiale Um coedmed etstesMat ; hat IL when iu wrantog is desitg selsailaod. 
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tlte mm path. In short, as soon as two points ars mentionsd, wa think olllie 
distance between them as a single straight line,— for example, the centre of Hit 
earth and the centre of the sun. 

Once more, conceive A and B, FSg, 81, to be two points in the path of a point 
moving from A in the dlrecUon of B. Now aU the points in the same dlirf tkm 
from A as B is, are in this path ; and any point out of this line, as C' or C", is 
in a different direction frtim A. 

In this manner wc draw a straight line on paper by laying tlie straight edge 
of a ntler on two points through which we wish the line to |>ass, and imssing a 
pen or pencil along this edge. 

Cor . — Ttvo (straight lines can inierseef in hn( one poinl ; for^ if 
they had two points common, they wonld coincide and not intersect. 

Ex. 1. A railroad is to be run from the town A to town If it ii 
made straight, tlirough what points vrill it pass? Can it pass through 
any points not in the same direction from A as B is ? 

Ex. 2. If I live on the south side of a straight railroml, and my 
friend on the north side, but five miles farther Hmt, and two milei 
farther north, and the road from my house to his is straight, bow 
many times does it cross the railroad ? 

Ex. 3. Can you alivays draw a straight line which shall cut a 
^urve (whatever cuno it may be) in two imints ? Trj* it. 

Ex. 4. Detroit is directly east of where* I live. IIow could I drive 
my horse there and never turn his head to tljc east? Would he have 
to travel in straight lines or in a curve ? If I drive him on a ourvCf 
how can 1 manage it so that his head will l)e 
east for but an instant? If bis head is all 
the time east, what is the line in which I 
drive him ? 

Boo.— The figure will suggest how the first may Kiu 

Ijc accomplished 



43. A JPerpendteular to a given line is a lino which mahai 
a ri^t angle {20) with the given line. The latter is also jictpeii* 
dicnlar to the formey. Obliguo Lin$$ are mteh as are not perpeB^ 
dmnlag to each other, and which meet if suflScieiitly extended. 

tffg, 11, BA Is petpendicolar to DC ; so also AC k perpeadUadfir la 
BA. la 10, KC and Ki are pcrpendlcute to each other. TheotlierllM 
hiflr. IWareoblique toeachother * 
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44. Pirab.—To erect a perpendienlar io a given line at a given 
point in the line. 


SowmoK.— Suppose I want to erect a pcrpendtenlar to the line XY, at the 




point A. With the dividen I nteasnte 
off a distance AB on one side of the point 
A, 'and an equal diitanee AC on the other 
side. Then opening tlie dhriders a little 
wider, I put the sharp point on B and 
make a mark with the pencil point, as 
at 0, about where I think tlie perpen*. 
dicnlar will go. Tlien, keeping the dividers open juet the enme, I put the sharp 
point on C, and make a mark intersecting the former one at 0. Kow, drawing 
a line through 0 and A, it is the perpendicular sought 


a — r 


Pio. S3. 


Ex. 1. Suppose I make a mistake and close up the dividers a 
little after making the first mark through 0, and then make the sec- 
ond mark ; which way will the line lean P Will it be a perpendicn- 
kr or an oblique Kite in this case ? What kind of an angle would 
OAY lie ? What OAX P What kind of angles are these when OA is a 
perpendtonlar P 

Ex. S. Suppose I should mistake a point nearer to A than B was 
taken, and use it as I did c, having the dividers open just alike when 
1 made the two marks through 0 ; which way would the line lean 
(iaoline) P (Same questions as in the last.) 



Ihu—k carpenter wUm* to get thf. 
piece of timber AF at lii^t angles to' 
MN, into which It ia mortised at A. So he 
.meaam off AB and ACyOtpul dtatanoet 
Born A; and taking two poha of equal 
length (say 10 (bet long), has end of one 
held steadily at B and the md at One etkae 
at C,and movea(rBofca,aa he eaaiiQ.me 
end F to the i^bt or left oatilftM <|i^ E 
and Dof tlMpoieB8i««zacthreppaaiu,as 
intheflgtm. AF k that pefpeaJMar to 
«Wi 
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SOLimoN.— 1 wish to draw a perpendicular from 0 to the line XY. 1 Btat 
open the dividers wide enough, so that when I 
place the sharp point on 0 the pencil will mark 
the line XY in two points, as B and C, when it 
swings around. Marking these two points, I 
put the sharp point iirst on B and aiterward on 
C, keeping them open juet alike in both cases, 
and make the two marks intersecting at D. 

F^laclng the straight edge of the ruler on the 
points O and 0, 1 draw the line OA along its 
edge. OA is the perpendiculai* required. 


Flo.M. 


Ex. 1. Let fall a perpendicular from a point, as 0, n|>on a straight 
line, as XY, without making any marks on the opposite side of XY 
from O. 

^ Ex. 2. A mason wishes to bnild a 
wall from o,in the wall AB,“ straight 
across” (perpendicular) to the wall 
CD, which is 8 feet from AB. He has 
only his 10-foot pole, which is snlnli- C 
vided into feet and inches, with which 
to find the point in the opposite wall at which the cross wall must 
join. How shall he find it ? 



Kw «. 


SECTION JI, 

ABOVjf f'IBCLES. 

40, A ct/rde is a plane surface Itoiindcd by a cun ed lino pTory 
pmat in which is equally distant from a point within. 

4t, The Circumference of a Circle is the curved lino ©very 
p<nnt in which ia oqnaOy distant from a point within. 

49. l%e Centre of a Circle is the point within, whii* I* 
equally distant from vtetj point in the circomference. 

49. An Are is a part of a cirenmferenoe. 

' SO. A MoMu* ia a line drawn from the oeafre to apjr point 
in t^ ofreaiaftienoe of a Circle. 

SI, A IMameter of a CSrde ia a Ha* ptastog t^unooi^ ttl 
oeirtns and termiBatiiig in the oii wnwftnw t w w 




MKm mouBd. 


at 


arotuad? What will the string represent? What is the surface 
passed over by the string ? 

Ex. 3, If yon take the dividers, Fig> 1 , and open them (say % 
inches), and ^en place the sharp point, A, firmly on the paper white 
yon turn them around, making the pencil pointy fi, mark tJie pap«^r 
as it goesy what kind of a line will be described ? H'hat is tin* line 
joining the points of the dividers ?♦ What line destTibes the cir* 
cle? the dividers only turn a little way, what is tJio line 

“ im? 

f4. If a boy skating on the ice makes a curve w'hich l)cnds 
vhere just alike, what kind of a path will he make? Does 
the boy describe a circle ? llow might you conceive the circle in- 
closed by bis path, as described ? Is a circle dcscribetl l)y a iwint or 
by a line f 

[Nora.— The word “circle** is used In comnum lan^isgc ns cqulvalfui In 
“ circumference.” It is also thus uned In General Geonu^try, But, however the 
words may be used, the pupil should be taught l4> mark the dlstlm lkm between 
the plane sur&oe inclosed and the bounding line.] 


Ex. 5. In how many points can a straight line inU?r»ect a circum- 
ference? In bow many points can one circumfertnux? interm^ct 
another ? 


Ex. 6. There is a piece of ground in the form of a circle, the 
radiuB of which is 100 rods, by wbicli run two rooilM; one rosd 
runs within 80 rods of the centre, #nd the other within 100 rods. 
How do the roads lie with reference to the ground ? 

Ex. 7. When yon unwind » thread by drawing it off a spool to 
the oidinuy way, what geometrical line docs the unwound thread 
repteimntP 

Ex. 8. In a circle whose diameter is 80 feet, there m drawn two 
chorda, one is 80 feet long, and the other 30 feet. W hich ia nearer 


the centre ? 

Ex. 9. There are two circles whose radii are respectirely 
18 The distance ftom the centre of one to the centre of we 
othOT ia 85 feet Do the circumferencea intersect ? 
teiaedt if the centres were 3 feet apart f How would they lie in ref- 
etc^toeacJioaiCTto the latter caae? How If their centrea wow 
golf if thqr were 35 fert apart? 



Ex. 11. If you draw two chords in the iiaihS 
is twice as long as the other, will the arc cht off by th^ w 
be twice as Jong as the arc cut off by the shorter ? Wfll'rt be more 
than twice as long, or less ? 


Its* Theorem* — The chord of a sixth part of the circuni^ 
of a circle is just equal to the radius of the same circle. 

iLL.'-ir I draw a circle, and tbcn« being carefUl not to open or dose the di- 
viders, place the sharp point on the drcumforence 
at some point, as A, and mark the drcnmference at 
another point, as B, with the pencil point, and then 
move the sharp point to B and mark again, as C, 1 
find that when 1 have measured ofiT six such chords, 
each equal to the radius, I return exactly to A, Ijhc 
point of starting. 

Moreover, if I draw the phords AB, ftc., 1 
have a regular figure with six equal sides, ^^gure 
with six sides is called a hexagon. This hexagon is 
called ng%daT, because its sides are equal each to each, and its angles are also 
mutual]/ equal. 

Agaia, if I uoite the aJteronte angles of (be regular hexagon^ as FB, B0, sad 
BF, / have a regular triangle, called an eguiJateraJ triangle. 

Se. XnseHbed XVffurM are Sgarea drawn in a oirol^ and 
hairing the rertices of all their angles in the A-TimfrirnnOj n Sir 
iiezagon and triangle in the last illustratioBr<' When tlis figoze is 
vithont^ and all its aides touch but do not out the oireuiaferaUM^ it 
is aireumseribed about the circle. 

Sx. 1. Draw a r^ular hexagon whoee aide ia two indiea. 

Xx. S. buoribe an equilateral triangle in a circle whoee ladina ia 
one ladk 



JPrae^Tepedihe coatre efaeMawimiUafam^^ 

(or, as we xmrMjmjt humt). S ; 

.iietmoK.<>llM«iipadw«Meefaqrdide'iBdaMni,M4^ 




IW. jPro6 . — To pass a circumference through three given poinie. 
Solution.— I wish to pass a circumference through the ihre<» given point* 
A, B, and C. [The pupil should first designate tlireo 
points by dots on his paper, slate, or board, and then 
proceed according to the solution.] In order to do tins, 

I join A and B with a line, and also B and C. I now 
bisect these lines with the perpendiculars MM and RS, 
as In the last problem. ^ The intersection of these per- 
pendiculars, 0, is the centre of the required circle. 

Now setting the sharp point of the dividers upon 0 and 
opening them till the pencil point just reaches A (B or 
C will answer as well), I draw the circumference with 
O as its centre and the radius OA, and find that it passes through Uic throe 
given points A, B, and C. 

Ex. 1. To pass a circumference through tlie thre<‘ vertices of a 
triuDgle, t\ e., to circumscribe a circumference about u trianghpm 
this operation is technically called, 

6ua.— This kjust like the last, A, 8, and C belhg the vertical of the 
The Ibor figures in the matgin 
r ep re so nt the successive steps in 
Ihe adtation. Fiivt draw the given 
triangle. Then take the first step 
in the solution, then the second, 
etc. 

Bsl 2. Given the centre of 
a cirde and a point in the 
dnminfexence, to draw 
cirde. 

board 

to tidBato, pm centre, and as- 
olber dot to fadieate the point 





X 
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ISUaCBNTAST OSOMETBY. 


Ex. 1. Draw an acute angle and also an obtuse and then 
sotBipaio them as above. 

Ex. 2. Draw a small acute angle and a large acute one, and then 
compare them as above. 

Ex. 3. Draw a small acute angle, and then draw another angle 
3 times as large. 

Ex. 4. Draw an acute angle, and also a right angle, and com- 
})are them as above. 

Suo.— Article {39) shows how to draw a right angle. 

Ex. 5. Draw any angle, and then draw another equal to it. f 

Ex, 6, Show that the angles a, 3, and c are respectively /, and 
.Oof a right angle.* 




Ex. 7. Show that angles a and Fig. 89, are respectively IJ and 
1| times a right angh^ 

Ex. 8. Draw a regular inscribed hexagon, as in Mg. 31, and then 
comparing any one of its angles with a right angle, find that it is 
H times a right angle. 



Wm.4a. 


Ex. 9. Draw an equilateral triangle as 
in Mg. 31, and find that any angte of it 
is } of a right angle. 

Ex. 10. Show that a tight aii|^ is 
measured by of a oircumfiwnoe. 

8ot.rnair.*-4f CD is pcrpeadie sl a r la Ml, 
the Ibur angles ibniiM am equal, tad Mihfil a 
Hgbtangla. Btil;aa all of IIM 
■le measured ty the whdii 
of diem Is measnied by i of 






« 


6^0 An Inscribed Angie is an angle whose tertex ii in 
the circumference of a circle, and whose sides are chords, as a, 
Fiff* 41* 

63* Theorem* — An inscribed angle is tneasured by onihhatf ike 
arc included between its sides, 

lLL.-^The meaning of this is that an inscribed angle like A, wldch Inctttdes 
any particular arc, as ed, is only half as largo as an angle would 1)0 at the centre, 
as eOd, whose sides included the same arc, cd, or an equal an\ Thus, in this 
case, drawing the arc ab from A aa a centre, wlUi the same radius. 0«/, ns ed is 
drawn with, I find that ab which measures A Is i of od which meiisurtai tOd 




Ex. 1. Which of the angles h, r, //, c is the largest ? Wlmt is n 
measured by ? Wliat b ? hat c i M Imt d i \S liat e? Hy* 

Ex. 2. Which is the greatest angle, a, b, or r. Fig, 43 ? By what 
is a measured? By what By whut e? What is the meMiro 
of a right angle ? [See Example 10 in the pawding set] 
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pencil thrcmgh the hole c and move it aronnd to A and then back 
to 8 ; what kind of a line will the pencil trace t Will it make any 
difference whether C is a riglit angle or not ? If any difference^ 
what? 

Ex. 4. By what part of a circumference is an angle of a regular 
inscribed hexagon measured ? Sc*c (SS), and Fiff. 31. How many 
right angles is the angle of the liexagon equal to ? What is the 
sum of the six angles equal to ? Atis. to lasU 8 right anglea 

Ex. 5. Show, from the way in which an equilateral triangle la 
constructed in Fitj. 31, that one of its angles is measured by ^ of a 
circumference*, and hence is | of a right angle. 


04* Theorem^ When two lines inferseciy they form either four 
tight angles^ or two equal acute and two equal obtuse anyhs, 

lUi.— [The pupil can Illustrate tliis for lilmself by drawing lines and noticing 
What angles ore chiuuI.] 

Ex. !• Having a car})enter*8 square, an instrument represented by 
MON, I w ish to test the angle O and ascer- 
tain whetlier it is, as it should be, a right 
angle. I draw an indefinite right line AB, 
I and ])1ticitig the angle 0 at some point c on 
^ this line with ON extending to the ri^i on 
CB. 1 draw a line along OM. Turning ihc 
s<|uare over .so that ON shall lie on CA> I 
dmw another line along OM. Three cases 
_ may ocoor.-~l8t Suppose the first line 
^ drawn along OM is or, and the second CE ; 
what kind of an ang^e is O ? Ed. Suppose 
(he first line drawn is CE and the seoond CF ; what kind of an angle 
ii O ? 8d. Suppoee the first and second lines drawn along Oil coin- 
dfie and are co ; what kind of an angle is O ? 

Sx. fi. Show that the sum of all the anglee fomed hy diawiiig 
.Mxm on one rfde of a given line^ and to the same pcrfnt in the Um^ 
IllPf Eight angles. 

' ? ‘ 

SOi rVoftr-'lb M«e< « 


O' 



Via, 4a 
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bisect it Witb O, tlie vertex, as a centre, and any convenient radius, as Oa, 1 
strike an arc, as ba, cutting the sides of the angle. 

Then firom a and b as centres, with the same nuiius 
in each case, 1 strike two arcs intersecting as at P. 

Prawing a line through P and O, it bisi'cts the 
angle; «. the angle POA = angle BOP. [Lta 
the pupil try this by cutting out the angle AOB, 
and then ft>lding the paper along the line P,or cut- 
ting it through in the line OP, and then putting one 
angle on the other, and thus see if they do not rh. | 

Ex. 1. Dniw iiii angle equal to | of a right angle. 

Suo.—First draw a right angle and Uien bisect it. 

Ex. 2. Draw an angle equal to | of a right angle. 



Suo. — Draw a circle. Inscribe an equilateral triangle. |Do It ncatlyi by 
rule, as in {&/$).] Then bisect any angle (»f Uiis triangle. This will be | of a 
right angle, since the whole angle is |. Beet Kx. 9 (B I). 

Ex. 3. How does it appear that the angle EOF, 81, i$ | of a 
right angle ? 


60. Parallel Siraiffht Lines are such as, lying in the soma 
'plane, will not meet how far soever they are produced either way. 


Fie. 4t. 


Ii.!..— 'The ^desof this page arc parallel lines, 
aa are also Die U>p and botujm. The lines in 
1%. 47 are parallel 

67m Prob. — To draw a line through 
a gitfm point and parallel to a given line, 

wish to draw a line through the point 0 and parailet la the 
line AB. (Hie pupil idicmld first draw some 
line, as AS, and mafic some point, as O.) 1 c- 
take 0 as a centre, sad with a radios* greater 
tbaatbeihoilMldlstaiieeto A6,m Oa,drmwan 
tadaMle are aP* Thaiiwftbaaaa^tre,aiid 
da aama radios, I dtww an are fima 0*to the 

BMMatft. 1Md^itediMnoeO»(dieduml)telbediTldei%l|ttttto|li^ 
,atatOB««i4*aflw » *oi»n Me tolewciliig ibh r. .R* 

*«l^,4mwii«»teauna|^0«idP,itiilbep*9dMM^^ 


- 4 - 


UI5 


FfS.Sl 


sissas ** _ 

wwe-iiMfim ail 


TEUatOrSiX! OBOKBIBT. 


68. Theorem.— Two paraM lines are everywhere the earn dis> 
iance apart. 

Ill.-LcI AB and CD be two parallel lines. I will examine them at the two 
points O and P. To find how far apart the 
lines are at these points I draw the perpen- 
diculare OM and PN. [The pupil should Jaot 
0 guess at these, but actually draw them as in- 
stracied in {44). J MeasuriDg these, I ind them 
equal 

We can understand that this proposition must Ite true, since the lines could 
not approach each other for awhUe and then separate more and more without 
being crooked ; or, if they kept on approaching each other, they would meet 
after awhile, and so not be parallel 

ffffn Theoretn* — Parallel lines make no angle with each other. 



Fm. 4S. 


lUi,-*Let AB be a straight 



Fio. w. 


beoomea leas and leas all tbo time, 
aranotpaimlleL 


!, and suppose CD another straight line 
passing through Ute point 0. Kow let 
CD turn around, first into the position 
D'C, then into DX'^ etc., all the time 
passing through 0. It is erident that 
the angle which tills line makes with 
the line AB is all the time growing leas, 
I*, t., a* < a, and < a\ It is also evi- 
dent that this angle will liecome 0 
when the lines become parallel ; Ibr it 
It is always aomelliiiig so long as the lines 


Theorenu^ParaUel lines have the same directim wUh 
mA other. 

lUt,--^Thtts, In Pig. 47, the parallel lines all extend to the right and i e.. 

In the aaoije direction. 

lz« 1. How shall the fitrmer^ell whether the opiK>8ite aiiea of 
hJi &nii are parallel ? 

X!x.& H we wish to cross over fhim (me paiiDd road to 
ii it of mj use to travel ihrther m the h<qpe that the dtsliaiea 
willbalesaF, 

, H line intersects two pmtilkl 

iA fomieSf How mwaj angles ot tiie same Key 
^a» VortlicsaiiieaiseF WhenF When 
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SECTION IV. 

ABOUT TRIAN6LE8. 

71» A JPlane THangle, or simply J TriangU, is a plmn 
Ggnre bounded by three straight lines, 

72* With respect to their sides, triangles are 
distinguished as Sca/me, /sosee/es, and EquiUUeral, 

A ficaJenc triangle has no two sides equal. An 
isosceles triangle has two sides equal. An tN|ui- 
lateral triangle has all its sides equal. 

73^ With reqiect to their angles, triangles an* 
distinguished as acxiU angUnl, right angled, and 
obtuse angled. An acute angled triangle has lhn‘e 
acute angles. A right angled triangle has one right 
angle^ and the side opposite the right angle is called 
the hypotenuse. An obtuse angled triangle has om 
obtuse angle. 

Ex. Fig, 51 affords illustrations of all the different kinds of 
triangles. Let the pupil point them out until he is |H‘i*fe(;tly familiar 
with the terms. He should also practiw? dmwing the different kinds 
of triangles, for the purpose of familiarizing the names applied to 
the different kinds. 





tm 


74. Thearem^The sum of (he angles of a triangle i$ 
right angles, 

lii..— Cut out any triangle firom a piece of paper. 

Then cut off two of the angles, as 1 and 2, and turn 
them ahodt and place them the side of Uie other 
angle^as in ttmkmerdgiire. You wUI then see that 
ike Kne OP is straight, and that the three angles of 
the irhmid^ Joit make up the two right angles OEO 
mid PWO. 

Sx. L If one angfai of a triangle is a right 
aai^ nlul is tibe sum of the other two? 

9m, m. 


a trtei^ haTe mom thaii am 
If two of its maifim ir«m right angled 
he? 




mjotmiM momjom. 


ISOL* 3. Can a triangle have more than one obtuse angle ? 

Sw,— Try Aod hoc If you can dnw a triangle with two right angles, or two 

Ex. 4. Construct any triangle, and draw 
ares measuring its angles. Then diaw a circle 
ituf/i the same radius as the one used to 
measure the angles, and lay off upon the cir- 
cumference the arcs measuring the angles. 
The sum of these arcs will always make up 
just a semi-cireumfereiice. What does this 
show ? 

Ex. 5. If two angles of one triangle are 
equal to two angles of another, can the third angles be unequal ? 
Why? 


obttwe fUDglvH. 
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JProb* — To make two triangles just alike. 




Fi«. M. 


SoLcnoa.— Tliere are three ways of doing this: 

\st ITciy.^Siippoae I have any triangle, as ABC, 
and want make another just like it I Orst draw 
an arc measuring any one of the angles, as A, of the 
giren triangle. Then I make an angle D equal to 
the angle A, and draw the sides Oe and Of, Kow I 
measure DE =: AB, and OFss AC. If 1 now draw CF, 
the triangle DEF wUl be Just like ABC, so that* wera 
I to cut thcan out, I could apply one like a pattern to 
the other, and it would Jost fit 



2d FFdf.— I have a triangle A, and wliii to 
another just like ik 1 draw area measuring aiiy em 
of its angles, as 0 and F. Thesi, making a hue MN 
equal to OF, 1 make an angle at M equal In OvMril 
one at N, on the same side of MN, eqahl In F. 
Now making thaielwo sides Mh and Na long smgk 
to meet (or, as we any, pfodiidng them m 
meet**), I have a eeoond triangle, B, Just like 
triangle, K Were I to eut ont the Amt triiiglg|| 
wottldfltoniheieimadjost UkeaiNMMen. v 


0d AOB,an^ 

another JunittB Ik tmalMialliniM w 
sideof ^lipqntriani^ mmi 
mdina, j tut era tnm 0,M M 
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describe another arc. Through the IntcrBcc- 
lions of these arcs, as F. I draw DF and EF. 

The triangle DEF is just like ABC. [Try it by 
drawing as described, and then cutting out one 
triangle, and seeing if 3'ou cannot fit it as a 
pittem on the other] 

Ex. 1. In any triangle, which side is 
op]X)sitc the greatest angle ? Which op- 
]>ositc the least angle ? p,,, ^ 

Ex. 2. If yon have two triangles with an atjgle in vm h c(|nal. hut 
the sides about tins angle longer in one triangle than in tlie other, 
can you make <nie lit on the oilier as a i>attern ? ('nt out two such 
triangles and try it. 

Ex. 3. (’an you make a triangle m that oiu' of its sides shall Ik> 
as long as both tlie others, or longer than both ? ^ 

Ex. 4. Can yon make a triangle so that one of its sides shall bo 
less than the difTercnco between the other two, t»r eipial to the 
difference ? 

Ex. 5. If yon have two triangles with onli/ one sidr and one angle 
in the one equal t<» one side and one angle in tie* other, can y(»u 
apply one tis a })attoni and make it lit on tlie other ? Cut out two 
such triangles and try it 

Ex. 6. If you have two triangles with otih/ two sides of one re* 
spectively equal to ttvo sides of the other, cun you make one fit os a 
pattern on the otlicr ? IVy it. 

Ex. 7. If you have two triangles with tw'o sides in one ^•^Jual re* 
spectiTely to two sides in the other, and the included angle in ona 
greater than in the other, bow is it with the third sid<*s of the 
triangles ? 



yiR* HJiMrenu — The lines which hiseet the atiffles of a iriangh 
meei within the triangle at a common point, 

IUii.^Ti7 itfbjr drawii^ a triangle, and Oiea bisect- 
ing Ma angles, as tsngbt In {$5), Ton will need to do 
H wf neatly, or the Hoes win not meet It is s 
deUsnte operaiioo. Try it in insiioits forms of trisnglei, 
ns sgiilslcfil, right sngled, scalene, biiMn angMete, 



rMi.ii; 
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ELBMENTABY OEOXETBT. 


7^0 Theorem^ — The lines drawn from the vertices of a triangU 
to the middle of the opposite sides meet in a 
common point within the triangle, 

Ilu — Draw a triangle. Bisect each of the sides 
08 taught in (/lO). Then join each angle and the 
middle of its opposite side with a straight line. If 
you do the work w'cll, the three lines will cross 
each other at a common point within Uie triangle. 




78. Theorem 0 — The perpendiculars which Used the sides of a 
triangle meet at a common pointy which may be 
V'ithin or without the triangle, or in one of its 
sides, according to the form of the triangle. 


III. — Draw an atnte anokd truingU, and bisect its 
Hides by pert^cndiculars. If you do it with accuracy, 
they will meet at a common point itithin the triangle. 

Draw an cfdutte angled tr£angh\ bisect its .sides with 
perpendiculars, and they will meet at a common 
point witAaui the triangle. 

Draw* a right angled triangle^ and the |x>rpendicular 8 
will meet in the side opposite the right angle (the 
hyi)otenuse). 


Ex. 1. Draw an fff/iVn/eraHriangle, and find 
tlu? three |K>int8 characterized in the last three 
jirticles. Are they all in one place, or are they 
Fio. 00 . in different places ? 

Ex. 2. Dmw a sralene triangle, and find the three points as above. 
Are they all in the same place, or arc they in different places ? 



79 * Prob* — To inscribe a dreU in a given triangle. 


C 



SOLOTION.— I wkb to inaoftbe a circle in 
the triani^e ABC; that 1% aotr^lowhidi 
the sklee of the triangle ilHJt be tangents. 
(FtiBtdiair tihetriM^ila) I blseet die an|d^ 
aatnoght ln(Bff); and Bm lh»n Oie point 
Oi sHieve Biese kneMet* I lei fidi pespen* 
ifeolaia upon Oie «td«% aa tanglB In 
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to one of these perpendiculars (they are all equal), I draw a circle, and it is the 
circle required. 


80m Probm — To circumscribe a circle about a given triangle. 

Solution.— I wish to circumscrilic a circle 
about the triangle ABC which I have drawn. To 
do this, I bisect the sides with perpendiculars, and 
find their common intersection O. as taught in 
{7Sy With O as a centre and a radius equal to 
OB, the distiinco from 0 to the vertex of any one 
of the angles, as these distances are all ecjual, I 
draw a circle. This is tlie circumscribetl circle, 
that is, the circle in whose circumferenct? the ver- 
tices of the triangle lie. [This is really the same 
as I^OB. (^^).] 

SECTION V. 

ABOUT EQUAL FIOURES. 

HI. JEqnaJf in geometry, gignifiea alike in all rcBpeetA, i. e., of the 
mme shape and the name size. 

82. Equivalent figures are such as lmv<? the «ime area, i. s.,are 
of the same size, irresjieetive of their form. 

Ex. 1. Can a triangle be egual to a cinde ? (’an it lie equivalent f 
Cun a circle lie equivalent to a 8<juure? ( Jan it be (‘<juai to a fiC{uaro? 

Ex. 2. Can a right angled triangle he e^jual to an equilateral tri- 
angle ? Can a right angk*d triangle 1h^ kjiuiI to an isosceles triangle ? 
If either is possible, construct figures illustrating it 



83. JProbs — To apply one straight line to another. 


A- 

C~ 

£- 

G- 


-B 

-O 


Solution. — [Appiving figures to each other l« a veiy* important thing in 
geometiy, and may aeem a little curious at first ; 
but it is, in reality, veiy simple. The pupil must 
become perfectly fiuniliar with it] We will first 
apply the line AB to the equal line CO. Take 
the line AB,* and pladng the end A upon the 
end C of the ttne CD, mahe the line AB lahe the 
same diraetkMi aa CO, and pal the fenaer upon 
the Jalfer, Kow, ainoe fee Bnca am eqoii, fee 


I 

Fw. sa 


• li» BM siNim tt felt m tf a imm a lllfi* rod wh kh fm ei^ |M ap oed an^ 
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tstremity (or the point) B will &11 upon D, and the two lines will coincide 
throoghout their whole extent. 

Again, we will apply the line EP to the line CH. Taking the line EF (think 
of it an a little rod which you can pick up and handle), put the point E upon 
C« and making the line EF take the aainc direction as CH, put the former upon 
the latter. Now, since EF is shorter than CH, the point (extremity) F will fall 
somewhere on the line CH, as at I Therefore the lines do not coincide 
throughout their whole extent, and arc not equal. 


S4» Prob* — To apply one plane angle to another. 


Solution.— F irst wo w ill 




apply one angle to another equal angle. Thus, to 
apply BAC to the equal angle EOF. Tuk^ the 
angle BAC {piiuk of it as if it were tw’o little rods 
pul firmly together at this angle, and so that you 
could pick them up and handle them), and placing 
the vertex (|>oiiit) A upcm the vertex (i>oint) D, 
make the side AC take the dirtetion DF. As 
AC happens to be longer than DF, the extremity 
C will fall Iwyond F, at sonte point, as 0. But we 
do not rare for this, n.H the size of an angle docs 
not depend upon the length of the sides. Now, 
while A lies on D, and the Hue AC on DF, let the 
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line AB be conceived as lying in the plane of the 
pap<»r also (». f., on it). Since the angle BAC is 
equal to EDF, Uie line AB will take the direction 
DE, and will fall on it, though the point B will 
fall somewiicre beyond E, aa at N, as AB 
chances to be longer than DE. The two angles 
therefore coincide, and are equal. [Notice care- 
iblly Just what is meant hy saying that the angles 
are equal. We do not mean that the sidea are 
of the same length, but that the opening between 
them is the same, i. that one k Just aa abarp 
a comer as the other.] 

Querist.— If BAC were greater than EOF, and 


we ahould be||j|i by putting A upon D, and make AC fall upon OF, where would 
AB fidl, wlthA the angle EDf or within it? If BAC were leaa Bian EOF, and 


we proceed aa before, placing the yertex A on 0, and AC on OF, would AB foil 


wllhcut EDF or within it f 


Ajiln, let ttt attempt to apply the angle HGt to LKIA Fladilf Bie fertox C 
enUMiTartex K,ma&Uig the aide Cl talw thedliecdon KM,aiid|lMn1irii^^ 
OH Into the plane of the paper, the aide CH will foil within thenaiii^ UUi (at 
in«lielltte Kfl),aiiioa Cm ani^ ^ ia km than UCIA Tlmintiitoi 
Conolcoiiiolde, 
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SS* PTCb * — TF7ifn two irianglesi have two sides and the includod 
angU of one equal to two sides and the imluded angle of the other^ io 
apply one triangle io the other. 


SoLunoN.—In the two trianpfU^ ABC and DEF^ let the angle A he tH|iml to 
the angle D, the side AB =r the side DE, and AC = DF. We 
will apply the triangle ABC* to DEF. Take tl»e triangle 
ABC and place the vertex A upon the vertex D, making the 
side AC take the direction DF. Since AC := DF, the ex- 
tremity C will then fall on F.f Now bring the triangle ABC 
into the plane of DEF, keeping AC in DF, and the line AB 
will take the direction DE, since the angle A — the angle D. 

Again, as AB = DE, the extremity B will fall in>«ni E. Thus 
we have placed ABC upon DEF, go that A falls \ipon D, 

C upon F, and B upon E, and tind that tlicy exa<'(ly 
coincide. 

Ex. 1. Suppose you attempt to apply ABC in the IhhI figure to 
DEF by placing B on D, and letting BC fall uj>on DF. Where will C 
full ? Measure it and tind out. Whicli sitle will then fall nearly (»r 
quite on DE? Will it fail exactly <»ii it? On wliich Hi<ie will it fall ? 
Can you make the triangles coincide (fit) in thin way? 

Ex. 2. Can you make the triangles in the last figun* coincide by 
placing C upon D% and letting CA fall upon DF ? Where will A fall ? 
What line will fall on or near DE ? Will it fall without DE, or 
within ? 



Kw. 


Ex. 3. Construct two isosceles triangles,! as ACB and DEF, in 
which AC = CB = DE = EF. (Jan you ap- ^ g 

ply DEF to ABC by putting D UfK)n A? / z 

Describe the process. Can you put D 
npon A and OE upon AB, and make the 
triangles coincide? Can you make the 
trian^es coincide by patting F upon A? 

If so, describe the process. Can you make them coincide by putting 
E upon A? If not, point out the difficulties. 


/ 


B O 

Vm. t6. 


♦ WiikoC ABC •• 1 


tllvW wOEe tidMtfvrIf Cte papM Uitok» of ABC. UiU •tafo of tho < 

► AC B • ‘ ^ ! 

id d/hnMr«r hriog tb« trtooilo ABC < 

» AC 00 dko too OF. 
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Ex. 4. Construct two equal trapeziums,* 
as ABCD and EFCH, and describe the process 
of applying one to the other. 

Solution.— I will apply EFCH to ABCO. As 
the an^lc E is equal to the augle B, 1 will begin by 
putting the vertex E on B, and making EH fall upon 
BC. Since EH = BC, H will fall on C. Now, as 
angle H r= angle C, HC will take the direction (fall 
on) CD ; and since HC = CD, C will fall on D. 
Again, as C = D, CF will take the dirt^ction DA ; 
and since CF = DA, F will fall on A. Finally, as 
F = A, FE will take tlic direction AB; and since 
FE = AB, E will full on B, os it ought, since 1 started by conceiving E as 
placed on B. 

Ex, 6. Describe tljc application of ABCD in the last figure to EFCH, 
by lieginning with C upon H. 

Kx. (i. Having two equal equilateral triangles, can you apply one 
to the other by Viegiuning indifferently with any one angle c»f one 
upon any one angle of the other? J>ratv two such triangles, and go 
through with the details of the a]>plieation. 



86* Prob* — Given two triangles with two angles and the included 
side of the one respectivelg equal to two angles and the included side 
ef the otheTf to apply one triangle to the other. 


Solution.— [The pupil should first draw any triangle, as 
ABC. Then make a Une DF equal U> AB, and at the ex- 
tremities D and F make anglcii, as O and F, respectively 
equal U) A tuid B. This is preliminaiy.] Having the two 
triangles ABC and DEF, in which A = O, B = F, and AB = DF, 
1 propose to apply one to tiie other. 1 will apply ABC to 
DEF, Taking ABC, 1 place A upon O, and make AB take 
the direction and fail upon DF. Since AB =r DF, B will ftll 
upon F. Now keeping the Une AB in Df, I conceive the 
triangle ABC to cr»iiie into the plane of DEF. Sinoe A = D, 
the side AC wUl take the direction DE, and the extremity C 
of AC will ikll somewhere In the line DE,or In DE prodnccd. 
Also, aliiQe Bss F, the Une BC will take Bie direction FE, and the extmnlly C 
of BC will fiOlsomewlim In FE or FE Induced. Finally, m C fidli in DE and 







le 
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Ft both, it must bp at E, their intoroection. Tlitw 1 find Uiat Uie triangle ABC, 
when applied to DEF, coincides with it Uiroughout. 

Ex. 1. Given tlie two triangles DEF and ABC, in which DE--=AB. 
D = A, bnt E > B ; show how an attempt 
to apply one to the other fails. 

Solution —Since angle D = angle A ,• I ap- 
ply the vertex D U) the vertex A, and make DE 
take the direction AB. As DE =r AB, E will lull ^ 
on B, and the sides DE and AB n ill coim ide. O 
Again, since D = A, tlu* side DF \iiU Like tl»e 
direction AC when the ])laneR of the Iriungle^ 
coincide, and the exlreiiiity F will fall in AC, 
or in AC produet'd (really in AC prodiu'etl, In 
this case) Finally, since E > B, EF will fall to 
the right of BC, and the application ftiils. 



Ki« ns 



Ex. 2. Construct two trapzininH ttiih their revjHctiVf sides eipial, 
as AC = HE. AB = HC, BD CF, and CO - EF. 
hut tvith tlu'ir angles unequal; uihI show how C 
an utU'inpt to apidy one to the other fails. 

Ex, 3. If the hides of two tnijM^ziumH, as in ^ 
the last figun*, are e<|ual, mid two of the ^ 
angles ineluding a side in one are resj»eeti\ely ' \ 



equal to the eorn spuuding angles in the other, 
as A = H, and B = C, can one lie applied tr» the h‘ 
other? If 80 , give the details of the ]»roee«ft. 





SECTION VL 

ABOIT HIMILAR FIGUBEHf ESPEdAIJ.f TRIANGLEH. 

#7. HlmUar Figures are sueh as are shaiK-d alike— t. hare 

the same form. 

A more scientific definition is, Similar Figures are such as hate 
tiieir angles resjiectively equal, and Uiidr homologous (c^irrespond- 
ing) aides proportional 

iirtwMn ifc® vwl**, whkk U • iwtot, •©S •'Akb I* Ifc# 

bttwM the 
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88, Homolof/otis, or Corresponding 8M^ of similar figures 

are those which are included between equal angles in the respective 

Sgares. 

Ik Similar Triakgles, the Homologous Sides are those 

OPPOSITE THE EQUAL ANGLES, 

111. — The triangles ABC and DEF are similar, for they are of tlie same 

shape. But it is easy to see that 
ABC is not similar to IHK or 
MON. The pupil should notice 
that A = D, C = F, and B = E. 
Also, side ^ is U limes b, side / is 
1) times c, and side d is times 
a ; so that f : e : : e : and 

f :c :: (i : <#, and d :a : : e : b. 
Now there are no such relations 
existing between the parts of 
ABC and IHK. The angles B 
and K are nearly equal, but A is 
nitich larger Ilian H, and C is 
smaller than I. 8o tlu'Si* triangles are not mutually etiulangulur, i. r., each angle 
in one has not an e(|ual angle in the other. Again, as to their sides, IH is a 
little less than AC, but HK is greater tlian AB. These Ur# triangles are, there- 
lore, not similar. 

In the similar triangles ABC and DEF, b Is homologous with s, since they are 
opposite the ecpial angles B and E. For a like reason a is homologous with el, 
and e with f. It may also W obserrecl, that the shortest sides in two similar 
triangles are homologous with eacli other ; the longest sides are also homolo- 
gous witli each other, and the sides intermediate in length ai# homologous 
with each oilier. 

Ex. 1. Can a scalene triangle be similar to an isosceles triangle? 
Gan an obtuse angled triangle be similar to a right angled triable? 

Ex. 2. Are all squares similar figures? 

Boo.-— First, are the angles equal ? Second, is any one side of one square to 
aoBM side of anotlicr square as u second side of the first Is to a 84iCQiid|ride of the 
second, etc.? 

Sx. 3. A farmer has two fields, each of which has 4 ^es and 4 
light angles. The first field is 20 rods by 50, and the 40 by 
80. Are they similar? , * 

Bq#.- Are they mutually eqaiangukrf Thsn m the kagllp Kps 
sallo at the widths? If th^ are not rimibr, WdoM 

mlit itt Older to make them aimilarf Brew tp om figi^ ii|d ae# if Ibey 
shiip#- 
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89» JProb* — To Jind a fourth proportional to thrue ffi mi 


Solution.— I have the three given linai 

A, and C, and wish to find a fourth Jine „ 
aucii that 

A shall be to B as C is to the fourt/i Une^ t. e., 

A : B : : C •' fouri/i Um. 

To do this, I draw two indefinite lines OX 
and OY, from a common point O. On one 
of these, as OX, I lay off Oa = A, and Oe 

B. Then on tht^ otluT 1 make Ob =: C, and 
draw ab. Finally, drawing a parallel to ab 
through the pf)int r (OT), I have Oil m the line ‘ 
sought Thus, calling Od, D, the proportion U 

Oil : 0<*. : : Ob 0»t, or 
A ; B : . C : P. 

N.B . — The order in tehieh t/ie linen are taken, and the trai/ of dnitrinff the Uftet 
ab and cd, are eMcntial. The following dirt'Ctionn will insure rorreciiicHu : 
off the KiitsT and !sk<'ond on i}u> 8a.me link, an ou OX; ami the Tiiinn on the 
oTQitli LINK, as (Jii OY. Then joinjhe ertremitm of the KfUHf and TKilin, and 
draw the jHirallel thn^ugh Hue extremity of the hkcund. 



] i«<. 71. 


Ex. 1, Show that if the order of the ]»roportioimls in /V/;. 71 ik 

B : A : : C : fourth liuCy tlu; fourth ^ 

proportional is E, /V//. 71. g ^ 

Ex. 2. Show that a fourth propor- C* » 

tional to A, B, and C is D. Also, that ____ 

a fourth projiortional to C, A, and B ^ 

is E. Show that, if the order Ih» ^ 

A : C : : B : fourth UnCy D is still the 

fourth proportional. Show that ‘ 

B : C : : A: 2C, nearly. 


Ex, 3. Solve the proportion 3:8: 


8uG.--tJiliig the scale of lOOtlis of * 
!bot» the figm is that In the margin. 00 
is tim ftmilii mopcwtlonal, or ar == 00, 
whidi to he 131, 


5 : Xy and fiiul x geomctricillly# 
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90. Prcft.— To draw a triangU similar to a given triangle^ and 
having a given side. 


BoLVTWis.^Ut Meilwd.-A have a trianglo ACB, and want to make another 
ftimilar to it, but iuiviug the Hide homologous to BC equal to a. 1 draw an 
indeflnito line, and on it take EF, equal to a. Then at F I make an angle equal 
to C, and make the side indefinite. Kow I find 
a fourth proportional to BC, EF, and AC. Having 
found this, as in the last article, I lay it off from 
F, as FO. Drawing DE, 1 have DEF, the triangle 
required. 

1 can readily satisfy myself that DEF is simi- 
lar to ABC, for besides the fiict that it looks as if 
it wore of the same shape, by measuring the other 
two angles,! find that E = B, and D = A. More- 
over, I know' that BC, EF, AC, and OF are pro- 
portional, because I made them so. And, by 
finding a fourth pniportional to BC, EF, and AB, 
I find it exactly equal to DE. In like manner 
constructing a fourth proportional u> AC, DF, and 
AB, I find it U) lie DE. Uiat the two triangles 
are mutually equiangular, and have their homolo- 
gous sides ttiiose opiM)siio the cqiml angles) pro- 
portional. Hence, the triangles are similar. 

2d Method’— hni an easier way to construct DEF is to make the angle F = 
C as before, and then make E = B, and produce the sides till they meet in 0. 
The triangles will Uien lie similar, aud the proportionality of the sides can be 
Issted. 




^ Ex. 1. Given a trianglo whose sides are 7, 11, and 15, to construct 
'a similar trianglo having the side corresponding to the one which is 


11 in the given trianglo, 8. 

- Ex. 2. Construct two triangles 



with equal angles, and then com- 
pare tlie sides, and see whether 
you can make two triangles whose 
angles shall be respectively eqhal, 
aud their sides not be propor- 
tional. 

I.— HaTlng the trtangla A9C,«iilte 
DEF equlangidar with it, md ihiS 
compm.t^ehmaologQiiSS^ 
figure D is made Id j^wsial^ tp 
A; C SF 6. OK;'«iid M sue 

hoo%|pras Mm, hmmm 
Find A. Df 
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goua with AC, because it is opposite auK^e E, which equals B. For a simi- 
lar reason EF is homologous with AB. Now, taking two sides ot ABC, as BC 
and AB, and a side of DEF homologous with one of them, as DE, and finding a 
fourth proportional Oe, it will be found exactly equal to EF ; so that 
BC : DE : : AB : EF (= Oe), 

Ex. 3. Make two triangles, two of whose angles shall he, one \ 
and the other J of a right angle ; but make the side included ladwifti 
these angles twice as great in the second triangle as in the first. 
What will be the ratio of the side np|KJslto the angle { in the first 
triangle to the homologous side in the S(.‘cond? What the relation 
of the sides op|K)site the angles J ? 

Ex. 4. If you make one triangle whose sides art* r>, H. and 3 ; and 
a second whose sides are 15, 24, and 1), will th<y be mutually et(ui- 
angular? Which angles are the etjual ones ? Wliich aro the homol- 
ogous sides? 

1 Ex. 5. There are three jiairs of similar 
triangles in Fig, 7C. Can you point them 
out? Also point out their homologous 
parts. Are all the triangles which you 
cun make out from the figure similar to 
each other ? 

Ex. 6. Wishing to know' the height EC of a house, 1 set up a 
stake DB 5 feet long; and putting iny 
eye close to the ground, I moved hack 
from the stake to A, so that the to]» of 
the stake and the top of the liouse were 
just in range (in a line). Then by meas- 
uring I found AB = 10 feet, and AC = HO 
feet What W'as the height of the house ? 

Ex. 7. If you take three sticks of different lengths and put them 
together by joining their ends two and two, so as to represent a 
triangle; can you, by putting together the same sticks in a different 
order, make a triangle of different form from the first? Viill the 
angles opposite the same sticks always be the same? 

Ex. 8, If you take more than three sticks (say 4), and make of 
them the boundary of a figui^, by putting their ends, together two 
and two, can you put them together so as to make anotberagum of 

diEfeiontform? Can you ma|p figuj^ having diffeiwt ai|(|^ 

ipy. 9 . If yon take thi'iwi^^ickli A 8 inobes 9 8 indies 



Vm, V, 


C 



rio. 7tt. 
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and C 6 inches; and also three other sticks^ D B inches long» E 15 
inches, and f IS inches can yon place them together so as to make 
dissimilar triangles ? Will the corresponding angles of the two tri- 
angles be eqtial howevfT you may arrange the sticks ? If the sides 
of two triangles are proportional, will their angles be equal and the 
triangles similar? 

Ex. 10. If you iuko four sticks, A 3 inches long, B 5 inches, C 6 
inches, and K 4 inches; and also four other sticks, D 9 inches long, 
E 15 inches, F IS inches, and L 12 inches ;♦ can you place them to- 
gether so as to make four-sided figures which shall be dissimilar 
(i. <?., not of the siime hhape) ? Will the com^sponding angles of the 
two figures Ik* neccHsarily e<jual? If the sides of a four-sided figure 
are proportional, dix's it follow that the correspond iug angles are 
equal, and tlie figures siiiiilar? 

Ex. 11. Why do the braces in the frame 
of a building stiffen it? Is a four-sided 
figure stiff? t. e., are its angles incapable 
of change wdiile its sides remain of the 
sam(» length ? ('an the angles of a triangle 
be changul while the sides remain un- 
changed ? 


SECTION VII 

ABOUT AREAS. 

A Quadrttutend is a plane surface iudoaed by f<mr 
lines. 

99. There are three Clasnes of quadrilaterals, tIx., Trupmimm$ ^ 
IhyftmuiSf and Parallelograms. 

9S% A Trapezium is a quadrilateral wbioli baa no two of its 
sidea paiallel to each other. 

94^ A TrapemAA is a quadrilatenil whidi two of its 

sides pinlldl to other. 

^ r 

..* y *i n*l *i» '* * * '’** » ^'***— ***•*« ***^ * ** ** ** * 


A r, 



Fio W 
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9S. A Paralleiogrum is a qniulrilateral wlnrli has its op|x^ 
site sides parallel. 

9(i* A ll€*ctan{fle is a parallelograiu wIujso anglis are right 
angles. 

97 • A Square is an e<juilateral rectangle.* 

98* A IthomhuH is a parallelogram ^^ho8o angles are not right 
angles, and all of whose sides are equal. 

99» A lihomboUl is a parallelogram angles are not 

right angles, and tw'o of wliose sides are greater tiian tli(‘ oilier two. 

III. — The figures in the 
margin arc all qnndrilat' 
erals. A is a trapezium. 

(Why?) B is a trapi'zold. 

(Why ?) C, 0, E, and F are 
parallelograms. (Why ?) 

O and E arc rectangles, 
although O is the form 
usually referred to by the 
term rectangle. So C is 
the form usually referred 
to when a parallelogram is 
spoken of, without saying 
what kind of a parallel- 
ogram. C is also a rhom- 
boid. (Why E is a square. 

(Why?) F is a rhomboa. 

(Why!) This page is a 
rectangle; so nUo are the 
common panes of glass. 

100, A JMagonal is a lino joining two angles of a flgn% itf* 
adjacent, 

Iix.— In oomnion tangnage, a diagonal Is a Una nmning “ ftoro cofttsr In 

oqim;* 



Ex. 1. To conitaict a square, luiTing giroi a side; or, in oflwf 
wo(id%toeoDatar»si»aq««»<”>'^P^<”> 
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^ A be the given side. Draw 

the indefinite line OX, and lay off OM =: A. At 
M erect a perpendicular MY, as taught in (44). 
On this take MN =: A. From N and 0 as centres, 
with a radius equal to A, describe aics intersect- 
ing, as at P. Draw NP and PO. 

2d Let Q be the given side. Con- 

struct equal angles at the extremities of Q, and 
M O produce tlic sides till tliey meet, and one of 

them till it will meet another side of the squai'e 
proposed. With S as a centre, and ST or SR as 
radius, describe a semicircle. Draw RV, and it 
forms a right angle at R. The construction can 
now be finished as before. 

Ex. 2, Construct a rhombus whose side 
^ / * is 2 intdics, and one of whose acute angles 

^ is I of a right angle. 

Ex. 3. Construct a rectangle whose ad- 

ja<3ent sides are 3 and 5.* 

Ex. 4. Constrngt a rltomboid whose adjacent sides are 3 and 7, 
and their included angle ^ a right angle. 

Ex. 5. How many diagonals has a triangle,^ ITow many has a 
quadrilaU^ml ? How many lias a figure with five sides (a jientagon) ? 
Of six? Of eight? 

tOl. The A rea of a surface is the number of times it contains 
soma other surface taken as a unit of measure ; or it is the ratio of 
, one surface tt^another assumed as a standard of measure. 

109m The Unit of Area usually assumed is a square^ a side of 
wMoli is some linear unit: thus^ a square inehy a square footf a 
aquoMU yard, a square mile, etc. By these terms is meant a square 1 
inch on a side, one foot on a side, one yard on a side, etc. 

The acre is an exception to the general rale of assuming the 
square on some linear unit as the unit of are% there being no linear 
nnit in use w^hose length is the side of a square acre. 

iliu*— The area ofa board is the number of squares 1 Ibol on a whloii U 

wouk udie tooDver it The area of a floor may be spoMo Of iaiqw 
and is die same as the numbw of aquare yards of carfi^hq^ if wiM take to 
rewlt ' , " ■' 

nu i y i II , 1 . 1. ,1 - I - M W M ; ii'» "n 1 1 ii I ■' 

a Me ear mteital tnOt a» i todh, 1 ta^ 
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103m Tfie AUitn^. of a parallelogram is the distaiK’o l>et weon 
its opposite sides ; of a trapezoid, it is the distance hetween its parallel 
sides; of a triangle, it is the distance from any vertex to the side* 
opposite or to that side produced. 

104:* The SaseH of a parallelogmm or of a trapezoid aa* tlie 
sides between whicli the altitude is eoneeiwd as taken ; of a triangle, 
it is the side to which the altitude is perjKuulicular. 


III. — The dotted lines in B, C, 0, and F, 70, ri'prcw'nt attitudiw. 
When the altitude is the distance bctwc‘cn two parallclf*, the llj^nrt* has two 


bases. The altitude of a parallelogram may 
be reckoned Ixitwc^en cither pair of paralUd 
sides, but it is most common to cf>nceive it iis 
the distance between the two longer sides. ^ 
The altitude of a rectangle Is the same as / 
either side to which it is parallel. A triangle 
may have three altitudes, and any side of a 
triangle may be conceived as its bast*. Iti 



Kl«. Kl. 


Fig. 81, AB is conceived as the base lu each case, and CD the altiiude. 


Ex. What side of a triangle mu.st ytni conceive na the base, in 
order that the altitude shall fall uj>on it, and not upon its pro- 
longation ? From what angle will the altitude be reckoned in such 
a case? 


lOS* Theorem^* — The area of a rectnnrfU i> (he product of U$ 
two adjacent sides; or, what is (he ^aoie thing, the product of Us 
altitude and base, 

III.— Let ABCO represent a rcchingle, of which AB Is 8 units long, iit4 
AC 5. Now, let i» conceive a wpiare a constriicbjd cm one of these u»lfi» 
Using this surfkoe as the unit of area, it is e? hUmt 

that in the rectangle eABd there will be 8 such. ^ j 

Hence, the area of this rectangle Is 8 (square units). , . , ' - i i . - 

Now. drawing parallels lb the base ihrotigb the ^ i - . • . ; 

seveiid points of division of the alHtnde, it is evident ^ ; * ; ; ^ - j ^ * 

that the whole rectangle ABCD is made np of as j * 

many rectangles like ekBd ss there are nnles in the m ^ ^ s wlrw^ 
altitude— in this case 5. Hence the whole area is 8 Fm. sa 

tuiiestlieareaofeAf4ia,5 times 8 (square units) 

= 40 (square imlli). 

N.B .— mmdd he eoftfld to Omroe that 0m language *^pfoM qf 
bam Me U a m m mi mi fism mpmhm. His 
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Jtwt M abfrtird to talk about multiplying a line by a line, os to talk about multi- 
plying dollars by dollars. Thus 8 inches in length can be taken 5 times, and 
makes 40 inclit^ in length. But what does 8 inches in length, multiplied by 5 
inches in Ungth mean ? Or what is 8 dollars taken 5 dMarn times ? The multi- 
plier must always an abstract number, and the product be like the multipli- 
cand, from the very nalui-e of multiplication. With this the explanation given 
aljovc agn^'s. When we say that the area of ABCD = 8 x 5, we mean 5 times 
8 square units, which ecpials 40 square units. 


106, Theorem. — Tfie area of any parallelogram is the same as 
ihe area of a rectangle having the same base and altitude as the parah 
Utogranif and hence is the product of its base and altitude. 

III.— “This truth is easily illustrated by cutting out a panillelogram, as 

ABCD. Then, cutting oif the triangle DEC, 
Ireing carefbl to make DE periK*ndicular to 
BC, and placing DC uiKni AB so as to bring 
the triangle DEC into the ])ositir>n AFB, the 
two parts will Just make up the rectangle 
AFED. Hence we sec that the area of ABCD 
is the same as the area of AFED, w hich latter 
is a rectangle having the same base AD, and Die same altitude ED, as the given 
parallelogram. 


F B E C 


Fio. 8.1. 


107* Theorem. — The area of a triatigle is half the product of 
Us base and alt Unde. 


III.— To illustrate this tnilh, cut out two triangles A and B juM alike. By 

' placing them together, a 

parallelogram can be 
formed whose base and 
altitude are the same as 



* tlie triangle. The area of 

the parallelogram is the pmduct of its base and altitude. Hence the area of 
one of the triangles is one-half the product of its base and altitude. 

In iket, by cutting one of the triangles, as A, into two triangles, ita parte can 
be put with B so as to moke a recUm^ haring the same base and altitiide aa 
the triangles. [The pupil should do it.] 


108, Theorem,— Tht area of a irapexoid it the produd of tit 
Utiude into the Knejoininff the points imiined tbbn 

To lUmtnta thti tratti, out aeaettftnpeaM, m ABCD. 
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the middle of the inclined sides, as a and 6, cut 
off the triangles Aom and being carefbl to 
cut in lines am and bn perpendicular to the 
base. These can be applied as indicated in the 

figure, so as to fill out the rectangle omnp. fC rti 

Hence we see that the area of the traiK^zotd is !*'»« 

just equal to the product of its altitude into the line Joining the luiddlc jjointa 

of its inclined sides, as ab. 


Ex. 1. IIow many square yards <if plusteritig in the walls of a 
room 20 feet by 30, and li) feet high, including the eeiling? 

A nit, 233 J,* 

Ex. 2. A stdesinan is selling a piece of v(‘lvet which is worth $8 
per yard. The velvet is cut “tm the bias/' as the tcehnieul jthrasc 
is, i.e,, obliquely, instead of square across. 'I'ht' pii^ e he is selling la 
measured along the selvedge in the usual way half a yard. He i« 
disposed to cliarge tlie customer somewhat int)rc than ^1. Is ho 
right? The customer claims that he is getting hut Italf a yard of 
velvet, and so ought to pay hut $4. Is he right ? 

Ans, Both are right, — the 8alt‘.‘«man in his tlemand, and the 
customer in his statennutt. How i.s it ? 


Ex. 3. There are two parallel roatls one mile apart. A han a farm 
which extends along one of the minis half a mile, and the lines run 
pori^ndicularlv from one road to the other. B ha.H a farm l>*ng Ih,*- 


tween the same roads, and half 
ning obliquely across. AVhicli 
lias the larger farm ? 

Ex. 4. Of the four triangles 
ACB, ADB, AEB, and AFB, Fig. 
86, which has tlie greatest 
area, CF being parallel to AB ? 


a mile front on each mud, hut run* 



Ex. fi. Which is the largest triangle whieh 
can be inscribed in a semicircle, having the 
diameter for its base ? 

Ex. 6. Can you vary the area of a triangle 
while the sides remain of the same length ? 

Can you vmy the area of a quadrtliUeml while the sides 
same length ? 




Fw. ST. 

rt main of the 


Ex. 7. If you hare two liti«a 4 pch 5 inchea long, and two eaidi 8 
indas long; into what kind of aparallelogma miwt yon fonn them 
in fflcder to ^re its area the greattot? 

4 
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Ex. 8. Eough boards are usually narrower at one end than at the 
other, for which reason the lumberman measures their width in the 
middle. What is the number of square feet in the following : 

12 boards 10 feet long, 10 inches wide (in the middle) ; 

15 hoards 11 feet long, 9 inches wide " ; 

8 hoards 10 feet long, 13 inches wide " ? 

What principle is involved in such measurement ? 

Ex. 9. What is the area of a triangle whose altitude is 0 feet, and 
base 10 feet? Arc these elements sufficient to fix the form of the 
triangle ? 

p]x. 10. If a line be drawn from any angle of a triangle to the 
middle of the opposite side, what is the relation of the ureas of 
the two partial triangles ? Why ? 


THE FTTHAGOREAN PROPOSITIOX. 

.109« Theorem. — The square described on the hypotenuse of a 
right angkd triangle is equivalent to the sum of the two squares 
described on the other two sides. 


Ili.,— T he moaning of this proposition may be illustrated thus : Let ABC be 
a right angled triangle, right angled at C, and the 
sides AC and C6 4 and 8 respectively. Then 
measuring AB, it will be found to be 9, and wo 
observe that 4* + 8* = 5*. This is also seen flrom 
Uie figure, in which the squares AC contains 
4*=: 10 square units, and that on CB p; while 
that on AB contains 5* == 25, t. s., as as oa 
both the other sides. We cannot so madtly iUut- 
traU the truth of the proposHloti when Hie ratio 
of Uie sides is any other than that of 2, 4^ and 5, 
but it is equally true in all cases, as will be proved 
in the next part of this bode. 

1. Can you ftiakc a right angled triangle whose aidee ^ 
5, 8, and 10? " 



Bug.— A s 10 is the longest side, it wfi^^re to be Oie hypbleniise. Now 5* 
8* = 25 04 = 82. But 10* =r 10^^ Hence, lOiatool^ Pw iimhgpolie- 

nim of a right angled Uiangle whOia^4iite sidca are 5 aad ' 

JBx. %. Cten you make a right aitg^ triap^ie whoie aUee^ ri^ be 
0^W.aiid W? . i.. 
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Ex, 3, A carpenter has framed the four sills of a building to- 
gether, and placed them on the foundation. He thou wishes to 
adjust them so that the angles shall be 
right angles. He places one end of his 
ten foot pole ab at a, 6 feet from c; and, 
holding it in position, orders his attendants 
to move the sill AB to the right. How far 
will the end b of the pole be from e when 
the angle B is a right angle ? 

Ex. 4. A gate is to be 10 feet long and 4 foot high. How long 
must the brace be to go in as a diagonal and ludd tin* gjite in the 
form of a rectangle ? 

Ex. 5. The angles of a room arc all right angles, and its dimen- 
sions are 20 feet by 30 on the floor, and 13 feft higln What is the 
length of the longest diagonal extending from one comer «»ii the 
floor to the opj> 08 ite corner in the ceiling? 

A litth* more than 30 feet. 



Ex. 6. The numbers 3, 4, and 5 are mneli uwhI by artixans ai 
parts of a right angled triangle. Will any ec|iii«iinilfi|des of them 
answer the same purpose, as twice them, i. e., b, H. and 10 ; or ihnie 
times them, as 9, 12, and 15, etc. ? 

Ex. 7. In an obtuse angled triangle, is the winare of the side op|w- 
site the obtuse angle greater or less tliari the siiin <»f the squares of 
the other two sides? How is it with the sejuare nf the side opfKisiUf 


an acute angle ? 

Stro.^In the right angled triangle ABC, AC* = 
6B* Si*. . In the obtuse angM triangle CMB is 
eqtiot to CB In the right angled triangle. But A^ 
is greater than SB*; hence 152'* > iC'* + AB*. 
By a similar ItMpectkMi the other case may be 



rm m 


determined. 


IJO. Prob^—lb find a mean proportiotud between two linee. 

Bo&cmoif.— 1 wish to Bnd a mean propor- 
Uonal betweoi the lines M and N, ia* a line x 

s^soclilliat ^ 

M ! « :: « :N,,Aeiiees* S M X / \ 

L i — I 

limrBBwAacqadtftdieMmorMMMl ^ ^ 

N.aaUngMaM.aiid AOsN. I diwr » 




i0iiiiciit!tiinference on AB, and at D emol CD paipatkdiciilar to Is 

Cie mean proportional required 

JIx. 1. To construct a square which shall be equal ic area to a 
given rectangle. 

Soo.—Draw any rectangle. Then find a mean proportional between its 
adjacent aides as described above. A square constructed on this line will be 
.equal in area to the rectangle; since, if a; is the side of the square, and M and N 
are the aiijacent sides of the rectangle, r* = M x N, But x* is the area of the 
square, and M x N is the urea of the rectangle. 

'/ Ex. 2, To find the square root of 15 by means of the ruler and 
oomiiassea 

8ua.— Since 15 = 8 x 5, if DB = 8 and AD =r 5] Fig. 91, x (CD) = -v/ 8 x 6 
= \/ 15. Tlicreforo, making a figure having DB and AD of these lengths, 
CD can be measured, and Uius the square root of 15 obtained, approximately, in 
numbers. 

N. B.—/a sur/i a cane CD reprenente exactly tJie required root^ aUkough uf 
may twt he able to exprenn the ndue exactly in numbers In this case geometry 
does exactly what arithmetic can only do approximately. 

Ex, 3, Draw a line which shall reprt^sent, exactly, the square root 
of 5. 

SlTO.— Make DB *=: 1, and AO = 5, 

Ex. 4. Draw a rccdanglc whose adjacent sides are 2 aad 8, and 
then draw a square of the same area. 


IJl, ITI^earem*— TVic areas of similar irianghs are to each 
other as the squares of their homologous sides. 





luL— Thu meanlDg of this is, that V tOC Mid DEF 
arc similM', and any side of ABC is S thMUW flWt U the 
Iiomologoua tide of OEF (aa is the e«M w 
being = aFE, CA to 8FO and AB to MN^ IBb am of 
ABC is 4 times the area of OEF. ta •riniple 

rase like this, we can divide ABC ftcm Om Itegles 
exactly equal to DEF, at is done Iqr BM’ BtMlB'BMa. 

£z. 1. A and B Uve Ind, 

which are dmilar to eacii ml’ OtaSmAj 
aitoated. But a’b ftmit ia to fill an • to 9 ; how 
mtdh laMe land has A Smb Bf ^ 

JbM. i| Sawi H nmh. 


9m.m. 
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Bx* 3. that one triangle may be similar to and 4 times as 

great asanother, howmust any side I 

of the first compare with the ho- 

mologons side of the second ? ^ /j 

Ex* 3. In order that the areas of /✓ / / 

two similar triangles may be to yf# / /(^ v / 

each other as 4 to 9, what must /i, / ' j , / r * 4 / 

be the ratio of their homologous , 
sides? '' 


13» Theorem* — The homohgom sides ofsimihir triangles are 
to each other as the square roots of their areas. 

This theorem Is Involveil in the theorem tlmt the nreos of HittiUftr trianftim 
arc to each other as the squares of tlicir homologous KtdcH. It is illustratcil Iti 
the preceding examples. 

^ Ex. Construct a triangle with one of its sides 2 in length. 
Then construct a similar triangle IJ times as large. What must be 
the length of the side of the second triangle which is homologous 
with the side 2 of the first. 

Solution. — L et CAB be the given triangle, win we «ide AB i« 2. Since Uie 
second is to be H times as great as the fii*)*!, the rtiiio <*f the urroa is 2 : S. 
Hence, -\/2 : ^9 
:: AB (or 2) : r, 
the side of the re- 
quired triangle ho- 
mologmis with side 
2 of the gltrea tri- 
angle. OoQstmet 
the square mots of 
2 and 2, as and 

in the figure, 
and ttMH tot a 
foTirmpiopoilioitat 
to ee, and AB* 

Thkittoisdtobe 
atr* TWMwg 'fiK ^ 

ag,eau*Um «B it Ktriagte OEF dmilarlo ABC, sod it will b« 11 tbnM m 
liuipk 
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THE AKEA OF A CIBCUL 

113. Theorem.--The area of a circle whose radius is r, is arr*, 
BAilQ times Ihe square of its radius. 

we take a circle whose radius is r and circumscribe about it a square 
ABCD, wc observe that the area of this square is 4r”. Hence we see that the 
area of a drele is k»t than 4 times the square of its radius. Again, drawing two 
diameters EF and CH at right angles to each other, 
g and joining their extremities, we have the inscribed 

square CEHF. The ai*ea of this square is equal to 
/ / the area of the tw’o triangles CEF and EHF. But 

/ r \. \ area CEF = 4CO x EF = ir x Sr = r* ; and in like 

J y/ \j manner EHF = r*. Hence area CEHF = 27‘*. 

t ^ — ji — ^ F yiQ lljug gee that the area of a circle is more than 

\\. /y two times the square of tlie radius. The area 

\ / / y of B circle is therefore somewhere between two 

^1 _ J « and four times the square of its radius. Just bow 

^ H ® many limra 7’* the area is, we do not propose to find 

Fi« UR. in this place, but only say that it has been found to 

1)6 8.1416 tim(» r*. We must also remark that tills 
Is not ejfaei ; but it is near enough for practical purixrses. In fact, nobody 
H^ws exactly how many times the square of the radius the area of a circle is. 

Ex. 1, If you cut from a square the largest possible circle, show 
that you cut uwny a little less than ^ of the square, or more exactly 
.2146 of it 

Ex. 2, What is the area in acres of a circle whose diameter is 3 
miles? ^ ns. 4523.904. 

Ex. 3. A horse is so tied to a tree that he can graze on every side 
of it to a distance of 100 feet What is the area in acres over which 
Im oan graze ? Ans. A little less than } of an acre. 

Ex. 4. What is the area of a circle whose radius is I ? 

[Bemember^is reaalt] 

£x« 5. Wliat is tlie area of a circle whose radius is if 8? 4? 
How do these areas com}mre with the area of a oirde whose lOdias 
is 1? V' 


114. SltMformn. — ne areas ofeireks are to 
sqwftss of iJmr radiu \ 

h leadhy seeaihiia llw lad That Oii A 

e ^l^ fidtoiigliSaW; aadof imwliote ladiiw Wf,iliesm fsll^ 
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tb6 ratio of these areas : SGar is the same as 25 : 86, il a, as the sqiiaroi of 
the radii of the two circles. 

Ex. 1. In the figure the radius of the outer 
circle is twice that of the inner. How do their 
areas compare ? How do the 4 parts into which 
the larger circle is divided comjmrc with eiudi 
other ? 

Ex. 2. The radii of 2 circles arc and 5 re- 
t>pectivclj ; wiuit is the relation of their art‘as ? 

Ans» 9 : 25; or one is 2J times as largo as the 
otlier. 

Ex. 3. I have a circle whose radius is 5, and wish to make uuolher 
whose area is twice as groat ; what must bo its radius? 

Vmk or 7.071 nearly. 

Ex. 4. Can we compare the areas of cir(‘I(‘8 by moans of the 
of their diameters as well as by means of the sfjuaros of ilioir radii ? 
How much grt'ator is the 8<piare of the diameter of any cirole than 
the square of the radius? 

Ex. 5. Two 5-inch sUiVopipes run together into one 7-inch pi|afe^ 
Is the capacity of the one pipe equal to lliat of (he two? 

Ex. 0. Two men bought grindstones of iMjual thiokuoHs. The 
stones cost ti54 and $0 resp(‘ctively. One was 2 foot in diaiiieUfr and 
the otlier 3. What was the ditfereiice in the rates paid ? 



SECTION VIIL 

OP POLltaOXH. 

IIS* A, Polygon is a |K>rtioii of a jdane lK)nndod by straight 

linest 

The word polygoo means many-angled ; so that with strirt proprUry^ w« 
nU^I finlt the defiaitioti to plMic figtires with five or more Hides. This llmlta* 
tJoil ill tbs use of the word Is fieqoently made. 

A polygon of three sides is a triangk ; of four, a qmdrUai* 
(Oi a pentagon ; of six, a hexagon / of nfven, a heptagon; 
of m octagon; of nine^ a nomgm; of ten, a decagon i ot 
n dodecagon* ^ ^ 
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117. A Mefftdar Polygon is a polygon whose sides are 
equal each to each, and whose angles are equal each to each. 

Its. The Perimeter of a polygon is the distance around it, 
or tlio sum of the bounding lines. 


110. Theorem. — Any polygon may be divided by diagonaU 
drawn from any angle^ into as many triangles as the polygon has 
sideSf less two sides. 


D 



li.L.— In the ficriirc the polyjifon has 7 sides. 
By drawing the diagonals from C to ihe other 
angles, w^c divide the polygon Into 5 (7—2) 
triangles. 


120. Theorem. — The sum of the an- 
gles of any polygon is twice as many right 
angles as the polygon has angles (or sides), 
less four right angles. 


IlX.— Dmw a i»<)lygon. us ABCDEFC, and the ores a, ft, i?,/, .<7, measuring 

its angles. With the same rudint d|^w a 
cinde. Beginning at some point, as^ O, 
lay off OA = fi, AB = ft, BC = c, CD = d, 
DE r= f, EF r=/, and FC rzg. It is found 
in this case that Uie sum of these mess- 
ures is two circumferences and a half. 
Now, one 'circumference is the meaanre 
of 4 right angles. Hence, 2^ circumrer- 
ences measure 2^ x 4 = 10 light angles. 
Thus it appears that the sum of all the 
angles of the polygon is 10 fight angles. 
This agrees with the theorem ; for, hy 
that, the sum sbottld be 2 anglsi x 7 
— 4 right angles, which is 10 right apglit. 



121. Prolh—Ib SnMP* rcfn- 
iarpoljfgon. 


Tn. M. SoumoH.— Dnw a 4nlt^ aa4, SfUe 

the drenmfeteBoe latp aa muff e tta i tmru 
aa^lM^ytoahasiidea. Thedk«ndaoftlicMaiciirinooaidtiit«die|Nli|^^ 
afttMpi^gaa. 
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The practical difficulty lies in dividing the drcumibrence as nK|uired. The 
circumference can lie divideil into 0 equal arcs by (.WV Dmwing radii to them 
points of division, and bisecting the included angle, a division into 13 equal 
parts is effected. These can be again bisected, and the division into 34 equal parts 
effected, etc. Again, the circumference can bo divided into 4 eciual |surts by 
drawing two diameters at right angles to each other (sik? FY*/. t*5). These ait's 
can lie bisected as indicated above, and the division into S equal parts eflbchHl. 
Bisootiog the latter arcs, we iiavc 10 equal parts, etc. Then’ is also a way to 
divide the circumference into 10 etiual parts, but it is tot» diOicuU to lie given 
here. P<»r all regular polyg<m8 except Uiosc of 3, 0, 12, 21, etc., and 4, 8, 10, etc., 
sides, the pupil, at this stage of his progress, is expected to effect Uie division 
dy trial 


EXERCISES. 

1. By drawing diagonals fmm any one angle, into how many tri- 
angles can a pentagon’*' be divided? Show it with a tigun*. Into 
how many an octagon ? A dodecagon ? A rnuuigon ? A hexagon? 

3. What is the sum f>r the angles of a liexagon ? lletermino the 
number mentally, and then nuasnre tin* angles geometrically, as in 
the solution of (/‘iO), observing tluii the? laller n sult verities tbi 
former. In like manner determine the sum of the angb‘S of afien- 
tagon. Of an octagon. Of a deeugon. Of a iioimgon. Of a trl- 
angla Of a (imwlrilatcral. 

3. If the angles of a hexagon are eipiul e ach to each— that is, if 
the hexagon Is ecpiiangular — what is the vahie <»f any one angle? 

Ann. 1| right atiglci. 

|Notr.~A regular polygon is equinngulnr. ) 

4. What is the value of any angle of a regular <adagoii? Of a 
regular pentagon ? Of a regular dcKleeugon ? 

An»tver to the laat^ If right angles* 

5. Ckmstntet a regular dodecagon. 

6. Construct a regular heptagon. 

8co*a— Observiiig that as the diord ffir the hmnffm 
is the radius, and hence the chord for the heptsgem is 
aRHIsIsis, we can readily find bp trial jmi how wkle 
to open the dlvldeni so that they shall step around 
dieumferefice at 7 ateps. This is not a very 
aeleiitiie way of constmcflng a figure. It Is true, Imt 
It if the only way wc can get the chord In this case. 

V PelyfomstvaiatolwaMamid tvfstw aalsss th«y srv so Ssilfiiaied. 



rsA.«l. 
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7. Construct a regular octagon. 
8m— See tiie general solution { 121 ). 



Fn*. KW. 


8. Construct a regular nonagon. 

SoLUTioMT.— First get a quarter of the cir- 
cumference by marking the points where two 
diameters at rigiit angles to each other irould 
cut the circumference. AX is an arc of 90°. 
Then from A take AY = 60° by using rsdit»s as 
a chord. YX is therefore an arc of 80°. Divide 
this into three equal parts hy trial. Measure 
YB equal to two-thircls of YX, and AB and BC 
arc arcs of 40% and the chords AB and BC are 
chords of the regular nonagon. 



0. To draw a five-point star. 

Bolftion.— D raw a circle, and dividing the 
circumfcmice into five eq\ial parts, join the 
alternate {)oints of division, as in the figure. 


Fio. 101. 
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r What? 


SYNOPSIS OF PLANE FIOI RES. 

What? 

Triangles. 


Sides. l\‘riineti‘r 
What? Altitude. 
^ ^ rSoaionc. 


1 1 < lsoHei‘los, 

[ G - t K«{uilaloral. 


liusi*. 

*2 I f Aoute. 

1 1 ' 

lubtuH 


Qr A DRI LAT- 
ERALS. 


Pentagon. 
Hexagon. 
neptag<in. 
Octagon. 
Nonugon, etc. 


What ? 
'J’ra]M*zoid. 

Parullelo* 

gram. 


f Hhomhus. 
iihomhoid. ‘ 

. i ^ i HK 


Kegular. What? 


« 4 

Q 

s 




Circle. 


What? 

(/ircumfercnce. 

(’entre. 

Itadius, Diameter. 


( Kllipsc. 

Conic Sections.* ] Parabola. 

( llyf^erls^la. 


[ HioaiR Plane Ccrveh.* 


* Hmm am tfimtAd Almpljr to gff e oimpkteaMA. Ot coom. Uic AtAdoiil It OAi 
to Inow aiort thiii tlMir mmbw. 
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PART II 


THE FUNDAMENTAL PEOPOSITIONS OF EliEMENT- 
ABY GEOMETRY, DEMONSTRATED, ILLUS- 
TRATED, AND APPLIED. 


OHAPTEB I. 

PLANE GEOMETRY. 


SECTION I. 

OF PERPENDICULAU STRAIGHT LINES. 


PROPUHITION 1. 

Iheorem. — At any point in a straight linOf one perpen- 
Umbir 0n be everted to the hne, and only one^ which shall Hg on the 
ride of the tine. 





T)mu,-^Let AB* reprmmt any line, iwd P be 
any point therein; then, on thOMiiie aide of 
AB there omi be one end ooljr one peipendJc- 
nkr erected «t P. Wot ftom P dnm my ob- 
Ikine line, it PC, Amahig wttli AB to two 
■iiglee CP8 md CP4 How, whflt to ex* 
trmity P, of PC, r e mi ini H conetto to 
iiiiePC toiefoivntoiit In hjOtoe to ^toof 


Fm, til. Ili 0 

fMItr, it CPA* It it eTident tot to a 


to CPi, end thm m Ibe 
'{Ryiiltlnn 


of CliP»niC!*^» 


*lt totiedtitiontaMmipU tininB fo tt> ttte tolphowi , ato fctitto to to j to i B l tit 
toimattW toigttieTtwtoi to to i lw ttimt l t ii* fto totolwtote 
Hindi', •oMHttihf, with iml wltonf ana tito fto tNAnn wntplto he 

ettiili it Bn pflitnt#f in itumf. eMiiilin^ toi twil tow itoit* tto totMn* 

Ml It i* t«t »w 
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will become equal. 1 q thie portion CT becomes perpendicular to tm 
096)^* Agein> if tbe line C'P leTolve from thp poslUon in whicb tlie anidee 
are eqm^ <me angle wft increase and the other diminkih j hence them 
gm position of the line on this aide of AB in which the a^lacent anglm 
are equal Thmefore there can be one ^d only one perpendicuiar eiecied to 
AB at Pi which shall lie on the same side of AB. q. m. d. 

123m Cob. 1. — On th$ ot>her side of the tine o second perpen^ 
dicnlar, and only onoy can he drawn from the same point in the line. 

124» Cob. 2. — J[f one straight line meets another so as to make 
the angle on one side of it a right angky the angle on the other side is 
also a right angUy and the first line is j^erpendirular to the set^nd. 

12Sm Cob. 3. — If two lines intersect so as to make one of the 
four angles formed a right angUy the other three are right angles, and 
the lines are mutually perimulindar to each other. 

Dem. — Thus, if CEB is a right angle, CEA. 
being equal to it, is also a right angle. Then, 
as AEC is a right angle, the adjacent angle 
AED is a right angle, since they arc equal 
Also, as CEB is a right angle, and BED equal 
to it, BED is a right angle. Hence CD ludng 
perpendicular to AB, AB is perpendicular to 
CD, as it meets CD so as to make the adjacent 
angles AEC and AED, or CEB and BED equal to 
each other (43). 

PROPOSITION IL 

126m Theoremm--inen two straight 
lines intersect at right angles, if the por^ 
tion of the plane of the Imes on one side 
of either line he conceived as revolved on 
that line ae an suds until it coincides 
with the portion ef the plane on the other 
eide^ ike parte of tie eeoond line will coin- 
eids* 

■ % 
te twoRniallb 

plnmiof the Ram im the aldo of CO on which 

B liii be ooacelfed 10 fofolrf on the »ne CD aaan a«M tmtti Hftfc la ^ 
juufmmmihm a-u to h* awis ihs hasis #aiMir 
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portion of tho plane on the other side of CD. Then will EB fell in and coincide 
with AE. 

For, fee point E being in CD, does not change position in the revolution ; 
and, as EB remains perpendicular to CD, it must coincide with EA after the 
revolution, or there would be two perpendicnlara to CD on the same side and 
feom the same point, E, which is impossible {122), Hence EB coincides with 
EA. k. o. 


PROPOSITION m. 

127^ Tlieorem^—FroM any point without a straight line, one 
perpendicular can be let fall upon that line, and only one* 

Dbh.— L et AB be any line, and P any point without the line ; then one per- 
pendicular, and only one, can be let fall from P 
upon AB 

For, conceive any oblique line, as PC, drawn, 
making the angle PCB>PCA. Now, while the 
extremity P of this line remains 6x^, conceive 
the line to revolve so as to make the greater angle 
decreiise, and thf less angle PCA increase. 
At some position of the revolving line, as PD, the 
two angles which it makes with the line AB will 
become equal. When these a<1jacent angles arc equal, the line, as PO, is per- 
pendlonlar to AB {2ft f 4*t), Moreover, there is mly one position of the line In 
wthkk these angles arc equal ; hence, only one perpendicular can be drawn 
PniB a given point to a given lino. q. s, d. 
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PROPOSITION IT. 



et jpentel iwwfA* 

out a straight line, a p0tp0iidMt$r is tis 
shortest disiemce to that^ 


B 


Ai he 

without It. P0 g ^ to may 

oblique llM; then is PO<ii^ 1 


Produce ra.mki«B HT 
Then let tibe p mOm ei 

aheivs At W sefsIvsA Bfibl 
cotacideswiilithe^ 

nndi feB 

•raSAiaHit , 


(va ppiiw*Vik 
Svflh. 
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PCP*. which is a teokcn line, riace a att^ght line is the shortest liistance be- 
tween two points. Hence PO, the half of PP', b less than PC, the half of the 
broken line PCP. q. B. D. 


PBOPOsrnoN v. 

129. Tlieorem.’-‘lf a perpendicular he erected at the middk 
point of a straight line^ 

Ist Any point in the perpendicular is egunlly distant frmn the 
extremities of the line. 

2d. Any point without the perpendicular is nearer the extremity of 
the Urn on its oton side of (he perpendicular. 


O' 




\ 


\ 


Dem. — let Let PD be a perpcndinilnr to AB at ita tniddio p<dnl 0 Tlieij, 
O being any point in the perpendicular, OA =- OB. 

For, revolve the figure OBD upon OD aa an nxia 
until it fhllB in the plane on the other side of PD 
Since GOB and ODA arc 1‘igbt angles, DB will ftill 
m DA {12€>) ; and, since DB DA, B w dl fall at A. 

Hence, OA and OB coincide, and OA ~ OB 
3d, O' being any point without llie iH'nwndlcuIar 
on the same side as B, 0'B<0'A. 4 

For, drawing O'A and O'B, let O he the point at 
w'hieh O'A cuts the p<Tpendicular Draw OB Now 
O'0<BO-hOO', since O'B is a straight and O'OB is a l»roken linti. 

OArcOB, we may substitute it in tlie lne<tuallty, and imve O'B * OA 4>^OCK^iil|A0lt 
sum = O'A. ^ 


O 

riu 107. 


130. Con,^If each of two points in one line is equally disiatyh 
from the extremities qf another line, the fanner line is perpendUmlmr 
to the latter at He middle point. 


DBii.-^Every point eqimlljr diataat firms the extremities of a straight line Ifee 
in a perpendkmlar to that Hpe «t mUldU! pcdni, by the proixmlikm. Bi||, 
two pedsti dewniliie tlM^pcMdlioit of a straight line. Ilenri', two p<diiti« eaeli 
eqnaliy diilaift fknm tSbe extrattittea of a straight line, detennine the poiltkti 
of the perpendiciikir at tlie ndddhs point of the lino. 
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(M), anA ahoold te-iepeated han ex. 
actly w ^Ten fbost ifith tlie miwiM/or 
the miMUon, as foHotn.] A is cme point 
in die lino OA, whidt is eqaa% distant 
from B and C, by construction, and 0 is 
another. Hence OA is perpendicular to 
BC at A, by (130). 


2. Prob.—To bisect a given line. 



FlU UHt 


SoLUTiON.--[For the proem see {S9), The 
student should first do it as he did then. The 
reason why this process bisects AB is as follows.] 
Since m is one point equally distant from the ex- 
tremities A and B, and n another* there are two 
points in mn each equally distant from the ex- 
tremities of AB. Hence mn is perpendicular to 
AB at its middle point 0, by (130y [The reason 
for the process in Fig, 20 is the same. Let the 
student give this method, and show how the cor- 
ollary (130) applies.] 


O 
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3. Prdb.’^From a point without a 
given line^ to let fall a perpendicular upon 
the line. 

Solution.— [Repeat the process as in (43), 
and give the reason for it as follows ] O is one 
{K>int equally distant from B and C, and D is 
another. Hence a line drawn fipom 0 to D is 
l>erpendicular to BC by (MSO). 


4 Wishing to erect a line perpendicular to AB at its eeutre, I 


0 

p. ^ 





take a oojrd or chain somewhat 
longer than AB^ and, fiMrtening 
its ends at A and B, take hidd of 
the middle of the cord mr chain 
and cany it as Ikr Ihom AB as I 
can, first on one dde and then on 
the other, sticking at the 
meat remote pointe, as at Faiid 
r. IChese pciBte 


tbe SMIM) aMMUna^jtee litelmg dinei]^ to tin Am 

aad-Ac ITbef^ iMth, the shm «t Ao am* 

tjme. VKtA llnttes tho fintearf W^iti priueiide it mrolvadf 

^6. SeTonl potsons sturt at different tim« fh>m the aame pAit in 
a Btrught road that runs along a wood, and each iraTels directly 
awa^ from the road. Will they crane out at the same, or at different 
points on the opposite side of the wood ? What principle is involved? 
What is the geometrical language for the colloquial phrase ** Directly 
away fr»m the road” ? 

7. If I go from A to B, Fig. Ill, by first passing over AP, will I 
gain or lose in distance by going on a little farther in the direction 
of AP before I turn and go straight to B ? AVhnt priiiriplo is in- 
volved ? Would I gain or lose by stopping short of P ou tho line 
AP ? Why ? 


SECT/OJV II. 


OF OBLIQUE STRAIGHT LINES. 


PROPOSITION I. 

IBlm m h ^weiwi . — Whm an obliqve line ^neets nnofhtr Btraifl^ 
line forming two adjacent angles, the sum of these angles is two right 
angles. 


Dni.— Let the obilque line CO meet the Atraight 
line A6 fbrmlng the two a^Jeoent englee COB tod 
COA ; then COB+COA equals two right angles 
For io^poee CO to rewohre toward the poaition of 
die pei|>eiidletihir C'D ; the angle COB will iom-ase 
at file aeieo late that COA dhnhilihet; hence Uieir 
•UNI wRl tmsUn eonetaiit (ia, the samr). But, 
whar CO ttecomee cmieiidkiiiar« the aum of the 
siit&omt englea foroMNl with AB is two light angles by drfljiitloes (fNf» 
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iS9* Om^Tks mm ^aS ths mtmuHps emghs farmed IgWfdf 
mgmberefilmsmesHnta^ Memied 00 im 

isaisti is tmS ridkt Amaisailm?- 
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Dsm -Thus ADC^ + C^DC‘^ + C*^OC"' + 

4 C'W + CDC + COB = ADC' + C'DB, which 
sum is two right angles by the proposition. Or, in 
general terms, the angles thus formed can always be 
united into two groups, constituting respectiyely the 
two adjacent angles formed by one ^e meeting 
another. 


133. Def.-— Two angles whose sum is two right angles, are 
called Supplemental Angles. Henc^ the Supplement of an angle is 
what remains after subtracting it from two right angles. 


PROPOSITION n. 


134. TheoPetn* — When any tm straight lines inters^t, tlu 
eppoBite or vertical angles are equal to each others and the su 7 n of the 
four angles formed is four right angles. 


0llf.«-4jet AB and CE intersect at D; then CDA ss the opposite angle BDE, 
AK as the opposite or v( rtical angle CDB, and ADC + COB \ BDE 4- EDA = 
IHF light anglers For, ainoe CD meets AB, ADO Ss the snppleiiieDt of CDB. 

* {IStf 133.) Also, since BD meets OE, BDE is the 
B supplement of CDB Hence ADO = BDE. In a sim- 
ilar manner ADE ean be piored ei|isl to ODB. [The 
student should give the proot] 
g Again, sinee ADO 4- ODi » Iwoaic^isigks, and 
BDE 4- EDA s two ilgiit si^AsA IT i^AlBg the cor- 
responding membsia together, we ^we ADD 4* CDB 
4> BDE 4- EDA s foer light aniAta 
m 
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233. Coe.— 7%e sum o/bB As Mmeuiim by any 

member of lines nmting at a emfemm pemt iefmur 0e^^ 



Dsn.— The tsnih et BBi* omilmf k mmbrnA 
^ipaieiii hy BneHag a Bee mm0 BtelMeeum 
▼eitei, sad ohssiwiaf BhB Bm ism if sft 
each Me Hmmt k tm ii|ht 4k|k»l ^ 
snmof iB Bmushi^ on hoBi Ab^^Mlmlbtee 
saam ss tlw sem of sB Bis eoMMNi^ 
hyBi«lie%k|wi(#tt4S|^ 
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PBOPOSITION m. 

136 . The(trem.—If hoo sttpplementai angles nre so sUwtid as 
to he adjacent to each other, the two sides not common teiUfaHl ih the 
same straight lino. 

Dbu.— L et the som of the two angleit 
BOA and CO'D be two right angles. 

Prolong 00\ forming the angle DO'E. 

Then is OO'E supplemental to CO'O {tSlf 
13S)j and hence equal to BOA, which is 
supplemental to CO'D by hypiithc^sis. 

Now, if AOB bo placed acyacent to CO'D, 
the vertex O being at O', and the side OA 
falling in O'D, OB will fall in O'E, since 
BOA = DO'E. Hence, when the angles 
are so situated, OB becomes the prolonga- 
tion of CO'. Q. B. D. 



PROPOSITION IV. 


137 a TheoreWa — If from a jMint nnthoui a strnitjht Hno a jwrr- 
pendicular be drawrtf oblique linen from the nnme point cutting tk§ 
line at equal dietanoes from the foot of the perpendicular are equal te 
emh other; the angles tcMch they form with the perpendirutar are 
equal to each other ; and the angles which theg form with the line are 
equal to each other. 


DBM.~-Let AB be any straight line, P any point without it, PO a vomer ^ 
dicular, and PC and PE oblique lines cutting 
AB at C and E« to that OC=sOE ; then PC=sPE. 
angle CPO ss angle OPE, and angle PCD = 
angle PEO. 

Revolye Oie flgttre*POE upon PO ss an 
axis, until U ftJls in the plane on the other 
side of P D. flliioa AB Is |>cgpendlctt]ar to PO, 

DB wOl Bll ill OA$ and, #a€e OE = DC, E 
will jfiOl at C. Hoar, aa P remains stationary, 
thetilangloiPOCaiidPOCotdiK^ Hence, 

PC see angle tmigw OPE, and 

angla PCD s aag^ PtO. q. & o. 

doealha eqiialt^ of PC and PC follow Drom 



Fm. 1S7. 


/V f. . 

198* Tlkeorem^ * tffrm opatni ofMoid a Mae a 
JarieStatm to ikiit9me.awd a9w Ihm erm/Hni 



f 



fg xuoaaniunr mm mamnor. 

mm vuMng eqwA angU$ v)Hh the perpendiet^, the Unei 

m$ efual to each eihtr, cut the Htte at equal dtetanmfipui fie foot 
^ the perpendicular, and make equal angles with U.* 

Ihni.— PD being a peipendicular to AB, and angle CPD equal to angle 
DPE, PC equals PE, CD equals DE, and PCD 
equals PED. 

Rerolre the figure PDE upon PD as an 
axis, till it falls in the plane of PDC. Since 
angle EPD = angle CPD, PE wiU take tlie 
direction PC, and E will fall somewhere in 
the indefinite line PF. But, since PDE and 
PDC are right angles, DE will &11 in DA {126) 
and E will fall somewhere in the indefinite 
line DA. Now, as E falls at the same time in 
PF and DA, it must fiill at their intersection 
C. Hence, PE coincides with PC, and DE with DC. Therefore PE s PC, DE 
s DC, and angle PED :: PCD. q. s. n. 


P 
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FBOPOSmON TL 

139 n Thewem.--If frwn a point mtfiout a Um a porpmdicular 
ho let fall on ike UnOy and im oblique 
lines he drawny the oUiqm line which cuts 
off the greater distance from the foot of 
the perpendicular is the greater, 

BEM.--LetABbeaaf itiiiglitBn6,P iajrpolnt 
without it, and PC and PP taro dbttqBs Hues of 
which PF cots as Sue pe si U t t d ts l moa from the 
foot of the perpttedkehmt Is OF > DC. 
TheiiisPF>PC. 

Fiodnee PD, making DP » PD, and d»w rr aid 
iitflltmeeito PF in H. Senile liha topn fn epmM 
iaito in the plane im the oppcNdtaiddaitf^ fltoaafr Is AB, 

PD wfillaU In DP; and, diieePII»ir,Psillttlll as «iiiP*D»PC 
aadPr«»PF. 

1lmi|ial|^tlliwP0<thehiQlm Isf atOta ia ja t^- tlp J ^ line 

|tHr<rFr, dm, Hr<HFr. muim of 

pK^ssOmm , « w wd or haii«cwiMia waiaWItt. 

•i|MrPC 




- ^ ! ■ ' 


Of oBUQtm usm 


m 

140* Oo»* t—Frm a gitm point n^iout a Une^ ihoro mn not 
ie two equal dlique lines drawn t&the line on the mm side of a per- 
pendicular from the point to the Urn. 

141- Cor. 2. — Two equal oblique lines drawn from the same 
point in a perpendicular to a given UnCf cut off equal distanm 
on that line from the foot of the perpendicular. 

DsM.— For, if the distances cut off were unequal, the lines would be unequal 


EXERCISES. 

1. Having an angle given, how can yon construct its supplement? 
Draw any angle on the blackboard, and then construct iU supple* 
ment 



2. The eereral angles in the (iguro are such parts of a rignt angle 
as are indicated by the fractions placed in them. If these anglM 
are added together by bringing the verticc*s t<ig<'ther and oauiitig 
the adjacent sides nf the angles to coincide, how will MA and Cfi 
lie ? Construct seven consecutive angles of these it*vcnil magnl* 
tudes. How do the two sides not common lie ? Why ? 

8. If two times ^ B. two times 0, three times E» three times c» thiwi 
times two times V, m the last Hgure, are added in order, bow wQl 
AM and QM He with lefrtence to each other ? Why ? 

Aneu They will coinckfaa 

4. If yon piaoe tlm Tertices of any two equal angles togethir 
that two of itm aides shall extend in opposite directions and fim 
one and the same stsmight lin^ the other two sides lying on appoeilo 
sides thered^ how will the latter skies lie f . By what principle ? 

Upon what prindpie in this section may the cammm metliod 
of emoting n pqiimndienlar at Mie middle of a strain 
be«i|ddM Ufm what the mdbod of letting idi a psf^^ , 

npon a irtva^bt apoint wfthont (44)1 
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6 . A aad B start at the same time, from the same point in a certain 
toad ; A travels directly to a poirif in another road at right angles to 
the first, and at ten miles from their intersection, and B travels di- 
rectly toward a second point in the second road, which point is seven 
miles from the intersection. Both reach their destination at the 
same time. Which travels the festerf What principle is involved ? 


SECTION III. 


OF PARALLELS. 


PROPOSITION L 

14^6. Theorem.— Tm straight lines lying in the same plane 
and perpendicular to a third line are parallel to each other. 

Dzm — Li*t AB nnd CD be two straight lines 
^ lying in the same plane and each perpendlcn- 

S lar tf) FE ; then are they pandlel. 

^ ® For if AB and CD are not parallel » tliey 

will meet at some point if sdEBoienUy pro 

jt ' ' p g duced (CW) But, if they could meet, we should 

^ have two straight lines from one point (their 

1*10. xsi of meeting), perpendkwlar to the same 

straight line, whkhfr There- 

I 6 ie, as the lines lie in the same plane and csmiot meelboir te soever they be 
Ifroduoed, they are parallel, q. s. D. 

14S» CoK. the same point one pamOdem always 

drmim to a given line^ and only onoo 

lhBiis««-laet AB lie (he given line, and C (be given pdnU frfeie am be one 
and only one perpendicular through C to AB Let this be FB* Now 

llsroui^ C one and only one perpendicular can be dmwn to FE iM this be 
IML Vm is CD parallel to AB by the furopo^itifiau Thai thm Is 
mdk ve shall assume ss s^omsHe.* 

ISi. OoB. i.—1/a etraight Kn$ it jurpt n 4 ttlik t r it mtitf 
<> is psrywdfriilsr to 


itliilli If m to psspmdttwdw to AB nil p s s fM ai s e s r m ^ Bor, if 

>0 pet- 


eimnaankSi. BSsBa 



or FABAIIiBL T.rewH 


n 

dJel to AB by tbe* ^wposltion. Bat, bj Oor. 1, there can bo but one Hoe 
thrw^b C pataBd to AB. Hence ttie^)e^dtoilar to FE at C coindilca with 
oris, the paw^d CO. ^ 




PROPOSITION 11. 


14S. TIk^reni.--Two straight lines 
third, are parallel to each other. 


fchich are parallel to a 


Deic. — L et AB an<l CD bo each parallel to EF ; 
then ai-e they parallel to each other. 

For draw HI perpendicular to EF ; then ^\ill it 
bo perpendicular to CD Injcauae CD is paralli ) to 
EF. For a like reason HI is pcrpt^ndicular to AB 
tlence CD and AB are both p<*rpendlcular to HI, 
and consequently parallel q. e. d. 
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146. Depinitioks.— W hen two lines arc cut by a third line 
the angles formed are named as follows : 

JEjcteHot Angles are thom* nitlioul the two 
lines, as 1, 2, 7, and 8. 

Interior Angles arc those within tiie two 
lines, as 3, 4, 5, and C. 

AUernaie Mx^rior Angles are tliose 
without tlie two linos and on different sides of the 
secant line, but not adjacent, as % and 7, 1 and 8. 

Alternate Imterlor Angles are those* 
within the two lines and on different sides of 
the secant line but nut adjacent, as 3 and 0, 4 and 5. 

CorreapouAIng Angles are oue without and one within ^ 
two lines, Isnd on the same side of the secant line but not adjacent, < 
as 2 and 6, 4 and 8, 1 and 6, 8 and 7. 
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FsoPosmoR in. 

ten. l%eorem*—If tm lists are ad ig a third lint, mMng 
titanm, af ihe interior an^ on iit tarn tide of the mm d tint 
equal to two rigid anglti. At iwo Unto art fortdlA. , 

Ite~U( AB and CO te aiet It dw Bac Iff. iK» *f 

dRUast^t ttsamAOmdCOrsnlsIL * 
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190^' u^ iy«MIH 

A« «wni<!f |A« iatariwr anglta on tOMo sid» Mewrf KM it 
$qual lo tteo ri^ m^Ko. 

Dm— Let Oie panOlels AB and CO be out bj EF, then is DCK ^ CKBstw# 
right EDgleB. 

For, if OCK is not the supplement of GKB, 
let LM be drawn through C so as to make 
MCK that supplement Then, by the preced- 
ing proposition, LM is parallel to AB , and ^ e 
have two paiallels to AB through the point C, 
which is impossible {143) Hence, as no Imo 
but a parallel can make this intenor angle the 
supplement of the other, the parallel makes it 
so Q x. D. 

[Let the student demonstrate this proposi- 
tion as the preceding was demonstrated In this ease CD and AB are parallel 
by hypothesis, and HI bemg drawn perpendicular to one is {lerpendirular to the 
other also When K falls at G, Kl fails on CC, since tiom a point witboui a 
line only one perpendiculai can be drawn to that lino ) 

1S1^ Coe. 1 . — If two parallel lines are cut hy a IhM hnSf th% 
sum of either two exterior angles on the same side oj the secant liM At 
equal to two right angles^ 

Dsic.-*FQD -f CKB s: two tight angles For FGD and QKB are bokhittF 
plemente of DQK (133 f 130% and therefore equal to each other For ttfii 
leumns, EKB « KOO Thetefoie, FGD 4 EKB ». GKB DQK -x two 
aoglee, tim piopoidtioii. 

1S2. OoB. 2.^If two parallel lieies are out bg a eUheH^ ^ 

blfi$ aUemak inkriar, or eUker tm attemak exkrmt dr riOkr im 
erngUSt ^ dgiMil k eaekalher. 

Bm^IfODaadAiiMpefatH Tm mdi k tlw rnp^l e mm 

kmael^liSnih^ [I^ tlu» itodenl te 

ItoilMimerBtal AlC««iM», FBO » AXE, MF » CKi, rWmOKa,mi 
0«r»AKB.] 

0 

JUfM> Com. a$0i0kiati0i 0 i ^ ik0nmtki0mmim 
IMmSSi* li« >ir Mf JM 

«MfM M, jte MM (MJ( edgiilrll •ifW iiei» 
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fi BUSMBMTJUnr mSE OBOVBTKr. 

1M» ScB.«-The last two propoi^tloiis and their corollaries are the comern 
of each other; i. e., the hypotheses ortUta and the condosions or things proyed 
are exchanged. Thns, in Prop. Ill, the hypothecs is, that The sum of the two 
HUeHor angles on the same siie of the secant line is equal to two right angles ; and 
the eonclusion is, that The ttso Unes are paraUeL Now, in Prop. IV., the hyputh- 
esis is, that The tm Unes are paraUd; and the conclnsion is, that The sum of the 
two interior angles on the same side cf the secant Une is two right angles,* [A clear 
conception of this scholium will save the student fio&i confounding these prr)p> 
ositions.] 


PROPOSITION V. 

ISS* Theovefti* — If two straight lines are cut by a third line 
making the sum of the interior angles on one side of the secant line 
less than two right angles^ the two lines will meet on this side of the 
secant line^ if sufficiently produced. 

Dem. — L et AB and LM be cut by EF making 
MCK + FKB < two right angles; then will 
AB and LM meet on the side of EF on which 
MCK and FKB lie, if sufficiently produced. 

For Uie angle which a parallel to AB 
through G makes with EF is the supplement 
of FKB. But by hypothesis MCK is less than 
this supplement Hence tlie portion CM, of 
the !!ne LM, lies within CO, and will meet 
KB if sitfficienUy produced, b. d. 


FBOPOSmON Tl. 

IM. fPimrem^-^Two p^ralUle are everywhere equally distant 
^ fnm eatih other. 

E and F lie any two points in the Rne CO, and CC and FH per* 
phnltadara measuring tlio distances between the {dunOeii CO mM M ttili 
|eMi; then la EC FH. 

P bethe middle point between E and F» and PO a {Mr|Nai|kMdm at 





OF FABmJSL X1NS8. fQ 

this point Rerolve the portion of the Hgtvre on the light of PO, npoti PC m 
an axis, until it fails upon the plane of the ^ 

paper at the left Then, since FPO and EPO c— 
are right angles, PD will fall in PC ; and, as 
pr = PE, F will fall on E. As F and E are 

right angles, FH will take the direction EC, ^ S 5 H ® 
and M will lie in EC or EC prodnoed. Also, Fio t«i. 

as POH and POC are right angles, OB will foil in OA, and H foiling at the same 
time in EC and OA is at their intersocUon C. Hence FH coincides with and Is 
equal to EC. q. e. d. 


EXERCIHES. 

1. JProb 0 — Through a given point to draw a fc’we paralUl to A 
given lincy hy the principle contained in Pjiop. 1. of thin section* 

Sug’s.— -D raw a straight line on the blacklmard. Designate with a dot some 
point without the line. To draw a line Uirough the deslgnate<l point and par* 
allel to the given line, is the problem. Let full a periMmdknilar ut>on the Hoe 
IVom the point. Then tlirough the given |M)lni draw u line pertwndleular to 
this perpendicular. The latter Hue will l)c parallel to the given line. (By what 
proposition t) 

2. J?ro6 . — Through a given point to draw a puralUi to a givm 
line hy Prop. III. 

8uo*s.--Through the given point draw an oblique line cutting the given Biia» 
Then draw a line through the given point iimkiiig an angle wiili the ohHqoa 
line equal to the supplement of the angle which l» included iMjtween Uio 
line and the given line, and on the same side f»f the former. [Of ctmrm to 
student will be required to do (As teorJh on the blackbosrd, gvetsing at 

JProb^-^Through a given 
point to draw a line parallel to a 
ffiven line, upon the principle that 
the alternate angles tnade by a 
secant line are equal 

4. ittttTttiiieiittnach 

Hied hf mFfmtm, and consists of 
a main limb AB, in which a tongue 
CO is placed^ so as to open and shut 
like the blade of a knife. This 
tongue tnfns on the pivot 0 , which 
ianaefew, and can be tightened so 
an to bold the tongue finnljr at 
asijr angle with tte limb. ttogtoBili te a4|B4tol ft m 
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to allow a greater or less portion to extend on a given side, as CB, of 
the limf). Now, suppose the tongue fixed in position, as rej^resented in 
the figure, and tiie side m of the limb to be placed against the 
straight edge of a board, and slid up and down, while lines are drawn 
along the side ?i of the tongue. What will be the relative position of 
these lines ? UjK)n what proposition does their relative position 
depend? IIoav can the eanxMiter adjust the bevel to a right angle 
upon the ]»rin(‘i]»le in Prop. L, Sec. 1 ? At wdiat angle is the bevel 
set, when, <lrawing two lines from the same ])oint in llie edge of the 
board, one wiiii one edge ?// (»f the bevel against the edge of the 
hoard, and the (dlier with tlie other edge m', these lines are at right 
angles to each other ? 

5. Are the tw'o walls cd* a huilding W’hieh are earri(‘d ii}) h}^ the 
jdnnih line (‘\aelly jarallel ? Why ? 

/ (J. [*ass a cireundVrenec* through three given ]>oints, as in (*7^), 
and show from prineijd(‘s contained in one of the ]>n*c(*tling sections, 
that 0 is ('(pnilly distant from A, B, and C; and lieneo that, if a (dr- 
(mmt\*rene'‘ hr <lrawn from 0 as a centre with a radius OA, it will 
pass tiirougli A, B, and C. 

7. (’onsiruet t Wo trianglrs of nnrijnul sizt's, hnt having tln^ sides 
of the one n*sj)(‘etivi'ly ])arallel to the sides of th(‘ oilier. Are they 
sha{K.*d aliki* ? 

8. Constrnet twt» trianglesof une»|uul sizes, hnt having the sides 
of the one rns}H‘e(ively perpendicular to the sides of the other. Are 
tiiey shaped ulikt* ? 

9. Constrnet a |>arallelogram, two of whose sides are ti and 10. 
Can you construct ditferv nt-slia]»ed figures with the same sides ? 
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SECTION IV. 

OF THE RELATIVE POSITIONS OF STRAIGHT LINES AND 
CIRCUMFERENCES. 

PROPOSITION I. 

V 

1/iH. TJieoreni* — Any dlamcUr divides a circle^ and also ifs 
info iino e(ju(d parts, 

Dem. — Lot AB be any ditamefer of the 
oircle A7MB/t; then is the figure Aw^B equal to 
knB. 

For revolve A«B upon AB as an axis until it 
hills on the plane of Af//B. Then, since every 
poinf in A/<B is at the same distance from the 
centre C, as every point in A7/<B, the figures 
will coincide, and are, (’onsecjuently, ecpial. 
lienee surface* A//B r= surface A?/iB, and arc 
AwB “ arc AwB. q. E. D. 
m. 



PROPOSITION II. 

1S9» Thvorvm* — A radius irfuch is perpoidicular to a (diord 
lisecis fhv chord and also the subtended arc. 

Dem. — Let AB be any chord and OE a radius 
perpendicular to it at D ; then AO BO, and 

AE BE.* 

For, dniwing the radii OA and OB, revolve 
the semicircle CBE upon the dmmetcr CE until 
it falls on CAE. The semicircles will coincide 
; and since AB is periiendicular to OE, 
DB will fall in DA. Moreover, os Uiere cannot 
Ik* two equal oblique lines from a jHiinl to a line 
on the same side of a perpendicular, OB apd OA 
must coincide. Hence BO coincides with AO, 
and BE with AE. Therefore AD =: BO, and AE 
= BE. q. R. D. 

• To avow conthMoff the p«pU by a mnUlpllclty of detaile. the demoortraMons In thla §ec- 
tkm ara geuerally Umited to the conalderatlon of arc# teea than a Mnai^lreafolhr^ All the 
tMTopoeltlone, except Piior. V., are equally tnio whatever the arrse, and tha denwnttmtioaa can 
easily ba applied to case? In whidt the arc* a^ greater than aeml^lreainhswnoea, Bttt Ihla had 
iMMlor not be done till a review le taken, tor the reason given above. 
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IGO^ Cor. 1. — A radms which is perpendicular tn a chnrd Nserts 
{he angle subtended by the arc of that chord* 

Thus OE bisects AOB, since BOE is found to coincide with AOE in \h\ 
deuionstralion above. 

161* Cor. 2. — Conversely, J radius whirh hisfcts an air is /jcr- 
pendicnlar to the chord of that arc at its middh' point. 

Dem.— If OE bisects arc AB at E, wlicn scniieircle CBE is n volvrd on CE 
till it falls on CAE, EB will coincide with EA ; uinl us D nmuin*' ti\t*d .uni B 
falls on A, BD coincides ■vvilli DA. llcn<‘e OE lui.s two i>oinN, 0 and 0, ciuh 
(.(luidistanl from the cxlreniities of AB, and is, consetiiieiiily, p. riKiidi. iilar lo 
it at its middle point. 

102. Cor. 3. — Also, conversely, A radius which Inserts a chord is 
])erpendkular to the chord and hisecis the siildcndnl air. 

For it has two points, each equidistant from the extremitu s ot‘ the (‘\»ord, 

103. Con. 4,— line OD nieasinrs the disinnn' ol (hr chord AB 

from (he emtre : mtuv l.y ilio diMaiio- IVoiii it iioiid lo it Im" it 

always meant the shortest distaiicc. 


PUOrOSITION HI. 


104. Theorem.— Iff the snno’ or to 

are equally distant from the nnirc. 


c(p/(ft ('(('( tcH^ cfifttil chords 


Dem.— L et 0 and 0' 
he two tqnul rircli*}», imd 
chord EF = chord CH; 
then arc the perpendicu- 
lurs LO and NO', which 
rncasftrc the distana'a 
of the chonls from the 
centre {iOS),e({Wil 
For, since FE Is per« 
pendicidar to LO and 

uml - "‘T iT” “ 

ofeachperpeBdiculsr ( 14 /). Tl-rntforo tO _ NO . d. 



ri«, via 
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PROPOSITION rv. 


Kp/m* Theomn* — In (h*! same or in equal circles^ equal arcs have 
equal chords; and conversehj^ equal chords subtend equal arrs, 

Dem. — L<*1 O and O' be 
tlie centrc’H of two ecjiial 
(dreles, and an; A//<B arc 
CuO; then chor\t AB = 
chord CD. 

Apply tin* circle O' to 
the circle 0» with O' at 0, 
and C at A. Since the cir- 
cumfcrcnc'cs coincide, all 
the p«»i)Us in each being 
cfiinilly di*;ianl from the 
centre, and Kince arc AmB r arc CrtD by bypoOienW, 0 will fc.U at B. Hence 
AB :: CD. 

Conversely, if chord AB -r chord CD, arc AmB =nrc C;^D. Draw the per 
pendiculars OL and O N from llie centren to the chords, t’otu't ivi* the plane 
of circle O' placed upon circloO, so that CO shall fall upon its e<pial AB, and 
O' be on tlie same si<le ol' AB as 0, Since L and N are tin; midille point.s of 
tJie equal chonls. they ^\ill coincide ; and as LO and NO' an* perpendic ulars to 
the rcsiM'ctive chords, and cipial ( If#*#), O' will fall at 0. As Jin; circles are 
equal, the eircninfcreincs will <*oincide, and consecpiently tin; are AmB coin- 
cides with CnO. ^ 



PROPOSITION V, 


X- 


JOO* Theorem^ — In the same or in equal rireicSfihc less of 
two arcs has the shorter eh fU'd ; apid, convcrsehfj the shorter chord 
subtends the less are. 


Let O and 0' be the centres of two equal circles, and arc AmB l>e hiss 

than arc C/iD; then is 
chord AB < chord* CO. 
Drawing the diameters 
AL and CM, pUice circle 
O' upon circle O? wdtU 
CM ti])on AL. TiUce arc 
AD' =r arc CnO and 
draw AD', OB, and OD'. 
AD' = CO by 00S). 
Kow AB < AN 4^ NB. 
AteoOD^<NO^ 4 NO; 
€>r,a»:00'rrQB,0S< 
NO' + NO. Subtracting NO from both mem^^en, OB — HO (or’ NB> < NO'. 

we may substitute MB' for NB in the ineqaall^ AB < AN 4 WN and 
have AB < AN 4- NO' or AO', which equals OD. 
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Converse]}', if (?hori] AB is less tiiau clionl CO, arc Av.B than are 

C«D. Fur if arc AwB ™ arc C«0. chora AB ehnn! CO » n;r>i At>a, if an- 
A7^^B > arc C/^D, clionl AB > ehuixl CD. Hut Inuli i‘f tln sc runoluMuns arti 
contrary to Ihe liyi>utlKsis. Ilt rue, as arc AwiB can luitlur be eijiuil to nor 
greater than arc CwD, it nuKsI be less. 


PKDPOSITION VI. 


107. Theorem * — ]n iht' sif/nr or in n^nui rirrh (*t fv'o vnrquol 
chorthy fite less is of f/ir f/rn/itr disionrr f'root ihr r^ jifrr. 


Dkm.— I. el CE AB, then is lh<* perp< naieu)ar 
distance of CE from tlH‘ eeiiln*, greater than OD 
which nu'MSiireH the tli'.tanro of AB from tlie eenin* 
From A liiy <»tf AE' CE, and draw lh<* |h 
dlculur OD". a lien OD" -- OD, ninee et|Uiil eiuuds 
are equally distant from the eiMitre. A** are AE' - 
are AB, AB ent.s OD ' in some point as H. Now OH 
> OD' since the former is oblique and tin l ittii {*( »• 
pendicular to AB. Also OD OH. Mu< It uinfi* 
then is OD" > OD'. Then fore OD (whah eipi.iH 
OD") > OD'. q. K. i>. 


OD. niiieii nn aauiTfi the 


C 

! 


A- 


D C 



\ 

B 


V 


lo«. ;v* 


JOS. Cou.— -(’onvcr.sely. Of tiro rhonh V'hi^h ovv imnjnnttp' 
(Jistant from fhr nntn\tli(tt trhirh is nt t!i» tjrmfn' disfoorr u the 
less, 

Dem.— Thus, if CE is at a greater distanr»? from th«' centre than AB, CE < 
AB, Fur, if CE were equal to AB, it would be e.jmdiy di hant loan llie renirit. 
And if CE were greater than AB, it would le at a h di'^tnm e from the eenliy 
Hence, as CE cannot Ih^ at an niwd distance from the c ntre with AB, mf *1 a 
disUnce, it must be at a greater. 


P110PBSITI0!« TIL 


109, Theorenu-A »travjht tine enn internet n dtenmftrmee 
in only two points. 


Dem -The dfatance. from the centre to the infef*ectkm. U m 
eq^ Hence, u there cat be only two eqnnl ‘‘"y 

p^t lonrt«»%ht line, there can be tmly WO tateiwctloB.. q e. ». ^ 

B 
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PROPOSITION Tin. 

170. Ttieorem, — A straight line which intersects a circumfer* 
nice in one point intersects it also in a second point 

Dem. — L et LM intersect the circumference at A ; 
then (iocs it intersect at some other point, as B. 

For, since LM intersects the circumference, it 
passes within it, and has points nearer to 0 than A. 
Tlie radius OA is, therefore, an oblique line. Now 
two etjual oblique lines can be drawn fn»m O to the 
straight line LM. But all points in the plane at the 
distance OA from O, arc in the circumference. Hence 
there is a second point, as B, common to LM and the 
circumference. Q. K. D. 

17 1. (Vdi. — Ang line which is oblique to a radius at its extremity ^ 
is a secant line. 


•■Xa 



PROPOSITION IX. 

172. Theorem. — A straight line which is perpendicular to a 
radius at its cj frcmif if is tangent to the circumference, 

Dkm.— T he line touches the circumference becaufie Uic extremity of the 
nuUus is in the lircumh nuu'e. Moreover, it does not intersect the einmni* 
feitmce, since, il’ it did, it would have imiuta nearer the centre than the extremity 
of the radius; hut these it cannot have, as the perpendicular is the shortest 
distance IVom n point to a line. Hence, as a line which is perpendicular to a 
radios at it.s extremity touches the circumference but does not Intersect it, it is 
a tangent q. e. d 

173. Coil — Conversely, A tangent to a circumference is perpen- 
dicular to a radius at the qunnt of contact 

For, as a tangent to a circumference does not pm point of contact 

is nearest point to the centre, and hence is the foot a pctpendicoiar from 
the centre. 
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PROPOSITION X. 

174. Theorem.— Two paraM secants intercept equal arcs. 

Dbm.— L et the parallels LM and RS intersect Uie circuinfcreiu e AECF ; tlirn 
Are the intercepted arcs AB and DC equal. 

Draw the diameter EF perpendicular to one 
of the parallels, as LM, whence it will he per- 
pendicular to the other (144). Draw the radii 
OB and OD. Revolve the portion of the figure 
on the right of EF, upon EF until it falls on Uie 
plane on the left of EF. Then, since RS and 
LM are perpendicular to EF, IS will fall in IR, 
and HM in HL. Moreover, as there cannot be 
two equal oblique lines on the same side of a 
perpendicular, and from the same point (i40), 

OD and OB must coincide, and D fall at B. In like manner C falls at A, and 
CD coincides with AB. Therefore CD = AB. q. k. i>. 


F 



PROPOSITION XI. 

175 . Theorem. --If (I Sir an f hv /larall* f to a hnttjrnf, the nrf'/i 
interrvptvd between the inferseetio/is mid (he puiut of tanijenrij are 
iqual. 

Dem.— L et the secant LM lie parallel to 
the tangent RS ; then is CP — EP. 

For, draw the radius OP to the point of 
tangency ; it will be peqwrndieular to the 
Uingent ( 475 ), and also to the parallel 
LM (i44). But a radius which is |KTpen* 
dicular to a chord, as OP to CE, bisects ihc 
subtended arc (JiiO), hence CP ™ EP. In 
like manner, if VU is parallel to LM, 

CB = EB. q. E. D. 

Ft»» JTI 

17Sm Cob. — Two parallel tangent$ include Hpial arm between the 
points of iangmey; and these arcs are semi-circumferences. 


p 
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EXERCISES. 


1. Draw a circle ana divide it into two equal parts. What proposi- 
tion is involved ? 


X 2* Oiven a })oint in a circumference, to find where a semi-circum- 
Ibrcnco reckoned from this point terminates. What proposition is 
involved ? 



Flo. 140. 


3. Proh. — To bisect a given arc. 

SoLiJTKJN. — Let AB bo an arc which we wish to 
bisect.* Draw its chord AB, and erect 00' l)isectiiig 
the chord, by {J.iO). Now, as 00' is perpeudiculiir 
to tlie chord at its middle point, it bisects the arc by 
{ since there cun be but one perpendicular at tlie 
mid<lle point of the chord. The arc AB is. therefore, 
bisected at C, i. e., AC CB. 


4. Prob * — 7b bisfrl a given angle. 

8lio. — The rncihod of solvinic Uiis is given in Part I. The student should 
do it UH there Uin*cu d, and then point out the princii)le upon which the method 
depends. 

5. In a oin lc whose radius is II there are drawn two cliords, one 
at (1 front the ('mtns and one at 4. Wliicii chord is the greater? By 
what proposition ? 

(5. In a (‘erluin circle tht*re are two chords, each 15 inches in 
length. What are their relative distances from the centre? Quote 
the principle, 

7, There is a circular jdat of ground whose diameter is 20 rods. 
A straight path in jiassing runs within 7 rods of the centre. What 
is the position of tlie ])atii with reference to the plat? What is the 

position of a straight path whose nearest 
})oiut is 10 rods from the centre ? One 
whose nearest point is 11 rods £h>m the 
centre ? 

8. Pass a line through a given point, 
and parallel to a given line, by the prin- 
ciples contained in {17 d) and {IGh). 

I . . -■ ■■ -r - - - 

* ThU tolntlon and many oUieni are fireo. not ao macli tluit it i» feantd tbat tlM» atudeni 
wlU not ba abto to the probleiiw. aa to afford model* for doacribfog Uw prooeea. In 
iliia caae aa arc abould be dr*#& im, and an ttaee ol the cenire obUtemied. proceed aa 
directed. 
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9, Prob. — To draw a tangent to a circle 
at a given point in the circumference. 

Solution.— Let P be the point at which a tan- 
gent is to be drawn. Draw the radius OP to the 
given point of tangency, and produce it any con- 
venient distance beyond the circle. Erect a per- 
pendicular to this line at P, as MT ; then is MT a 
tangent to the circle (172). 

Ki»j, I4f*. 

10. Prob.^To find the centre of a circle whoae c( mdHfcrotre ift 
\:now)iy or of any arc of it. 

Suo. — The process is given in Part I. Do the wc^rk there dvrccted, i\nil 
hen show upon what proposition in this section it is founded. 



SYNOPSIS. 
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tf) 
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Diametehs. Prop. I. How divide circles and circ'nmferem'cs. 
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Exehcisss. 


, II. Kadins perp. 
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Prop. 
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Prop. 

Prop. 

Prop. 

Prop. 


C/>r, 1. r\i)p:le 

(or. li. ( ■(>nv«T'<e ol l*rop, 
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( or 4. D'tst fVuiu ( cnlre. 
Iliniiincr of equal t lMUtK. trorn eeulrc. 
Iv{iiul aren, hikI conviTHe. 
rncqiial uics. 

VI. l lJoqUJll eliMld^. Dis 
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IV. 

V. 


(or. (onverwe. 


VII. IntiTwect in only two pnint«. 

VIII. Ifti line ititerKcrl in on« ^ ^ 

p<»iiil. \{ intifhert 

niho in another. 


or. I.ine ftblif|lie 

to riuliuM at extf. 


j Prop. IX. Line j»erp* ndK uhvr to / 
f r.adioM j»i oAtrianiiy. s 

X. Piindlel m-t unV* intere<'pt ^ tirtm. 


^ Prop 

I Prop. XI. S<‘c;int par u> tatigr nt 

f Pr^A 
j J^nlK 
I PnA 
{ Pr(A, 


^ f „r Two parallel 
langotita. 

To blsff’t an are. 

To hisert an antde. * 

To draw a tangent at a jK»irit in eiitrumfcrCiioit 
To find centre eif circumfercncxt or arc. 
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SECTION V. 

' OF THE RELATIVE POSITIONS OF CIRCUMFERENCES. 

PROPOSITION I. 

177. Theorem* — All (he circintiferenccH tchich may he passed 
ihrmufk three points not in the same straiyht line coincide, and are 
one and the same. 

Dem. — Lot A, B. Hiul C he three iKiints not in the same stniighl line ; then 
all the ein'uiiitereiK'es which can he pusHcil througii them will coincide. 

F<ir join tlm poiuU, two and two, hy struiglit lines, as AB and BC. Bise'ct 
these lines with perpemliculars, as DF and EH. Since 
AB and BC are not in the same straight line, DF aiul 
\C meet when sntlleiently produe«‘d, at one and 

!\ only one point, as 0, hecaus^j they are straight lines 
i 1 Now, every |M>int in FD i.s ecpmlly dl.stant from A and 
/^/ B, and every point in HE is c^qnally distant from B and 
C (i20)- Hence O is ecpially distant from the three 
points A, B, and C ; and, if a circumference lx* drawn 
with O as a centre, and a radius AO, it will pass through 
the three points. Moreover, ever>' clrcumfenmce pass- 
ing through these points must have O for its centre, since the centre must be in 
FD (otherwist^ it would he uneqifally disUmt frcmi A and B). and also in HE 
But these lines intersect only in O. Also, every circumference with 0 
M its centre, mul passing tli rough A, mu.st have AO for Its radius. Hence, as 
alt circles having the same centre and the same radius coincide, all those passing 
thilQUgh three points, A, B, and C, coincide. Q. E. D. 

178. Cou. 1. — Tlirouph any three points not in the same straight 
lins a circum ference can be passed. 

170. Coil. — 77/ w points not in the same straight Une determine 
I tirmmference as to position and extent ; i.e., in all respects. 

180. CJoR. 3. — Two cirwmferences can intersect in only tteo 
points. 

For, if they have three points common, they coincide, and tomxk one and the 
tame circumference. < 
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PBOPOsmos II. 


181. Theorem. — Two circumferen- 
ces lehich intersect in one pointy intersect 
also in a second point, 

Dem. — Let M intrrpect N at P. As M passes 
from without to within thecirdo N, it has points 
both without uiul within. Now, tor M to re- 
turn into itself from any point within N, as Y, 
to an}’ point wiiliout, as X, it must interseet N; 
but it cannot intersect in P, for a circumference 
doe.s not intersect itself. II<*n<*c, it inti-rsccts in 
A second point, aw P'. q. e. d. 




Ftu. Ui 


TEOrOSITION III. 

1 S 2 , — If (t strni'jhf Ufo hf tlntien (hmnoh the ten* 

tfCS oftfco circ les, (fj the ittfi'CSf i'f urns i>f t/f/n c i n'f ft oi fe/u ner icith 
that line, ttic {>ne on the side tnieard th< rtuter nj the nf/irr t irrlr is 
the nearest point in this rirnnnferent e to thnt eeittcr, amt the one on 
the opposite side is the farthest point fnnn thnt tent re. 


DE.\t.— L<>t M and N. or M‘ ami N', he two ciieumf* reoi ‘ -i u Ijo^* n uire<« aru 
O and 0 . Draw an ind< finite line iliion;j:h tin u ntreH. I, f t A .uni H be the 
intersection.s of M or M' with tins line, ofwl»i« h A in on tfe snle of M or M' 
toward the centre O', atnl 

• r; 

p N 


H Is on the opp<»site side. 
Then is A the nearest poitil 
in M or M' ti> O', and H the 
farthest i>oint from O'. 

pYrnt, To show’ that A is 
nearer 0' than any otlier 
IHiiut in the circnml’creuce. 
A will He between 0 and 0\ 
in O', or Ix'yond O'. When 






riii 


. and draw OP 
hrokctt ttiMt* 


A O .n.1 O', lu in M. kt P Ik- «iiy “• 

and 0-P. Xow 00' iK-ing a dtraislil Iii«% ° Aiy 

BubtractinK OA fre.m Ihn r«rm,T. an-I ..a .q.ml OP fr' ^ J 
^ PO' When A Ihlls al O' the tnith ts sdf-cvtdeiit, \\ )v n A v* 

as In M\ let P be any other jxiint ^OA - O^ 

00' > OP {- OA), Suhlmetin#? 00' from both, we have 0 P OA - W 

^ » To *bow tbal H ia the Cartbeat polnl (n M or »' from O'. In eWwir 
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flgore, let P be any oilier point in the circumference than H, and draw OP 
and <|P. Kow, PO + 00' > P'0\ But PO = HO. Hence HO -f 00' (= 
H0V> PO' 


PROPOSraON IV. 

JS/i. Theorem.— When the didance between the centres of two 
circles is ynaier than the sunt of their radii, the circumferences are 
wlwlh/ cjderior the one to the other* 

Dkm. — L et M and N be tlic circuinferoncea of two circles whose centres are 

O find O'. Let 00' be greater than the 
sum of the radii. Then are M and N 
wholly exterior the one to the other. 

For A, the intersection of M with 
00', Is between 0 and O', since OA < 
00'. Now, by hypothesis, 00' > OA 
+ BO'. Subtracting’^ OA from both, we 
have AO' > BO'. Ibmci*. fis tlH‘ rn’arest 
point in M is fartlwT from 0' than the 
circumferentx* of the latter circle, M lies wholly exterior to N. q. k. d. 

J84. Coil. — (’ouvcrscly. When two riramfvrences are exterior the 
om to the other* the distance between their centres is (jreatcr than the 
sum of their radii* 

Dem.— F or, join the centres 00' with a strai’jht line. Now the point A 
where this line cuts the cinaunference M is the nearest point In this ciir-umfer- 
ence to the cimfre O'. Hut, by hypothesis, this (and every other jxnnt in cir- 
eumfhrenco 0) is wiiliout circle O'. Hence, AO' > BO'. To each add OA, 
and OA 4* AO' (or 00') > OA + BO'. 



PROPOSmOK V. 

^9/S* Th^rem. — When the distemce between the centres of two 
smihs is egual to the sum (f their radii^ (he circumferences are tan* 
gotU io each other externaUy* ^ 

Dxx.^^Iiet M and N be two cireumfermees, and 00^, Hn^dHkiice between 
their centnie, be ociuai to DC 4- O'C', the mm of tbdr f»c^§ih«a amtlMieir- 
euniAuttEK:ee tangent to eacji 



BELATIVB POSITIONS OF OIBOUMFERENCEs. 

The point A, where M cuts the line join- 
ing the centres, is between 0 and O', since 
OA < 00' hj hypothesis. Moreover, A 
is the nearest point in M to the centre O'. 

Again, as 00' OC -f- O'C', subtracting OA 
froih the first member, and its equal OC from 
the other, we have O'A = O'C' ; that is, A is in 
the circumference N. Hence, as A lies in N, 
and all other points in M are more distant 
fiom 0' than the length of the radius O'C', M 
is entirely without N, excej)t the point A, and the circles arc hwgent to each 
other externally. Q. E. D. 

186. Cob. 1.— ConverBely, Wien two circumfmurcs are lamjeui 
to each other externally, the distayice between th^r venins is, equal to 
the sum of their radii, 

T)em. — M being tangent to N externally^ th<‘ point in M u<'uv< «t tn«* tTiilre 0* 
must be in N, while all other pointa in M are t xicrior tt> N. N«»w, tho point in 
M nearest to 0' ia A on Uie line joining tln*ir <‘ontres A is tloTrfoie tho 

point of tangency, and 00' =; OA + O'A. 

1S7. (V)U. — Whra two rirram/rn arrs are tanyeat (o each other 

cxicrnalhj, the point of tanyeunj is in the line jot ?nny their rentre^t 


M 



rKOI»OSITIO?i VI. 


lS8m TllCOVOtflm — When th*- distam e In tween the rentren of two 
circles is less than the sum and anakr than the dttft rt are of ih$ir 
radii, the two circumferences intersect 



o eir^ i**« wlnme eenU'eii am 
M 

\N 

n 6 


OKM.—Ut M and H Itc the cirf:uinfereiH*/*a of iw( 

O and O'. Let the radius of 
M be equal to or gn'ater than 
the radiuH of N. Now, if 00' 

<0A 4 O'B, and > 0A~0'B, 

M and N interscc:!. 

For, when 00' > OA, 00' 

< OA 4 O'B givcf 00' - OA 
{= AO') < O'B ; and when 

00' < OA, 00' > OA - O'B give* O'B > OA - 00' AO'), Hifflica Hi# 

neareat pciiiit in M to O' lb* within N. Again, u. h*« flm ineiithiw 
of 00' > OA add MO, and lo tho aecotid iu «^pial OA, and wo 


have 00' 4 MO') > 2pA - O B. Now. Mince O'B < OA,* tvy ItjfpoihiaUi, 

the difTerence 20A ^03 ^ 03. Hooce, MO' > 03, and M llt^ without N. As, 


^ Bead ** O'B h» cqtiitl to or U»m Uun OA ' 
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therefore, M has one point at least within N and one without, M and N inter- 
sect q. E D. 

JH9. ( OK. — Conversely, WJieii iivo cireuynfcrences intersect, the 
distance hr tween their ventres is less than the sum and greater than 
the dijf ere tire nf their radii, 

I)EM.~Let t)i(* radius of N he equal to or less than the radius of M. As the 
circurnftuTrKM H iriters<.*( l the farthest point H' of N from 0 must he farther from 
0 limn the lenijtli of ihe radius of M, 1 e., must lie without that circle. So we 
have hy hypofliesis H'O > OA. Suhtracting H'O' from the first memher and its 
equal BO' from the second, we have H'O — O'H' (= 00') > OA - BO'; that is, 
tlie distance iK'twccn the centres is greater limn tlie difference of the radii. 
Again, as the mvirest jv>inl in M to O' innst lie witliin N, we have AO' < BO', 
and adding OA to hotli incnihers, OA + AO' (= 00') < OA BO'; that is, tlie 
diatuucc belwecu the eculres is less than tlic sum of the radii. 


PROPOSITION VI !• 

100 * Theoi*viH, When the distani V hettreen the ventres of tfvo 
vnet/na! virrtrs is vf/nid /o ///#* dijferenrv tf their radii, the less cir- 
is t<ini)r,if to the other in/ernitUg, 

I)KM,— Let M and N he the circumferences of two circles whose centres O and 

0 are so sitnaled that 00' = OC — O'C'; then are the 

1 in les tangent to each other internally. 

For, let N l>e the circumference of the leas circle, so 

tljat OC > O'C'. lA't HH' be a diameter of M. By 
hypoth(‘sis 00' = OC — O'C'. Now, subtracting each 
member of this eq .ulity from OH', we have OH' — 00' 
(= O'H ) =r O'C'. Whence it appears that H', the point 
in N at the greatest distance from O, is in M ; and, con* 
sequcntly, that every other point in N is within M. 
llenco, H is tangent to M internally, q. E B. 

191 . ( \)u, 1. — Conversely, Il7<e« a less circum ference, is tangent to 
a .greater internnUg, the distance bettoeen their centres equals the 
difference of their radii. 

* less circumference N bdng tangent to the internally, 

the point in N at the greatest distance flrom the centre 0 oCllfc mmi be in M, 
while all Ollier iKiints of N He within M. Now H* in the line passing through 
the centres is the p*)int of N at the greatest distance IVoni O. Hene* we ob- 
•erne that 00' « OH' O'H', I e, the dlffercnoe between the mdH 
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192* Coe. 2 . — When one cirmmference is tangent to amtfier m- 
iernally, the point of tangency is in the line passing through ilicir 

centres, 

193. ScH.— If tla.e radii are equal the two clrcumfereuccs coiucivie. 


PROPOSITION y 


194* Thcoveau — When the flislance btiwcnt the (rnfres of two 
vnvqual circles is less than the. iliffernice of their nidii, the less 
cuwferencr. is wholly 'within the y renter. 


Dem. — L i*t N ( in'iimftTcMice than M, mui 00', 

the (listaiuc hotwtrii their cun tre.s, lx* Irss llmti OA 0 H , 
the difTerence of their radii; then is N ^^lioily wiihiii M, 
For, to 1 ‘ach ineniber of 00' OA — O'H' add O H', and 
we have 00'-h0'H'< OA. But 00' + O H'-;: OH'. Ilenco 
0H'< OA.and H', the farthtsl point in N from 0. is with- 
in M, and consequently N lies wholly within M, q i;. i>. 



I i*. lU) 


19ti* ('OH. — Conversi ly, Wltm n h'is nemtof rt nr> /> wfntUjf 
irifhin n yrentcr, the (lishttc'r l/dwrrn lh»ir ant ns /, vv than the 
(/ijf'erence of their radii. 

Dem. — I fN lies wholly within M. tin* pninl in N tii*tn 0, the renlrw 

of M, must be nearer O Uian is any pt'inlin M, i. < , OH - OA N'ov, subiraet 
O'H' from each member, and we havt* OH - O H t 00 ) • OA ■ O’H'. 
Q. e. d. 


Sen. — If the rentns roifi< i>i«' that 00' 0. fh<' » iff ntnl* rennn are 

said to be cohceutrir. If, at the sume lime, Un ir railii are t fpial, lli» y are 


IX* 


19 V* Theorem* — JVhen two rirrunifcrmres intn'sert, Ihn line 


ndikh passes through their rent res is per- 
penclicuhtr io their common chord at its 

y'’’' 

M 

middle point. 

r 


Dkm.— L et the drcomf«rcnc<f*n M and N 

s 

\ t 

„ ... .. 

intersect in the ]!)oints P and P' (JfSi)-, Jet 
PP' be |he common chord, and hR the lino 

'V ^ 

\ 


)>assing thremt^h the centres 0 and 0^ ; then is 

**'' ' 

LR peiyendicaUr to PP, 


n«. m. 
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For O' 18 equally dwtant from the extremities P and P', and 0 is also equally 
distant from P and P'. Hence, as LR has two points equally distant from the 
extremities of PP', it is perpendicular to PP' at its middle i)omt. q. B. d. 


PROPOSITION X. 

Thporenu — When one circum ference u tangent to another, 
tither vxternnUy or internally, they have a common rectilinear* tan^ 
gent at their common point. 

Dkm — Sliiff; the radii (»f the two circles drawn to the common point form 
one and the Hume Htraiirht lineCl^yf a line perpendicular to one at its 

extrendiv is perj)endicvdar to the otlu r also. And a line \vhl(!h is peri)en- 
dieular to a radius at its extremity is tanj^eiit to the circle q. K. D. 

10!h CoU . — All circumferences having their centres in the same 
line, and having hut one auumou points are ((tngenf to eifch other, and 
have a common rectilinear tangent at the common point. 


EXERCISES. 

1. Proft. — To pass a circumference through three given points 
not in the same straight line. 

8 tto. — Tlic process should be pone throiiph with as learned from PxiiT 1., 
and then Uie reasons for the pmeess pi\M‘u as furnished by this section. 

2. To a lirctimfcronce through two given ]>oint8, whose 
ccuUt sbtill be in a given line. 

3. Prob* ^To cirrumserihe a draimferenc^ about a gitmi triangle, 
and give fAd reasons for the process. 

4 The centn*s of two circles whose radii are 10 and T, are at 4 
from each other. Wliat is the relative position of the circumfer- 
enoesP What if the distance between the centres is 17? What if 
20? What if 2? What if 0? What if 3? 
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5. Given two circles o and 
0% to draw' two otlu-rs, one 
of w'hich shall be langtait to 
these externally, and to iln‘ 
other of w'hi(*h the two cfiven 
circles shall be tangent in- 
ternally. (i iveo// the princi- 
pies involved in the const ruc- 
tion. (live otlu'r methods. 

\ , 

if C. Given two circles w'hose 
radii are and 10. and the 
distance Intwccn their centres 1:20. 'I’c draw a third circl«* wliojki 
radius shall be S, ami whiidi shall be tangent to the two given i*ir- 
cles ? C’an a third cirede whose radius is -I lu* drawn tatigent to 
the two given circles? How will it be situated ? (an one be drawn 
tangent t«> the given circles, whose railius shall be 1 ? Whv ? 


u 

CC 

w 

b* 


O 


o 

m 

o 


a, 

w 


H 

< 


SYNOPSIS. 

( (or. 1. A (‘iref’. erin Im* 

Prop. 1. Through three points . (’or ‘J. A eiret; <!♦ termne .l l»y 

i (or. a. Inn iHeelionH nt two eiref'ii 

Prop. II. Two ciremnferenees whieli inti rseet ifi e/ie jM>int. 

Prop. III. Points in one rirruinference Tiearewt to nmi turihexl from Ihd 
centre of unoiln r. 


la 

Pi 

H 

•r. 

tc ;5 

tx 

« 

C ft, 

o 

< 

& 


( Prop. IV. Greater than smn of radii ^ (or. Convi rse. 

S ('or. \. (’unverse. 

Pimp. V . Equal to sum ol nulii. - ,, 

Prop. VI. Less than Hurn and gi eater than | (’onvome 
UilTercncc of riwlii. ( 


Prop. VII. Equal to diff. of ra»lii 


I f'ffr. 1. fNirrverw^ 
a»lii. *; U. Pohn ef laogimcy. 


I Sth. Jtadii equal. 
.. ( CVr. ('onverM>. 


g ^ Prop. VIIL Lesa than elifT of ra<lii. ^ (;oiieen!ne,Coli»ddciil. 
Prop. IX. PeipendlculAr to common chonl. 

Prop. X. Common tangent to two drclc-a tangent to each 1 ^ ^ ^ 
other. f 

i To paaa circttaferefice throngh ihiee potnta. 
sxebkxssksl I /W6. To drcuinactihe a triangle with a cijxunifere&ca. 
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SECTION VI 

OF THE MEASUREMENT OF ANGLES. 


200. Anglos arc said to l)e nicasurecl by arcs, according to the 
principles dcveloiK-d in the three following propositions. 


PROPOSITION I. 


20 1. Theorem. — /// fhe same or 
mhtend equal a u files at the rent re. 


ui eq 


qnal circles, equal arcs 


Dkm. — I n tlic e(iual circles M and N, let are AB = arc DC; then will the 

!Uii;les O and O', called angles at 
tlie centre, be equal. For, plac ing 
N upon M 80 that 0 ' shall fall 
on O, and O'D on OA, since 
the circlofl arc equal, D will fall 
on A ; and since, l)y hyj>othesis, 
arc DC = arc AB, C will fall ou 
B. Hence, O'C will coincide 
wdlh OB, and O' = afigU 
O, because they cc.)inclde W'hen 
applied, q. e. d. 



202. Con. 1. — Conversely, In fhe same or in equal drcles, equal 
nnglee at the centre intercept equal arcs. 

Drm.— I f, by hypothesis, nnffk O' = angU O, in Ibe equal circles M and N, 
are DC = air AB. For, placing circle N upon M, so that O' tdrall fall on O, 
and O'D on its equal OA, D falls on A, and, since O' r= angle O, O'C takes 
the dhrectiou OB, and, being equal to it, C fhlls on B. Hence, DC and AB co- 
Inolde and are equal. 

203^ Gob. 2. — A right angle at the centre iniereepte a quarter of 
a circumference^ and is said to be measured hg it. Hence, m semu 
circumference ie the measure of two ri^hi angles^ and a whde abreum^ 
fermce of four. 



MEA8UEEKEKT OF ANGLES. 


PROPOsmox II. 

204. TliPOVeiii . — In ike tnimv (tr in a/tnil cirrks, arr^ if*?nrh are 
in the rat in uf firn irhotr numtn>t\< subtomt a)Hj!ts nf ihr renirr whivh 
have the same rafan trhcnrr the anates are tn em h other the anoi 
which suite nd them, 

Dem.— I n tlie 0(iual ciirlrs M aiul N, Irt thr urrs EF ami IH, w hu h Hiihn inl 
the an.i;les 0 JituI O' at llu- rmtiv, In* in thtr ratio vf 5 to S; tJu n an- tin* n 
O and O' in the ratio of 5 to S, 
and \vc have 

angleO uingU'O' :: «/r EF ; o;vlH. 

F(»r, divide EF into r> oc^nal 
Harts, aa E</, ah^ ft(‘., tlien IH t an 
be dividi'd into H sneli parts, !«’, 
f/, etc. Draw the radii 0<i, Oft, 

Oe, etc., and O r, Of, O'g, etc. ; 
and, since these partial ans 
are equal, 1)i« partial an^jflcs 
whicli they subtend are (‘ipial, 
by the preceding [troposition. Now, 0 h ( ompoHf .l uf o of angles, and 
O' of 8; tvlicuce 

angle 0 • angfe 0' o ; s 
liwt, arc EF : arc IH : .*> , s 

Hence, the two ratios being equal, we have 

angle 0' : augh- 0 : arc IH arc EF. 

Aft the «ame method could be pursued in r a*** tiu’ nren wf-re to carh other tm 
any other two whole numbers, the argMunent in gem ral 

201%. Coii. — Conversely, In ttn rtnar nr in rgntd rirt h^, autflcH at 
the centre which are in the ratio of tint whole numlrri are to each 
other as their intercepted arcs. 

Dem.— T hiift, let nngk O' be to angk. O in the ratio of ft to .1 ( oriceive O' 

divided into 8 equal partial angb-^. then will O Im* divi-ibh into .** Mtn h {mriial 
angles. Now, the partial angli*s iK-ing etpial, their lutcrcepti d ar« ^ an* equal, 
by the preceding proposition, Or 1. Wlemce, 

arc IH ; arc, EF ; ; 8 *. 5. 

But, angle O' : angle O : ; 8 ; 5, hy l»y|vdhc*»is. 

Hence, arc IH : arc EF : ; nngk O' : angle O. 

And the *tme method could be pursued with angle, having the ratio of any 
Other whole numbers. 
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PROPOsmox in. 


200 » Tlieorrm. 


N 


In the same circle or in equal circles, two in- 
commensurable arcs are 
to each other as the angles 
which they subtend at the 
centre^ 

Dkm. — I n tlic equal cir- 
clets M iind N, let EF and IH 
be incommensurable arcs. 
Now there is some arc to 
M'hicli EF bears the same 
ratio lAS angle 0 to angle O', 
If that arc is not IH let it be IL, an arc kus than IH, so that 
nugle O : angle O' : : arc EF are IL.* 



Conceive EF divhled into <‘<iual parts, oacii of which is less than LH.f the as- 
sumed dilferenet! betwcf n IH ami IL. Then conceive one of these ecpial parts 
to Im 5 applied h» IH as a measure, be^innin.!? at I. Since the measure is less 
tlian LH, at least on<^ p<*int of division must fall between L ami H. Sn]>pose K 
to Imj such a point. Draw' O'K. Now’, the arcs EF and IK are commensurable, 
and by the hist proposition 

angle 0 : angle lO'K : : arc EF : are IK. But we asstuned that 


angle 0 : angle lO'H ; : are EF : ore IL. 

In ihc'se prot>ortions the antecedents being alike, the consequents should be pro- 
portional, 80 that 

angle 10 K slmtdd he to angle lO'H ; : arc IK : are IL. 

But this pnqmrt ion is false, since 


angle 10 K < angle lO'H, whereas are IK > are IL. 

In a manner altog« iher similar <lbe student should supply it) wc can show 

that 

angle O is not to angle O' : : arc EF : any are greater than IH. 

Hence, aa the ftnirth term of the proportion cannot be less or greater than IH, it 
mimtbe tH itself; and 

angle O : angle O' : : arc EF : arc IH. e. l>. 


207* Cou. — ( ’onverscly, la the same or in equal circles, two incom- 
mensurable anyles at the centre are to each other as the arcs which 
they tHlercept. 


^ This Is A fiiliNe tu-pothiMikU, and Ui« oh}«ct of the argmneat foBovrlng Is to iu 

t This e«n be done by enppoelng EF bisected, tbeo tbe halves biercted, tbeo the ftnurtlif 
blMCted, and this process of bisectioa oonUaned antU the parts are each Ima thaa LH# 
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niAj^ltude of sin sin^^U; from the stattmcnt <»f the number of deforces which 
measure it; mid, for l>n‘vity, the angle is spoken of as an angle of the same 
number of degrees an the intercepted arc. 


201h An Inscribed Anf/fe is an angle whose vertex is in a 
cireumh*i*en< <‘, and wliosi; sides are eliords, or a chord and diameter, 
of that cireimifen iKre. 


PROPOSITION IV. 


2i0. Theorein.—An insrrihed anrjU V.v meamred Inf half the 
arr iutvrwpfvd hetvjeen its sides. 




Dim— /d rttf, ’ithen ohf kitfe h a dinmeier. Lei APB 
Ik‘ an inscrilied angle, anil PB a diameter; then is APB 
measured by <uie-hnlf of fire AB. For, through the 
< < ?nre O, draw the diameter DC psindlel to the chord 
PA; then COB zr.- POD (1H4), whence nrr CB := arc 
PD {ti4r4\ also COB - APB \ and u,r PD ~ mr 

AC {i74). wlienee PD - CB = |AB. N:(av COB is 
mejisured by CB {20H) \ hence APB is measured by 
CB r„ ^ AB. q. K. D, 


Srond, irtien bf>th sUUs are chords and the ct htre of the 
rirrli' lt>s Intwccn them. L(*t APB lie such an angle. 
Draw* the diameter PC. Now, by the preceding part, 
APC is measured by ^ AC, and CPB by i CB. Hence 
APC + CPB, or APB, is measured by I AC + iCB, or 
A AB. (l. E. D. 



Third, xehm both sides are chords and the centre Uc^ 
iriihmit the angle. Let APB be such an angle. Draw the 
diameter PC.. Now APC is measured by AC, and BPC 
by ^ BC. Hence APC — BPC, or APB, la memaured by 
lAC-iBC, or *AB. 


Pi«. wt. 



MEASUREMENT OF ANGLES. 




21 Cor. — In the same or equal circles all 
auffh's inscribed in the same scf/menf, intercept 
(‘(jnat arcs, and are conseqavnfh/ equal. If the 
scfjment is less than a scmirirrfc, the anfflcs are 
obtuse ; if a semicircle, rif/ht ; if greater than a 
semicircle, acute, 

III.— In each Bcparato fiprure the angles P nro otjnal, 

for they are each meiiPuml by half the same ftn\ ... In 

0. each anglt*, P is acute, Isung meiwurcd by \m, which 

1. s le8.s than a qunrt(‘rof a circumfercmce. ... In O', <‘Hch 
angle P is a right njigle, being measured by Jw', which 
is a quadrant (quarter of a circumforcmce). . . . In O ', 
each angle P is obtuse, l>cing uieasunHl by which is 
gr(‘ater than a <|uadrant. 

— Tlio converse of this proposition is usually taken 
for granted ; i.e„ that if the s(?veral angle.M P, P. etc,, are 
(sjual and subtendtHl by the same chord, their v<*rllceM lie 
in the circurnferouce. Thi.s i.s readily j)roved rigorously 
after the next two pr)poHltions. Thus, if vertex P were 
without, the angle would be lueasurfsl by ^AB — ^ the 
other int<*roept<rd arc ; and if wdthin, by JAB h i the other 
Intercepted arc. 

PROPOSITION V. 





212» Theorem* — A ng anglp formed hg turn chords intersecting 
in a circle is measured bg oneiialf the sum of the arcs intercepted 
between its sides and the sides of its v^'rtieat, or opposite, angle. 


DF:M.~I,vCt the chords AB and CD intersect at 
P; then is APD, or il.s e<iual CPB, measured hy 
A (AD 4 -CB); and APC, or it.s equal BPD, is rneiiHured 
by 4 (AC + BD). 

For, through C 6mw CE f)arallcl to BA; whenefr 
ECD = APD and CB - EA (/r*#). Iba ECD is 

measured by I ED {2t0\ which equals \ (AD -e EA)=s 
I (AD 4- CB). 

That APC, or its equal BPD, i» mcasureil by 
\ (AC + BD), appears from the fact that the sum of the 
four angle* about P being equal to four right angles, is meiuinred by a whole 
circumference {208). But APD + CPB is measured hy AD + CB ; whence 
APC + BPD, or 2 APC, Is measured by the whole circumference miitiis (AO?f CB) ; 
that la, AC 4 BD. Then is APC measured by i (AC 4 BD). 
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21U. Srri,— Thr cnna of the an^lc includod between two chords passes 
into that <»f tlie ins<!rilK d in tin* pr(?cedii»ir proposition, ])y conceivinii; AB 

to mov<? parall(.*) to its promt position until P arrives at C and BA coincides 
•willi CE. Tin; anele APD is all the time nieasurctl by half the sum of the in- 
tercepled mK's; but, when P lias reached C, CB becomes 0, and APD becomes 
an inscribed anirle measured by half its intercepted an!. 

In a similar luantu r we may pass to llie ease of an anLde at the* centre, 
by sup[> 0 ‘'ini': P )<> tnove toward the centre. All the' lime APD is iiHaisured by 
^(AD 4 CB), Imt, when P reaches tli(! centre, AD CB, and ^ (AD -f CB) — 
i (‘^AD) " AD ; i. ( an angle at the centn! is measured by its intercepted are. 


PROPOSITION VI. 


2 /*/. Theovmi. — Ah tiHijh' formM luj //co seranf.^ jnertinr/ wf/h- 
uut the circle is /Hcdsurcd hj/ onc-htilf the dijJ) rvnrc nf the itiicrcvph d 
arcs. 



hence will cluingc its 


Df.m. — L et APB be an angle formed by the tw (» s(‘. 
cants AP and PB ; then is it tneasured by k (AB - CD), 
i. one half the intercepted arcs. 

t\>r, ilraw CE parallel to PB ; then CD r. EB 
and ACE r: its eorres|H)ndinK angle APB. But ACE \i) 
ineatnirt?d by | AE- | (AB->EB)=:^ (AB — CD). q. e. Di 

Sen.— This case pas.ses into that of an in- 
scribed angle, liy conceiving P to mov<* t»)wanl C. thus 
diminishing the arc CD. When P retic hes C, the angle 
beeonu^s inscribed ; ami, as CD is then 0, ^AB — CD) 
i AB. Also, by conceiving P to continue to move 
along PA, CD will reappear on thr other mie of PA, 
sign,* and A (AE — CD) will become i (AE ^ CD), as it 


ahouldf since the angle is Ihcu formed by two chords intersecting within the 
drcumference. 


PROPOSITION vn. 

210. Theorem. — vb/ a ncfle formed by a tangent atid a chord 
drawn from the point of fan yvney i,s measured by one-half the inter- 
cepted arc, 

* In RccortlancQ with th« law of positive and nogatlvo qaantUlee aa ntMkd In mathematicn, 
whene\w a contlnnonsly varying quantity is conceived aa diminishing tU) it itachea and 
then a» reappearing by the tame law of change, it moat change Its sign. 
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Dem.— L et TPA be an angle formed b}* TM 
tangent at P, and tlie chord PA; then is TPA 
metisured by one-half tiio iutercepiod arc AP. 
For, draw any (diord CD parallel to TM urul 
ciiUing AP. Then CEA r= TPA. But CEA is 
nieasnretl by \ (AC -f PO). Hence, lus PD » CP 
(/r,'7), TPA is measured by ^ {AC f CP), or i 
AP. Q. K. D. 

Show tliat APM is measured by A arc A/«P. 

Also, observe how the case of two secants 
{^1^) passes into this. 



BUBPOSITIGN VIII. 

X? 17* T'hPOVV'kil* — (txfjlr fonnvd hij I tro hniijf afs is invitsnred 

hlf nnv-JtdJf (hr (liffvn Krv of thr itilcrrcplvd 
arrs, 

Dkm. — Let APB be an aiiLde* formed by the 
tw(> laiigent.s AP and PB; then is it mea^nnul by 
^ (nvr C/eD — nre C//D), i. onedialf lb«- <li!rer* 
cnee of liie intercepted arcs. For, Ihrouuh one of 
the points of Uiug<*ncy, as C, draw a < honl, as CE, 
parallel U) the other tangent. Now, ACE is 
meiusunHl by ^ <nr CE, by ilie lust proposition. 

But ACE APB, and are CE C///D D///E 

CmD ™ C//D. since CaD — E//^D (/#.>). Ibne**, 

APB measured by i (CmD — CaD). h, o. 

*^tS, Sen — The case of two Rccant.s (?/-/) 
passes inUj this by supposing tiie secant.s to 
.separate until tljey become tangents. 

EXEIHISfX 

1 . I^voh * — Tltrovfjh (f f/irr?i pni/d ht d raw ft jiarnHel ^ <7 
linf\ on the prinriplcs voniaiaed in ( 140). ("S0 1), nnd ( 

SoLmoN. — Throngb P to draw a j»urallel to AB. From P as a centre, with 
any radius greater than tlic di.Htancc 
from P to AB, describe an are cut- 
ting AB, as ftje. From a as a centre, M 

with the same radius, strike an arc \ ... " 

through P, intersecting AB, lis Ph. \ 

Take the chord P6 and apply it ^ — q 

from a on the arc oc, as «rO. These 
chords being equal, the ares P6 and 


.P 



i iw, ua. 


Fmj. m. 
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aO are equal {IBIS). Again^ aogle Pab = asgla 
OPa, since they are measured by equal arcs struck 
with the same radius {201). These alU‘nmte 
angles being equal, MN is parallel to AB (149). 

2. Ill Fir/. 1G4 tliere are 4 pairs of equal 
angles. Which are they, and why? Show 
also that COB = ABD + CDB, by (210)y 
an A {212). Show also that DOB — ABC + 

DAB. 


3 . J*rob* — Frofu a point without a circlr to draw a iantjent to 
the circle. 

Boi.ution. — Let 0 be the given circle, and P tlie given point. Join P with 
the centre 0, and upon PO as a diameter deseribi* a circle. Let T and T" be 



l- Ui. Km. 


the intersections of the two cir- 
cumferences. Now’, if lines be 
dmwu frfnu P through T and T', 
they will be tangent to tlie cir 
clc 0. For OTP and OT'P, 
being inscribed in s<nni-circles, 
un‘ right angles {211). lienee, 
PM i.s perpendicular to radius 
OT at its e.xtremity T, and 
is thei-efore a tangent {172). 
In like manner PT' is shown 
to be a tangent, and we see 
that from a pnnt wittiout a cir~ 
cU tiro iiingenU can be drawn to 
the circle. 


4. I*rob. — On (I yieen line, to construct a seyment which shall 

contain a aiven auyk. 




y 

Fia. IQA 


Solution. — Let AB be 
the given line, and O the 
given angle. At one ex- 
tremity of the given line, as 
B, construct an angle ABC 
equal to the given angle O, 
which shall lie on the op|M>- 
site of AB fW)m that on which 
the required segment is to 
lie. Erect a pcrptaidicular 
to the line CB at B, and also 
a perpendicular bisecting 
AB. Let PB and F£ be 
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these perpendiculars, intersecting at F. From F us u et utn*, with u radius 
equal to FB, describe a circle. Then is AHB tlie segnuiit renuired. Fi>r, 
CB being perpendicular to radius FB at its extremity, is tangent to the 
circle, atul anf/l*' ABC (= unf/le 0) is measured by i of are AmB Now, 

any angle inscribed in the segment Am' in' B, tis AHB, Ims i AmB hir its 
measure, and is, cousetpienll}', equal to 0. 


.C 


Anothku Solution. — On the side of AB on wdiieli the segment is to lie, draw 
any line through either extremity of AB, 
making an aruie angle with AB. Let CB 
be such a line. At any point in CB, ns 
C, draw a line CE, making nngh* ECB t,- 
tlic given angle 0, Fig. KUk Through A 
pass a parallel to CE (see Fx. 1), as AD. 

Pass a cireiimference ilirongh A, D, ami 
B. Any angle inscribed in segment A?/<B 
is equal to 0. {I.et the student giv(‘ all 
tlie roiisons. and makt' tin? coi:structi<m. 

The reqjii>ite marks for the eon.structitni 
are made in the figure. Why is it .said, 
make CBA an aente angle f When would 
a right angle answer? AVheu an ohiu.H<! 
angle ?] 



SYNOPSIS. 


(Ik 

o 

H 

M 


2 


ILov angles are measured. 


< 

c 

z 


'/ 

r. 


[ Pnor. I. 


E<iual arcs subtend equal \ 
angles al the eenlr**. ^ 


(%a'. 
( ' a'. 


( ’o!ivers{‘. 

Mrasnre ot 1, 2, and 
I right aiiglcH. 


Pjiof. II. Coimnensurable ares in the same ratio ( 
as their Hubteiided angh *'. i 

( Cor. O.averHe, 

Prof. III. Ineoniinensuruhle ures, Meihotl of measuring 

( angles. 




IiLScrihed angle, W’hat? 

Prof. IV. Inscribed angle, how mea.sured. | 


Car. In see men I . >, 
wMiiieiirlc. 


-,or < 


Prop. V. Angle l>ctween two chords. | Ooinpare.l with prcccdiiig. 
Prop. VI. Angle between two secants, j .SrA Compared with Prop. IV. 
-Prop. VII. Angle between tangent ami chord. 

Prof. VIIL Angle betwtien two tangents. } -ScA Compared with Prop. VI. 

Proh. To draw a parallel through a given point. 

I^ob. To draw' a tangent to a circle from a point williout 
Prod. To coiistnict a segment on a given line wrhicU s^la^ 
contain a given angle. 


EXXBCXSEB. 
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SECTION VII. 

OF TIIE AivGLES OP POLYGONS, AND THE RELATION BETWEEN 
THE ANGLES AND SIDES. 

OP TRUXGLE8. 

^ PROPOSITION I. 

Theorem* — The a*?//// of (he three angles of a triangle is 
two right angles. 

Di:m. — C onceive a ciiTuinfi n‘nce iiassetl through 
the verlinvs of the triangle, as uhr^- through the ver- 
I'uH rt of the triangle ABC Tint Jingle A is 

nu jisured hy ^ are a, B hy ^ //, aiul C by i e. Hence, 
A ^ B 4 C is meuHUical by i ia 4- b +■ r), or a 
Kenii-<*ircumference, anil is eijual to two right angles 
{20:i). q. K. V. 

(’ou. 1 . — A triangle can have otilg 
jm right angle, or one obtuse angle. Why '( 

fS2i. (h)ii. 2. — 'firo angles of a triangle, or their sum, being 
given f the thinf nuig be faun d by subtracting this sum front two right 
angk,% i.e., either angle is the supplement of the other two. 

222. Con. 3. — The Sinn of the (wo acute angles of a righi^angHed /n- 
aHgl$i9 egnal to one right angle; i.e., theg are complements of tmdt other. 

222. Cou. 4 . — If the angles of a triangle are equal each to each, 
anyone is one-third of two right angles, oi two-thirds of om right angle. 

v pR0I*0SIT10N n. 

224. Theorem. — The sides of a triangle msimin ihs stame 
0XKBRAL relation to each other as their opposite angles ; ihtst iSp the 
greatest side is opposite the greatest angle, the second greatest side 
opposite the second greatest angle, and the least side Ifo least 

angle* 
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Dem. — ^I n the triangle ABC let C > B > A bo 
the order of the values of the angles ; tlien AB > 
AC > BC is the order of the values of the sides. 

For, circumscribe the circumference abc. The 
angle C being greater than B, the arc c, the half of 
which measures C, is greater than Uie arc 6, the 
half of which measures B. Now, the gn*iiter arc 
has the greater chord (/6*G). Hence, AB > AC. 
In like inaiiner, if B > A. arc h > arc a, and AC > 
BC. If either angle, as C, is obtuse, AB is greater 
than AC or BC, heeause it lies nearer the centre (if> 7)- 



C’OK. 1. — (’oiiversoly. The ordvr of the inaff nit tales of the 
sides bcitaj AB > AC > BC, the order of ihefnoffnitudes of the antjles is 


C> B > A. 


[Let the student give the demon.stralion in form, j 

220* — An ('(/nianfjuha' triant/Ie is 

also rrpii/fdrral : and, voneevseli/, an. eijnUatvral 
trianfjle is e(pii(t)afahti', 

Dem. — I f A -- B C, are a =r arc h “ are r, and, 
consequcnily, (’hord BC ™ eiionl AC ~ (‘hold AB. 
(^inversely, if (he chords are e<(iial, the an ‘.s are, ami 
hence the angles subtended by these arc.s. 


n 



227* Coll. 3. — In an isosceles triaiafte the 
anffles opposite the eqnat. sides are eipud : 
and, conversely, if tiro anyles of a trianyle 
arc equal, the sides opposite arc equal, and 
the trianyle is isosceles, 

Dem. — If AB =r BC, arc a =r arc and henc'c, 
angle A, incaBured by i = angle C, iiH*asur(al by 
^ c. Conversely, if A = C, arc a ~ arc c ; and lieucc 
chord BC = chord AB. 


Q 



22S* ScH.— It should be observed that the prr>p(>sition gives only the general 
relation betweeti the angles and sides of a triangle. 

It is not meant tSiat the sides are in the mme ratio 
as their opposite angles : this is not true. Tims 
in F^. 172 angle c is twice as great as angle a ; 
but side s is not tisiee as great as side a, although 
it is greater. Trigonometry disoovers the emet 
relation whidi exists between Che sides and 
angles. 
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Theorem. — If from any point within a irUmgh lines 
he drawn to the extremities of any side^ the 
included angle is greater than the angle of the 
triangle opposite this side. 

DEif.—Let OA and OB be two lines drawn from 
any point 0 within the triangle ABC, to the extremi> 
ties of the side AB ; then angle AOB > ACB. 

For, circumscribe a circle about the triangle. Now, 
ACB is measured by i AnB, but AOB is measured by 
i (AnB + EmD). Therefore, AOB > ACB. q. e. d. 



230. An Exterior Angle of a polygon is an angle formed 
by any side with its adjacent side produced, as CBD, Fig, 174. 


PROPOSITION IV. 


231. Theorem. — An exterior angle of a triangle is equal to the 
sum of the two interior non^adjacent angles. 



to the difference of 
angle. 


Dem. — L et ABC be any triangle, and CBD an ex- 
terior angle; then CBD = A + C. 

For CBD is the supplement of CBA by { 13 1 \ and 
CBA is the supplement of A + C by ( 221 ), Hence, 
CBD = A + C. Q. E. D. 

232. Qqvl,— E ither angle of a triangle not 
adjacent to a specified exterior angle^ is equal 
this exterior atigle and the other non-adjacent 


Thus, alnce CBD = A + C, by transpoaition, CBD ~ A = C, and CB0 ^ C 




OF (^iBBILAIXSAI^ 

4 

PBOFOSmON T. 

233* TheOT€fn*-^The sum of ike angles of a quadrilateral is 
four right angles* 

Dem.— L et ABCD be any quadrilateral ; 
then DAB + ABC + BCD + CDA = four 
right angles. 

For, draw either diagonal, as AC, di- 
viding the quadrilateral into two triangles. 

Then, as the sum of Hie angles of the two 
triangles is the same as the sum of the an- 
gles of the quadrilateral, and the sum of 
the angles of the triangles is twice two 
right angles {219)\ the sum of the angles of the quadrilateral is four right 
angles, q. e. d. 

PROPOSITION VI. 

234. Theore'in, — The opposite angles of any (/ttaJrilaieral 
which can he inscribed in a circle are supplementary. 

Dem. — L(U ABCD be any inscribed quadrilateral ; 
then A -f C = two rigtU angles^ and D + B = two 
right angles. 

For, A is measured by ^ arc BCD, and C is meas- 
ured b}^ i are DAB {210). Hence, A + C is meas- 
ured by one-half a circumference, and is, therefore, 
equal to two right angles {203). In like manner D 
is measured by i are ABC, and B by j are ADC. 

Consequently, D + B is measured by one-half a cir- 
cumference, and is, therefore, equal to two right 
angles. Fiu. m. 


PROPOSITION vn. 

23Sm Thoorovn* — The opposite angles of a parallelogram are 
equals and the adjacent angles are supplementary, 

Djem.— ABCD, Fig. 177, being any parallelogram, A = C, B O, and B ^ C, 
C O, O -f A, and A + 6, each ss ueo right a&gkn. 
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For, produce any side, as AB, form- 
ing the two exterior angles EAD and 
CBF. Since CB and DA are parallel, 
and FE cuts them, the oorreaponding an- 
glee. CBF and DAB are tHpial 
Again, since EF and DC art* parallel, and 
CB cute them, the alternate interior* 
angles CBF and C are equal {152). Hence, as DAB and O are each equal to 
CBF, they arc c(]ua] to each other. In a similar manner D can be proved otiual 
to CBA. [Let the student give the {uroof.] 

Tlnit the angles B and C of tlic parallelogram arc supplemental is evident 
from ( 150), which proves tliat the sum of two interior angles <m the same side 
of a secant cutting two parallels is two right angles. For a like reason A D 

(’ou. 1. — The tiro aiii/Irs of a trape- 
zoid adjiKent to either one (f the two sides 
not parallel are sapplemeniaL 

(Let Uie student show why ] 

237. ('oh. 2. — If one antfle of a paralldorjram is rh/hty the others 
are also, and the fa fare is a redaiajlc. 


= two right anylcn, etc. 



Fia. ns. 



Fw. 1T7. 


PROPOSITION yni. 

9»S. Ttieorem * — (’onversely to the last, Jf the adjacent angles 
af a quadrilateral are supplementary, or the opposite angles equal y 
ih$ figure is a parallelogram. 

Dan^^If A -f D =" two right angles, AB and DC am parallel by {147). 

For a like reason, If 0 -f C = two right 
angles, DA and CB are parallel. Again, 
if A c= C and D = B, by adding we 
have A + 0 =r C -f B. But A 4- D + 
C 4- B = four ri^t angles [9SS), 
Hence, A -f D s two right angl^ and 
AB and CO are parali^ 8o, also, A + 
S IM ^ shown to bo equal to two right angles; sad, oonasqaently, AD and 
tiBmqfmsM. 

■ — - ■■■- 

* Interior with refhrenoe to the peiaBels (SflS). 


g yf- 


B F 


FlO. 179. 
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> 


PBOPCHilTION IX. 


53,9. Theorem. — If two ojiposiffi sitles of a quadrilateral are 
equal a7ul paraUeh fhe fujure is a parallelogram. 


Dkm. — fn (</) It'l DC 1>(‘ equal 
and parallel to AB ; then is ABCD 
a paralleloirrani. 

For, drawini; the diagonal 
AC, it ntakes tin* angles ACD .and 
CAB equal, since they are altern- 
ate interior angles Con- 

ceive the quadrilateral divided 
in this iliagnnal into two Iri- 
ungles, as in (f>). lie verse the 
triangle ACB and place it as in 
(r). Draw DB. Since angle DCA 
^ angle CAB, and DC = BA, if 
CBA be revolved iqxm AC, AB 
will take the direction CD, B will 
fall in D, and CBA will coin- 
cide with ADC. Hence, angle 
ACB ~ angle DAC. Hut in {a) 
these are alternate interior an- 
gles made by AC with AO and 




BC, Therefore, AD is parallel to BC {149), 


q. £. D. 


PROPOSiTION X. 


240. Theorem. — If the opposite Hides of a quadrilatefei ar$ 
equal, the figure is a parallelogram. 


Dkm.— I n («) let AB DC, 
and AO = BC ; tlicn is ABCD a 
parallelogram. 

For, divide the quadrilateral 
in the diagonal AC, and revers- 
ing the triangle ABC, place it 
as in (c), and draw OB. Since 
AB rr CO, and C6 - AO, DB is 
perpendicular to CA ( 130 ), 
revolving ABC upon CA, 
it will ooindde with ADC. Hence, 
angle DCA sr angle CAB, and 
A8 Is parallel to DC. Also, 
angle DAC =r angle BCA, and 
AO Is parallel to BC. There- 
rose, ABCD la a paraUelogiaiiL 

q-B.Dk 



Fie. im. 



tio 


igjanniW TAM PLAloe QJBOVXIST. 


PROFQSlTIOir XL 

17 iN?ori?»L— 'Conversely to the last, The opposite sides oi 
a paraHelagram are equal 

Dem.— L et ABCO be a paral- 
lelogram; then AB = DC» and 

AD = CB. 

Since DC ia parallel to AB, an- 
gle DCArrangle CAB. Also* since 
AD is parallel to BC, angle DAC 
= angle ACS (152). Now, divide 
the parallelogram (a) in the di- 
agonal, and place ABC as in (c). 
Revolve ABC on AC, until it falls 
in the plane on the other side of 

AC. Since angle BAC = angle 
ACD, AB will take the direction 
CD, and B will fall in CD, or CD 
produced. Since angle BCA = 
angle DAC, CB will take the 
direction AD, and B will fall in 

AD. or in AD produced. There- 
fore, OH B falls at the same time In AD and CD, it falls at the intersection D, and 
the triangles coincide. Hence, AB =: CD, and AD = CB. q. e. d. 



24^0 Coil 1 . — Paralleh intercepted between parallels arc equal 

243* Cor. 2 . — A diagonal of a parallelogram divides it into two 
equal triangles. 


PROPOSITION XXL 

2440 Theorem. — The diagonals of a parallelogram mutually 
each other. 


••'Qv 



(a) 


B 


tc. — Let AC and DB be the diagonals of 
the parallelogram ABCD (a), and Q tiieir iutei' 
section ; then, DQ = QB, and AQ = QC. 

For, take the triangle AQB, and apply it to 
DQ'C, by placing BA in ita equal DC, B falling at 
D, and A at C, with the verticei Q and Of on the 
same side of this common line, as in W* Now, 
since angle QBA =: O'DC {U2), BQ wUl take the 
direction 0<P, and Q will Ml in OQ\ or in DQ' 
Flo. 18S. produced. For a like reason AQ will take the 

and Q will &11 in CQ', or in CO' produced. Hence, ee Q fidls 
lime In DQ' and CQ', it Mis at their inteiieellmi Wt whence 





OF THB |}UCK)Ktt]:d OF ^KTABBILiTSBALS. 
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* PEOPOSimN xm. 

24^. Theorenu — The diagonals of a rhombus bisect each othet 
at right angks, 

Deh.— L et AC and DB be the diagonals of the 
rhombus ABCD; then are they at right angles to 
each other, and bisected at 0. 

For, since AB = AD, and DC = CB, AC has two 
of its points equally distant from D and B, and to, 
therefore, perpendionlar to DB, at its middle point 
{, 130 ), In like manner D and B are each equidistant 
from A and C, whence Q is the middle point of AC. 

246. Cor. — The diagonals of a rhombus bisect its migles. 

For, revolve ABC upon AC as an axis, and it will coincide with ADC* Hence 
angles A and C are bisected. In like manner revolve DAB upon OB, and U will 
coincide with DCB. Hence 0 and B are bisected. 


PROPOSITION Xlf. 

247. Theorem,— The diagonah of a redan- 
gle are equal, 

Pem.— L et AC and DB be the diagonals of the rectan- 
gle ABCD; then AC=DB. 

For, upon AC as a diameter describe a circle. Since 
D and B arc right angles, they are inscrilied in semicir- 
cles {2111 and DB is a diameter. Therefore, AC = DB. 
q. E, D. 

248. Cor*— Conversely, If the diagonah of a parnlhhgram are 
equals the figure is a rectangle. 

Dsif.>~dince the diagonals of a parallelogram bisect each other, if th^ are 
equal, a circumference described ftom Uieir Intersection as a centre, wl^ a 
radius equal to half of a diagonal, will pass through the vertices of the pa»M- 
ogram. Hence the dtagonals will be diameters, and the angles will be insolbeo 
in sen^circlee, sad oonsequently will be right angles. 
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OF POLYGONS OF MORE THAN FOUR SIDES. 


249. A Salient Angle of a polygon is one wliose sides, when 
produced, can only extend vnlhout the polygon. 



2.^0. A lle-cnteant Angle of a 

polygon is one wliose sides, when pro- 
duced, can extend vnlhin tlie ])olygon. 

III. — In the polygon ABCDEFC, all the aO' 
gk*8 are salient exeept D, wiiieli is re-entrant. 

f. A Con vex Polggon is a 

polygon which has (Hily salient angles. 
A ]>olygon is alway.s supjiosed to be con- 
vex, unless the contrary is stated. 


2S2. A Concave or Jte^entvant Polggon is a polygoii 
with at least one re-entrunt angle. 


PROPOSITION XV. 

. 2SS. Theoveni. — The sum of Ihe inferior croffles of n pofi/r/on 
i$ equal to itrire as mafUf right angles as the polggon has sides, less 

I) KM. — Let n be the nnmlier of kuIcs of any 
polygon : then ll»c »um of its angles is 

n timed Uro right angk* — 4 right angles. 

For, from any point 0, within, draw” lines tc 
the vertitjes of the angles. As many triangles 
will thus be formed as the |>oIygon has sides, that 
is, n. The sum of tlic angh*s of these triangles is 

n times firo right angles {219), 

Bot this exceeds the sum of the angles of the 
L by the sum of the angles at the common yertex 0, that is, by 4 rigid 
Hence the sum of the angles of the polygon Is 

n times two right angles — 4 right angles, q. £. XL 

1. ScB. 1.— The sum of the angles of a pentagon is 5 times right an- 
plm 4 f^lU nn^ss, or 0 right angks. The sum of the angles of a hexagon is 
Sf^iUoagiii; of a heptagon, 10; of an octagon, 18, ettL 


four rigJU angles. 
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ScH. 2. — This propositicm is equally applicable to trlan^itlca and to 
quadrilaterals. Thus the sum t»f the angles of a triangle i.s II limes two right 
angU% — 4 right augU^ (or 0 — 4) =r 3 right aiigle.s. St> also the sum of the 
angles of a quadrilateral is 4 times two right angUn — 4 right or 4 right 

angles. 

Sen. ll . — To find the value of an angle of an etpnangular polygon, 
that is, one wliose angles are equal each to each, divide the sum of all tho 
angles by the number of angles. 


PROPOSITION XVI. 


2Jji7* Theorem. — If the titdes of a p<dt/f/on be prod need m as ta 
form one exterior nugle {and only one) at eneh verte.v, the sum of 
these exterior angles is four right angles. 


Dem. — L et n !)<• the inimbcr of sidt‘s of any 
f)olygon. At tsieh of the n angh's, there is an 
interior and an e,xlerior angle, who.se sum, aa 
k 4- a, is two right angle.s. Ifi iscc the kuiii of 
nil the exterior and interior angles is n liiiies two 
right angU’M. Now, from tins hijiu siihtraetiiig 
the sum ol the <‘xierior angles, the reinuind<;r 
is tlie sum of the interior angles. Hut. by the 
preceding proposition, 4 right anglen subtracted 
from n limes Uro right auglen^ leaves the sum 
of the int(.*rior nngb;s. Therefore the sum of 
the exterior angles is 4 right angkti. q. e. d. 
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OF REOULAR POLYflONS. 


PROPOSITION XYU. 

2 S 8 . ITieorem. — The angles of an inscribed etinilateral polygm 
are equal ; and the polygon is regular, 

Dev. --L et ABCOEFbe an inaciilKKl polygon, with AB BC = CD^ete.; 
then is angle A = B = C =: D, etc., and the polygon is regular. 

Por»from the centre of the circle draw OF, OA, and OB, and also the per- 
pendtcolani Oa and OA, ReroWe OFA upon OA as aa axis, until It falls in the 

8 
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plflii<8 oi 0A6« Sioce the chofds FA and AB are equal, the ore FA = are AB, 
^ and F Mbs at B. Hence the triangles OFA and OAB 

coincide. The angle A of the jwlygon is therefore 
£ I bisected by OA ; that is, OAF = OAB. In the same 

/px. manner OBA can be shown equal to OBC. More- 

I \ A over, since OA and OB are equal oblique lines drawn 

I I . I from a point in the perpendicular, an^le OAB = 
V ' /; \ ■ ‘ 1 1 angle OBA. Hence, as the half of A equals the half 

/ I \ : of B, A = B. In like manner, B can be shown equal 

^ C to D, D to E, etc. Therefore the polygon is 
equiangular, as well as equilateral, and consequently 
Fio. 189. regular ( 117 ). Q. b. d. 


PROPOSITION XTIII. 

Theorem. — Ihe mdes of aft inacrihed eqxdangnlar polygon 
are equal when their inimhcr is oi)i> ; and the polygon is regular, 

DBM.-Let ABCDEFC Im an insrrllml equiangular polygon of an odd 
uumiK'rof aiders; then is sid€» AB = BC = CD, etc., 
^ and the polygon is regular. 

from the centre of the circle draw the 
\ i / radii O A, OB, etc., to tlic Vertices of the polygon, 

\ j / and On, Oft, etc., peri>endicular to the sides. Re- 
ft** '] voire the quadrilateral OCA<2, upon Oa as an axis 

U...^ .1/1 until it falls in the plane of OCBa. bince Oo 

^ / I \ *•«. j/ is pert>ciidicular to the chord AB, A« = /iB, and 

/ ; \ J'Jo A will fall at B. Also, aa tiio angle A of the poly- 

goii = B, AC wUl fall in BC. Now C falls at the 
A same time in the arc BCD (IM) and in BC, and 

hence falls at their intersection C. Therefore AC 
JW. ~ BC. In like manner revolving OBCe upon Oc 

w' as an axis, BC is found equal to ED. 8o also we 

show that ED =r FC ; then that FC =r AB ; then that AB s; DC ; and finally, 
thil OC = EF, Hence we have CA =r BC = ED =r FC == AB = DC = EF ; and 
ii|he polygon is equiangular by hypothesis, It is regular (i/T). Q. x. d. 

200* ScH.— It is euMy to see that the above argu- 
y \ ment would fiiil in the case of a polygon of an even 

/ \ numlier of aidos^ because, in going around the second 

I 4, I time the mme sides vronld coincide ea fa gefing around 

I J first Ume. Moreover, we Dan mMy Inaerlbe an 

^ y equiangular polygtm of an sssn mttiiMr Of site which 

shall not be regular. 
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PROPOsrnoK xcK* 

261 m Theorenu — Tlie sides of a circumscribed equiangular 
polygon are equal ; and the polygon is regular. 

Dem. — L et ABCDEF l>e a circnmscribed polygon, wllli angle A = B C, 
etc. ; then is AB =; BC = CD, etc., and Uie polygon is regular. 

For, from the centre of the circle, draw OA, OB, 
etc., to ilie vertices of the tK»lygon, and 0<i, Oi, etc., 
to Uie points of tangency. 'Hie latter will Iks fver- 
pcndicular to the eides by Now reverro Uie 

triangle AaOi and apply it to A60, placing Oa in its B 
equal Oh ; aA will take the direction bA. Then will 
OA of the triangle AnO, fall in OA of the triangle 
A60, since there cannot Imj two equal ohlitpic lines on 
the same side of Ob (^40y Hence anffU' bAO =: angle 
uAO, and bA rr. uA. In the same way it can be Pm. im. 

shown that OB, OF, etc., bisect the other angles, and that ^>B ~ B<?, etc. 
Whence, as the polygon is cciuiangtilnr, these hiilv(‘H are equal, that Is, OAa 

OFo, etc. Then, ns OA and OF make equal angh‘s with AF, they cut olf 
equal distances from a, and Aa =r wF. So, likewise, wc can show that Af) ftB, 
and that each side is bisected at the point of tangency. Therefore, ns the halves 
of the sides are equal, the polygon is equilaU^ral, os well as equiangular, ami 
consequently regular (117). <i. e. d. 



, PROPOSITION XX, 

202m HieOfenim — The amfles of a circum.Hcrihcd equilateral 
polygon are equal inhcn their number is oi>i> ; and the polygon is 
regular. 

DEM.—Lct ABODE be a clrcumscrilied polygon 
with AB =r BC = CO, etc. ; then is angle A = B 
— C = D, etc., and the polygon is regular. 

In the same manner as in the preceding demon- 
stration, wc may show lliat OA, OB, etc,, bisect 
the angles of the polygon. [The student should 
go through the process.] Then revolve the tri- 
angle AOE upon AO as an axis till it falls in Uic 
plane of AOB ; and as angle OAE — angle OAB, 
and AE AS, the triangles will coincide. Hence 
angle OEA, the half of angle £ of the polygon, 
equals angle OBA the half of B, and E s: B. In like manner revolving AOB 
upon OB, we can show that AssC. So also we find B rr 0, and O sr A« 
Thereft^ the polygon la equiangular as well as equilateral, and consequeolly 
regnlar. q. n. ix 



Fio. m. 



[Ig elementaby plane geometby. 

Bch.— T hat the above style of argument fails in the case of a polygon of 

J an eoen number of sides, may be obseiTed by attempt- 
ing to apply it Thus, from Fig. 192, we would have 
A = C, B = D, C = E, D = F, E = A, and F = B. 
From these we have A = C = E, and B = D = F. 
But the process will not give any one of the first three 
Pw, 191. angles equal to any one of the second set. That'is, 

It 4oei not follow that two a^jaoeni angles are equal in case the number of sides 
is men. We can readily construct a circumscribed equilateral polygon which 
lAitll not be equiangular. 



PBOPOHinON XXL 

204* Theorem* — A circumference may he circumscribed about 
any regular polygon. 


Dsm.— L et ABCDEF be a regular polygon. Bisect AF with a perpendicular 
Oa. Any point in this perpendicular is equidistant 
D from A and F. Bisect AB, adjacent to AF, with a 

perpendicular, as Ob, Any point in this perpendic- 
ular is equidistant from A and B. Hence the inter- 
section of these perpendiculars, 0 , is equidistant from 

A, F, and B, and a circumference described from 0 as 
a centre, with a radius OA, will pass through F and 

B. Now revolve the quadrilateral FOM upon Ob as 
an axis until it falls in the plani of C06B, &A will 
fall in its equal bB ; and since angle A = angle B, 
and side AF = side BC, F will foil at C. Thus it 
appear? that tlio circumference described from O, 
and passing through F, A, and B, also passes through 

C 4 In a similar manner it can be shown tliat the same circumference passes 
UifOttgh all the vertices, and hence is circumscribed, q. s. d. 



26 S . Cob. 1. — A circumference may be inscribed in any regular 
folygon. 

jDbm.-— F or, having circumscribed one about it, Uie equal ddea become equal 
ehottis, and hence are equally distant from the centre. If, therefore, a circle be 
tlrawii fh>m 0 as a centre, with Oa as a radius, it will touch eveiy aide of the 
polygon at its middle point. 

L Cor. 2 . — The centres of the inscriM and dftumecribed 
eirdee mmide. 

The Centre of a regular poly^n ia tha e&amou centre 
of its ipaeribed and circumscribed cnip|^ 


OF THE SIDES OF POLYGONS. 
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An Angle at the Centre of a regular polygon is the 
angle included by two lines drawn from the centre to the extnmuties 
of a side, as FOA, AOB. ^ 

2(i0* Coil 3. — The angles at the centre of a regular polygon are 
equal each to each ; and any one is equal to four right angles dwided 
by the number of sides of the polygon. 

270. The Apothem of a regular polygon is the distance from 
the centre to any side, and is the r^ius of the inscribed circle. 


PROPOSITION XXIL 


271* Theorem.'^The side of a regular inscribed hexagon is 
equal to the radius. 

I)RM.->Let ABCDEF be a regular Inscribed hexagon ; then Is any side, as 
6C, equal to OB, the radius. 

In tlic triangle BOC the angle 0 is measured by 
the arc BC, or i of a circumference, and hence is ji 
of 4 right angles, or | of a right angle. Angle ABC 
is measured by ^ arc COEPA, or | of a circumfer- 
ence. Hence angle OBC, which is f of ABC, is 
measured by 4 of I, or 4 of a circumfcreuce, and is, 
consequently, equal to BOC. B<» also OCB, the half 
of DCB, is measured by 4 of a circumference. Hence 
OCB is equiangular, and consequently equilateral 
i BC = OB. ^ K. D. 



272m A Broken Line is said to bo Convex when uo one of its 
parts will, when produced, enter the space included between it and 
a line joining its extremities. 

PROPOSITIOli XXIII. 

273m Thearewi* — A Convex, broken line is less than any broken 
line which mvdops it and has the same extremities. 

Dssc.^I/et hJbedB be a broken line enveloped 
by the broken line ACOEFB, and having the 
same extremiUjes A and B; then is AAxTB < 

ACOEFB. 

For, produce the parts of AMB till they meet 
the enveiopiiig Hoe, as A6 to s, to to /, and ed 
to g. Now, dnee a straight line k the shortest 
path between two points, Ae < A(V» If < toDE/, 
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tg < and dB <(%B. Hence, if a point starts from A to move to B, AeDEFB 
will be a shorter path than ACDEF8, A6^B shorter than AeDEFB, KbcgB shorter 
than A^B, and AMB porter than A%B. Therefore, AtedB is shorter than 
ACOEFB. < 1 . s. s. % 

iiu. Cob. Ir— TAe sum of any two sides of a triangle is greater 
than the third side. 


jRiis in tbe same as the axiom that the shortest distance between two points 
ti Bitraight line. 


27S* OoR. %.-^The difference letween any two sides' Of a triangle 
is less than the third side. 


Drii.— >L et < 1 , 6, and « be the sides. By Corollary 1st, a + 6 >c. Therefore, 
transposing, a> 


270* Cou. 3 . — Jf from any point within a triangle lines he 
drawn to the extremities of any side^ the sum of these lines is less 
than the sum of the other two sides of the triangle. 


EXERCISES. 



Fro. 198. 


1. Given two angles of a triangle, to 
find the third. 

Bug’s. —T he student should draw two angles 
on tbe blackboard, as a and and then proceed 
to find the third. The figure will suggest the 
method. The tliird angle is e. 

Jhe solution is effected also by constructing 
the two given angles at the extremities of any 
line, and producing the iddes till they meet 


2. Two angles of a triangle are re- 
spS&nrely | and J of a right angle. What is the third angle? 


f 3« The angles of a triangle are respectively |, J, and f of a right 
angle. Which is the greatest side ? Which the least ? Can you tell 
the miio of the sides ? 


4. Wliat is the value of one of the equal angles of an isosceles tri- 
angle whose third angle is ^ of a right angle f 

5. Two consecutive angles of a quadrilateral are | and 

I of a right angH the other two angles are iniitiiaUy equal to 
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each other. Wliat is the form of the qnadrilateml ? What the value 
of each of the two latter angles P 

6. One of the angles of a parallelogram is f of a right angle. What 
are the values of the other angles ? 

7. The two opposite angles of a quadrilateral are respectively } 
and I of a right angle. Can a circumference be circumsoribed P If 
so, do it. 

8. Two of the opposite sides of a quadrilateral are paralleli and 
each is 15 in length. What is the figun^ ? l)o‘ these facts determine 
the angles ? 

9. Two of the opposite sides of aqumlrilateral arc 12 each, and the 
other tw’o 7 each. What do these facts determine with refea^nco to 
the form of the figure ? 

10. Wliat is the value of an angle of a regular dodecagon ? 

11. What is the sum of the angles of a nonagon ? What is the 
value of one angle of a regular nonagon P Of one exterior angle P 

12. What is the regular polygon, one of whose angles is 1 right 
angles ? 

13. What is the regular polygon, one of whose exterior angles 
is f of a right angle P 

V 14. Can you cover a plane surface with equilateral triangles with- 
out overIap]>ing them or leaving vac*ant siiacesP With quiulrilat- 
erals? Of what form? With pentagons? Why? With hexagons? 
Why ? What insect puts the latkr fact to practical use ? Can yon 
cover a plane surface thus with regular polygons of more than d 
sides? Why? 

^ 15. Is an equilateral hexagon circumscribed about a circle neocs^ 
sarily regular ? A heptagon ? An octagon ? A nonagon ? 

16. Is an equiangular circumscrilKfd quadrilateral necessarily reg 
ular ? A pentagon ? A hexagon ? A heptagon ? 

^ 17. Is an equilateral inscribed |)cntagon necessjirily rc^gular? Ai 
octagon? Jlow is it if they are equiangular; are they necessaril; 
equilateral and regular P 
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SYNOPSIS. 


L Sam of angles. 


f Cor. 1. Only one right or obtuse, 
j Cor. 2. Two angles given. 

I Cor. 8. Acute angles if right angled 
[ Cor. 4. One angle if equiangular, 
r Cor. 1. Converse. 


IL Sides and opp. angles. 


Cor. 1. Converse. 

Cor. 2. Equiangular, equilat> 
eral, and converse. 

Cor. 8. Isosceles, equiangular, 
and converse. 

Sell. These only general rela- 
tions. 


Piiop. III. Angle vrithin a triangle. 

Dkk. ExUirior angle. 

IhiOP. IV. Exterior angle. — Cor. Non-acyacent interior. 

Puop. V. Sum of angles. 

I'lmi*. VI. Angles of inscribed. 

< Tbiop. VIII. Cemverso to hist. 

S Pitop. IX. Two o|>. 8id(« of a qundrilat’I equal and parallel. 
2 Piioi*. X. Opposite sides of a quadrilateral equal, [parallel®. 

5 PUOP XI Convei-se to last ^ Intercepted bet. 

irwoi . A. 1 . v.-on\u-8C to lasi. ^ g Diagonal of a parallelogram. 

g (Puop. XII. Bisect. 

< Diaoonals. } Prop. XIII. Of a rhombus. — ( hr . Bisect angles. 

^ (Prop. XIV. Of a re(? tangle. — Cor . Converse. 

Dkf’s.— Salient angle.— lle-ent ran t. — Oou vex polygon. —Concave. 

1. Application. 

gou. 

PiiOP. XVI. Sura of exterior angles. 

’’ Prop. XVII. Equilateral inscribed, regular. 

Prop. XVUI. Equiangular inscribed ) Sc/t. Fails for 
if odd No. of side.s. ) even No. 
Prop. XIX. Equiangular circumscribed, regular. 
Prop. XX. Equilateral cirebd. if I Sch. Fails for 
odd No. of sides. ) even No. 

Regular. ( hr . 1. Inscribed. 

( hr . 2 . Centres. 

Prop. XXI. Ciref. can l>e cir- J Def. Angle at entr. 

cuinscribed. (^. 3. Value of an- 
gle at centre. 
Apothem, 

. Prop. XXII. Side of inscribed hexagon. 


XXI. Ciref. can l>e cir- 
cumscribed. 


Def. Convex Broken Line. 


Prop. XXIII. Convex broken line < 
than — . 


EXBRClBBa 


Chr. 1, Sum of two sides of tri- 
angle. ‘ 

Cbr. 2. Diff. of two sides of tri- 
angle. 

Chr. a lines Dom point within 
triangle. 
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SECTION vm. 

OF EQUALITY, 


^77. Equality signifies likeness in every respect 

278* The equality of magnitudes is usually shown by applying 
one to the other, and observing that they coincide. 


PROPOSITION L 

270% Theorem^ — Two atrnUjht ihm of ihe mme Ivmjth are 
equal magn it u 

Dkm. — Lei AB and CD l>o two straight linca of the Huine length; them are 
they equal. 

For, conceive the extremity C of CD placed at A, 
and (he other extremity somewhere iit AB, or in AB 
produceil, as the case nmy he. Now', tlie pfunl 
which traces AB passes through all points in the 
direction of B from A ; and hence, if CD is traced 
from A towards B, It will pass through th(? same 
points as far as they mutually extend. The liinii therefore coinei<h‘, as ikr as 
they Ixith extend; and, being of the same hmgth, D ffills at B, and tlu^y coincide 
Uiroughoiit; they arc, therefore, equal, q. e. d. 

III.— The tnith of this theorem is so evident, that 
the student may fail to sec Uie fxiint of the deinonHlrn- 
tion. Let him see if he can say tlie same tilings of 
two curved lines AmB, and CnD, which are of the 
same length. 

j The substance of the demonstration is as follows ; 

* A line has two properties, and two, form and 
ma/gnilude. Straight lines, lieing of the same form, if 
Uiey are of the same magnitude, are alike in all riwfieds; L <»,, tlicy are equal 
Now, a line, as a magnitude, has only one dimension, vi/.., length. If, thero 
fore, two lines have the same length, they have the same magnitude. 



A B 

C D 

Fi«. 


• 8ee PrdScs. 
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PBOPOSmON IL 

280* Theopem* — Two circles whose radii are of the same length 
are equal; i. e., the circumferences are equals and 
the circles equal 

Dem.— Let there be two circles whoso radii AB and 
CD are of the same length ; then are the circles equal. 

For, place the second circle on the first, with the centre 
C at A, and CD in AB. As CD = AB, D will fall at B. 
Now, every point in the plane at a distance AB from A is in 
the circumference of circle A. But every point at a distance 
CD ft*om the common centre is in the. circumference of 
circle C. Hence, the two figures coincide, and the circles 
are alike in all respects, i. are equal, q. £. D. 

Fra. soo. 



OF XMihEH. 


PROPOSITION III. 


281* TJheopcni* — Two angles whose sides are parallel two and 
twOf and lie in the same or in opposite directiojis from their vertices^ 
are equal 


Dem. — Ist. In {a) or (a ) let B and E have BA and ED parallel, and extending 

in the same direction from tlie 
vertices, and also BC and EF; 
then are B and E equal. For, 
produce (if necessary) either two 
sides which are not parallel, till 
they intersect, as at H; then are 
the oorrqf^nding angles DHC and 
DEF, and DHC and ABC equal 
Hence; ABC a: DEF. 

2Qd. In (&)and (B') let W and r 
hare B'A' paraHel with ET', bnt 
extending ia m opposite direction 
fh>m itSTerfex ; and hi Wlb manner 
B^C' parallel with, Imt extending in 
•a oppoffite direction lh>m CD'; then are B' and E' equal. For,piodtice (if neces- 
•aiy) two of Uie ddes which are not parallel till they hiteiaecl, as at H' ; then 
D'H'B' « the corresponding angle tuid alao ss the alUffikali taterlor 

; wh^ceA'BX'sD'E'F. q. b, n. 




EQUAXJT; 07 AKOliEa. 


m 


PROPOSmON IT. 

Theorem* — If two angles have two sides parallel and er- 
iending in the same direction toiih each other y while the other fico 
sides are parallel and extend in opposite directions from each others 
the angles are supplemental. 

Dem. — Let ABC and DEF be two angles, 
having BC and ED jmrallcl, and extending 
in the same direction from llie vertices, 
and AB and EF parallel, and extending in 
opposite directions from the vertices ; then arc 
ABC and DEF supplements of each other. 

For, i»rodiicc the two sides not parallel, if 
necessary, till they meet. N(»w, BHD is the 
supplement of BHE by (i/Ii), BHE =: the ul- 
ternate interior angle DEF, an<l BHD “ the 
corresponding angle ABC. Tlierefore, ABC is 
the supplement of DEF. q. k. d. 

[This demonstration is adapted to the ttppcr 
cut; let the student adapt it to the lower.] 



Ftu. jwa. 


PROPOSITION V. 


283* Theorem* — If t wo angles have 
their sides respectively perpendicular to 
each other, the angles are either equal or 
suppletneniary, 

Dem.— Let BA be perpendicular to EF or 
to ET^ and BC to ED; then is ABC = DEF, 
For, through B draw BO and BN, resiwclitely 
parallel to ED and EF ; then by Uic precluding 
propositions NBO ==: DEF, and is the supple- 
ment of F'E'O. But NBA =: OBC, since l>pth 
are right angles. Tidce away OB A from each, 
and we have NBO =; ABC ; and as NBO is the 
supplement of F'E'D, ABC is also the supple- 
ment of F'E'O. q* E. D. 
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OF TBUN6LES. ^ 


PROPOSITION TI. 


284. Theorem. — Two triangles toMch have two sides and the 
included angle of one equal to two sides and the included angle of the 
other, each to each, arc equal. 


Dem.— L et ABC and DEF 
be two triangles^ having 
AC = OF, AB = DE, and 
angle A = angle D ; then 
tire the triangles equal. 

For, place the triangle 
ABC in the position (b), the 
side AB in its equal DE, and 
the angle A adjacent to its 
equal angle D. Tlien re- 
volving ABC upon DB, until 
it falls in the plane on the 
(^posite side of DB, since angle A = angle D, AC will ^ke the direction DF ; 
and as AC r= DF, C will fall at F. Hence BC will fall in EF, and the triangles 
will coincide. Therefore the two triangles arc equal. Q. K. D. 

Wo may also make the u])plication of ABC to DEF directly, as in {HO). The 
meiUod here given is used for the pur}>osc of uniformity in this and the follow- 
tog. Wc may observe that in this, as in the other cases, DB is perpendicular to 
PC, and bisc(;ts it at 0. This fact might easily be shown, and the demonstra- 
.tfm be based upon it. 



'"MSS. Bcir.—This proposition signifies that the two triangles are equal in oil 
i, e., that Uic two remaining sides are equal, as CB ss FE ; that angle 
€ 88 angle F, angle B ss angle E, and that the areas are equal 


PBOFOSmON TEL 

, • 

289* Theorem. — Two triqmgUs which have tm and the 

indnded side of the one eq%Md to two angles and Ma (>id$ of 

tie other, each to each, are equal. ^ 



EQtJALirY OF XRIAKQLES. ISS 

DEM.— Let ABC and DEF ^ 

be two triunglea, having p 

angle A = angle 0» angle y \ 

B = angle E, and side AB j \ 

= side OE; then are the y \ / \ 

triangles o(jiml. \ D/ \ 

For, place ABC in the ^ q ‘ 

position (ft), tlic side AB in ^ ! / 

its equal DE, llu* angle A j / 

atyacent to its equal angle D» 
and B adjacent to iLs equal 
angle E. Then rev<»lving 

ABC upon DB till it falls in the piano on the same sitle as DFE, since angle A rr 
angle D, AC will take the direction OF, and C will fall somewhere in OF or 
OF produced. Also, since angle B rr angle E, BC will lake the direction EF, 
and C will fall somewhere in EF, or EF produced. Iltaice, as C falls at the 
same tiim^ in DF and EF, it falls at their inters(‘(‘tion F. Therefom the tWO 
lriangle.s ct)incide, and are couscqueully equal, q i:. d. 

287. Coil . — Jf one triangle has a if a opponife angle^ and one 

adjacent angle, equal to the corresponding parts in another triangle^ 
each to each, the triangles are 


For the third angle in each is the supplement of tlie sum of the given angles, 
and they are consequently equal. Whence tiie case is included iu the pro- 
position. 


28S. Sen.— A trhingle may have a aide and one adjacent angle equal to a 
aide and an adja- 
cent angle in 
another, and the 
second adjacent 
angle of the firet 
equal to the angle 
eppoeik the equal 

aide in the second, and the triangles nat be equal. Thus, In U»e figure, A0 «s 
C'A', A A', and 8 = 6'; bat the trianglea are evidently not equal. [Suell 
tiiangiea ore, however, eimUar, as will be aliown hereafter.] 



Fw. aoo. 


PBOPOBmOM ^ 

2800 Theorem* — Two triangkh which have two video and an 
angle offmJU Ofe of these sideSi in the one, equal to the corresponding 
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parts in the other, are equal, if of time two sides the one opposite the 
given angle is equal to or greater than the one adjacent 


DEM.—In the trianpflea ABC and DEF, let AC = DF, CB = FE, A =: D, and 
CB (= FE) > AC (= DF); then are the triangles equal. 

For, apply AC to its equal 
DF, the point A falling at 
D and C at F, Since A = 
D, AB will take the direc- 
tion DE. Let fall the per- 
pendicular FH upon DE, or 
DE produced. Now, CB 
being^ “ DF, cannot fall 
between it and the perpen- 
dicular, but must fall in FD 
or beyond botli. As there 
can 1)6 but one line on the 
same side of the perpen- 
dicular equal to CB, and as 
FE =r CB, CB must fall in FE. Ilcncc, the two triangles coincide, and are 
consequently e(|ual. q. R. d. 



290. 8cn. l.-If A and D arc acute and CB (= FE) = AC (= DF), the tri- 
angles are Isosceles. If A and D are right or obtuse, CB (=FE) must be greater 
tlian AC (= DF), in order that there may be a triangle, since the right or obtuse 
angle is the greatest angle in a triangle, and tlm greatest side is opposite the 
greatest angle. This impossibility appears also from the demonstration above. 


Bcu. 2.— If A and D are acute, and the side opposite A, i. e., CB, is less 

than AC, it must be equal to or 
greater than the perpendicular Cl 
(=r FH) in order to have a triangle. 
Then, applying AC to DF, and ob- 
serving that AB takes the direction 
DE, and that EF, which s CB, being 
intermediate in length between DF 
and FH, may lie on either side of 
FH, we see that ABC may or may 
not coincide with DEF. Whether it does or not will depend upon whether 
angle C =r angle F, or whether AB = DE. This is the AMBienoBS case in 
the solution of triangles, and should receive spedal attentkm. 




EQUALrry of tbukgles. 


PROPOSITION IX. 

TIieorem*--hTtco triatigks whivh have ihe ihre<^ sides of 
the one equal to the three sides of the othei\ each to each, are equal 

Dem. — I x.‘t ABC and DEF be two triani^U's, in whicli AB rr: DE, AC - DF, 
and BC = EF; then are the 
triaijf^les equal. 

For, place the triangle 
ABC in the {xtaition (^), and 
the side AB in its eipial DE, 
so that the other equal aides 
shall be adjacent, as AC ad- 
jacent to DF, and BC to EF. 

Draw FC. Now, since DC 
= DF, and EC = EF, DB is 
perpendicular to FC at its 
middle |K>int {MHO). lI<*oce, 
revolving ABC upon DB, it 
will coincide with DEF when brought Into Urn plane of the latter Thcrcft>re 
the two triangles arc equal, q. b. i>. 


% 



C;^ 
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293% Coit. — In two equal triangles^ the eqtial angles lie opposite 
the equal sides, 

294, Sen.— If the triangles compared, ns In the 
Uirec prec/cding propositions, have an obtuse angle, and 
tlie two sides first brought together arc sides nlamt the 
obtuse angle, Uic figure will take tlic fonn in the mar- 
gin ; but the demonstration will bt? Uie same. When 
the thnfe sides are the given equal parts, the form of 
figure given In the demonstration above can always be 
secured by bringing together the two greatest sides. 



PBOPOftinO!l X. 

29S* Thewem^If two triangles Itave two sides of the am 
resjpeetiwig equal to two sides of the other ^ and the included angtio 
unequal^ the third sides are unequal, and the 
ielonsM U tie trim,le having the gmt»r i 
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Dem.— L et ACB and DEF be two tri- 
angles having AC = OF, CB = FE, and 
C > F; then is AB > DE. 

For, placing the side OF in its equal 
AC. since angle F < angle C. FE will fall 
within the angle ACB, as in CE. Then let 
the triangle ACE = the triangle DFE. Bi- 
sect ECB with CH, and draw HE. The 
triangles HCB and HCE have two sides 
and the included angle of the one, respec- 
tively equal to the corresponding parts of 
the other, whence HE = HB. Now AH + 
HE > AE; but AH + HE = AH + HB =r 
AB. Therefore, AB > AE.* q. k. d. 

296. CoH. — Conversely, If two 
sides of 07ie iria7igU are respectively 
equal to two sides of another^ ayid the 
third sides uneqnah the a7igle opposite this third side is the greater 
in the triangle trhirh has the greater third side. 



Dem.— I f AC r- OF, CB FE, and AB > DE, angle C > angle F. For, if 
C sr F, the triangles would \w equal, and AB = DE {284) \ and, if C were less 
than F, AB would be less than DE, by the proposition. But both tbe.9e conclu- 
sions are contrary to tlu? hypothesis. Uence, as C cannot be equal to F, nor 
IpM than F, it must be greater. 


PROPOSITION XL 

997 • Theorem. — Two rigid angled triangles which have the 
hjffHdmuse and 07ie side of the one equal io i1^ hypotenuse and one 
side of the of her ^ each to eachy are equal. 

IhtM.— In the two triangles ABC and DEF, right angled at B and E, let AC 
» DF, and BC = EF ; then are the triangles equal. 

For, place BC in its equal 
EF, so that the right angles 
shall be a^iacent. the angles 
A and 0 lying on opposite 
sidi| of EF . as in ijhX Since 
£ md B are t%lit angles, 
DAisaairal^illiilt How, 
idnce eqaal tines, as 

FD and CA, eini off equal 
^tanoep ftom the foot of 

Si |Wipcii&»idu (14A Odklfll; taA narat^ tM- FS, &e ivo 
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triangloB will ooinclde wh«ii CAB fklls In the plane on the side 0. Thcrefhie, 
the triangles are equal q. s. D. 


PROPOSITION xn. 

298* Theorem. — Tm right angM triangles having the htfpth 
tenuse and one acute angle of the one equal to the hgpotenuse and 
an acute angle of the other^ are equal 

Dem.— One acute angle in each being equal tl»e other acute angles are 
equal, since they arc complements of the same angle (^ 1 ^*^). The etise is, then, 
that of two angles <tlu* acute angkm in each), and their included siilo (U»© hy- 
potenuse), and falls uuder 


PROPOSITION XIIL 

299. Theorem. — Two right angled triangles having a side and 
a corre^onding acute angle in each equal, are equal. 

This also falls under { 286 ). I^et Uie student show why. 


OF QUADRILATERALS. 


PROPOSITION XIT. 

>. I7i66rem^7hoo quadrilaterals are equal wlusn the foUme*- 
ing parts are equal, each to each, in both quadriUtterale, and similarly 
arranged : 

1. The triangles into which either diagonal dicidee the quadrilaterals . . 

The four sides and either diagonal. 

3. The four sides and one atigle. 

4. Three sides and the two included angles. 

5. Three angles amt any two sides, if the other two sidee are noth 
paraUeL 

Dm.— 1. This cm la dmmstiitedlqripjlP^T^tnka quadrilateral to the ot^ 

2. Thia case ieiednee^Je the 

a. Drawing Oie dfagoniS «|pposlte the krnm angle, this case Is reduced to 

the2mhx(2M},sad{292). 

4 Thisi»^>m>iistiiledlyiOT^rfa»g or,dmw* 

ing a dh^powdt ^ ho leda^ 

5 . In Ode asps the qnadiRalmJs are avotM^ ^iiiaiiAidar H, 

then, the two sides earn diawiny Jhs tfjqjBiisI JdalsglhiieeaKttsnt- 
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ties tlie eoae i* bionght ander the first by (28^, and (286). If, howeTei, the 
yt ^ two known sides are iion-adjacent, by pro- 

y" \ \ dncing tho unknown sides two triangles 

are formed in each figure, which are mu- 
tually equal by and the case comes 

under the axiom conoeming equals sub- 
tracted from equals. 

[Let the pupil draw the figures and give 
the demonstrations in full form. Trapeziums should be used; although it 
should l>e seen in eacli ca8€»-«except the fifth— that the truth applies to any 
other form of quadrilateral.] 
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PROPOSITION XT. 

30 10 Theovenn. — Two parallelograms having two sides and the 
included angle of the one equal to t wo sides and the included angle 
the other y each to eachy are equaL 

Dem.— L ot AC and EC l>e two parallelograms, with AD = EH, AB = EF, and 

A = E ; tlicn are they equal. 

For, applying the angle E to A, since EH 
r= AD, H will full at D; and since EF = AB, 
F will fall at B. Now, through D but one 
line can be drawn t)nrailel to AB ; hence HC 
will fall in DC, and C will be found in DC, 
or in .DC produced. In like manner, since but 
one parallel to AD can be drawn tlnxnigh B, 
FC must fall in BC, and C be found in BC, 
or in BC produced. • Therefore, as C falls at 
Um aaoie time in DC and BC, it falls at C, and the parallelograms coincide. 

303 * Cor. — Two rectangles of tt^e same base and edtUude are 

ejual 



A B 



F 
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OF POLTGONB. 

PROPOSITION XTL 

3036 Iheorem. — Two polggons qf the same number of sides, 
having aU the parts of the one eate^i three angles, known io be respec- 
tivelg equal to the corresponding parte of the others are ogudU 

But.— If the two polygons AC* and all Ria parts one equal 

Jo Uweoimpondlng pans of the other, each to then 

are the polygons eqnah 


•UtsehMinofeeoavsaliatteieMl a pohm the 
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Ist When the three un- 
known angles arc consecu- 
tive, as C, F, E, and Q\ F\ 
E\ Draw CE, and C'E'. 
Apply polygon A'E' to AE, 
beginning with g’ in its 
equal <7: A' = A, and = 
a; hence, B' &ll8 at B; B* 
=r B, and b = 6, hence,. C' 
falls at C ; etc. Thus, wo 
may show that the p(?riine- 
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tors coincide till we rt'ach E' and E. Then will C'E' ~ CE, and the triangles 
CFE and C'F'E', having thtdr correajKmding sides respectively equal, are them- 
selvtis e(ju^, and the polygons coincide throughout. 

2d. Wlien two <»f the unknown angh^ anM onstrutive, and the third not cow» 


Kccutive wdth llu»s(*, as C, E, D, and C'. E', D'. Frcmi the angle which is not 


conMTutive with the other two, draw diagonals to the other angles, us CE, CO, 
and C'E', C D'. Now, C'A'B'C'D' can Im* applied to CABCD, and C'F'E' to CFE, 
in the onlinary way. Hence, the tiiangh*H C'E'O' and CEO are mutually Equi- 
lateral, and conscHiucnily ocpial. Therefore the iwlygons are 
»kl. Wlu'n no two of the thn*o unknown an.gh*» are consecutivo, ns C, 8, 0, 
and C', B', O'. Join the unknown angles by diagouals, as CB, CO, B0,amlC'B\ 
C'D', B'D'. Now, polygon C'F'E'D' can Iw applied to CFEO, O'C'B" to DCB, 
and C'A'B' to CAB in the ordinary way. Hence, the trianghm C^D'B' and COB 
are mutually ei]uilatcral, and cousoqueutly equal. Therefore the polygcms are 
equal* 


Cor . — Tioo quadrihierah having thvir correnponding dtdea 
equal, and an angle, in one equal to the corresponding angle in the 
other, are equal 


PROPOSITION \YTU 

Thewem^Two polygons of the same number of 
having all the parte of the one except two angles and the included 
side, hwmn to be respectively equal to the corresponding parts of the 
other, are equal 

_f.— the imknown parts be C, e, 0, and C^ c'. O', From any oBier two 
of the mutiudly equal angles, m G and G',dmwtlie diagonals GC,G0,G'C, G'O', 


* KotlesttatiBisslieisstbsiiBlaim saglei sis to tom tbs vsriioes of trtenglsi, wl4ch 
Ike SfginttSBl shorn to IwsqmUsienS, sod thwstoissqiati In Oim Isi, we bare to dniw onl|r 
ooeBaeiaoiisrt 0 fliwtbstrltiigiM,istwofldst sie sidst of tbs pobfoet Is 
bsvstodisw|swddw,sadtoOMsfd,tbrsssidw,torsaslo«ottsrss«^ 
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to ibieiuikiiowii angles. Then 
the polygon can be 

applied in the ordinary way 
to GFEO, f being placed in 
/etc. So also G'A'B'C can 
be applied to GA6C» begin- 
ning with p' in its equal p. 
Hence, angle F'G'D' = FGD, 
A'GX'=rAGC; and, adding, 
PG'D' + A'GX' = /FGD 4* 
A G C. Subtracting these 
aqnals from G' = G, we have C'G'D' = CGD. Whence the triangles C'G'D' and 
COD have two sides and their included angle equal in each, and are equal; 
therefore the polygons are equal in all their parta 


Fia. 816. 


SOO, ScH. — When the unknown 
angles are both separated from the 
unknown side, the polygons may or 
may not be eqiud—the case is ant- 
biguoua Thus, if C and E are the 
unknown angles and AH the un- 
known side, the polygons ABCDEFG, 
and AXXXXFG fulfill the condi- 
tions, but ar^ not equal. By draw- 
ing CE, CA, and EH, the case is re- 
duoed to that of two quadrilaterals 
haring all the parts equal, each to 
each, except two anglea and their 
lMNl-ad}aoent side ; in which case the qoadxilateinds are not nseessarlly equal. 

So, also, when one of the unknown angles Is adjacent to the unknown 
alda aiift the other sepaiated, the polygons may or may not be eqnaL Thus, let 




cstniaitiw Mm ipaow* m GCillSI an^'C'. 

. -U m HXMt mr mVC turn IM aivIM I9 to 
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CFEO. Wbanee G'C^ = CO, and angle G'C^ =r OCD. Thus the 

case Is reduced to that of two triangleiyiiaving two tides and an angle oppo- 
site one of them mutually equal, and is, therefore, ambiguous. The polygon 
(a) may have the part corresponding to CT'E'D' situated as CFEO, or as 
CFiEiDj. In the former case the po^gons are equal, In the latter not 

307* Cob. — Two quadritateraU having three sides and the corrs- 
spending angles included by these sides eqml, are equal 

This falls under the 1st case. 

308. ScH.— If the three unknown or excepted parts are all sides, the poly- 
gons arc not necessarily equal, as will appear by ah Inspection of the figure. The 
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unmarked sides being the excepted ones, the polygons may bo those included by 
the conttnuotts linos, or those included in part by the broken lines, all the parts 
being equal in each two, except the three unknown ones. 


PSOPOHITION XYHL ^ . 

309. Theorenu — Two polygons of the same number of Hdu^ 
having two adjacent sides and the diagonals drawn from the included 
aftgle^ in the respectively equal to the corresponding parts in the 
otherf and ihehr eerresponding included angles equals are equal 
figures, 

DKM.-^'The dMBonilraGon is hated upon (2M). Let the student draw thi 
figures, and nialut Ih# afiplkuit^^ 


pmrosnioi xol 

310^ JS ke o re w ^m Two polygons of the same number of 
having att 0m parts {sides md angles) ef ths one rsspedivdy equal 
to tkseorrespeuding parts of the (dkertexespi two partSf are equals ut^ 
less iheemsptri parts are parattd sides. 



liE nxMmsktci 

Ovac^The tononstratioii can be sapplied by the pupil', as it is dmilar to the 
sereral preceding. The cases will 1^ 1st, T^en two angles are excited, 
(a) tb^ being consecative, (b) they notweing consecutire ;--2d, An angle and a 
side, (a) consecutiye, (b) not consecutive ;^d, Two sides, (a) consecutive, (b) not 
consecutive. 


EXERCISES. 

1. Proh. — Having two sides and their included angle given, to 
oomtruct a triangle, 

Sto's.— The student should draw two lines on die blackboard, and a detached 
angle, as the given parts. Then, making an angle equal to the given angle 
(200)y he should lay off the given sides from the vertex on Iher^sides of the 
angle, and join their extremities. The triangle thus foimed is the one required, 
for any other triangle formed with these two sides and this angle will be just 
like Uiis by (284). 
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2. JPi»o6 . — Having two angles and their included side given, to 
construct a triangle. 

3. Prob. — Having the three sides of a triangle given, to construct 

the triaimle. 

SonTTiON.— Let a, b, and e, be the given 
sides. Draw an indefinite line CX, and on 
it take CB rr a. From C as a centre with 
^ as a radius, describe an arc as near as can 
he discerned where the angle A will fall. 
From B, with a radius c, describe an arc 
intersecting tlie former. Then is ABC the 
triangle required, since any other triangle 
having the same sides would be equal to 
ABC (2021 

4. Proh * — To inscribe a circle in a given triangle. \ 

Solution.— For tlie metliod of doing it see Part I. (79). To prove the 

method correct, we obeerve that the triangles 
OOB and QBE have OB common, and are * 
mutually equiangular ; hence they are equal, 
and OD =z OE. In like manner triangle 
OEC = OFC, and OE = OF. [Triangle OFA 
:s ODA; but we do not need the fact in the 
demonstraUon.] Since 00 = OE =: OF, the 
cinmmferenoe stmok 9om O as a centre with 
a radius OD, passes E and F. More- 

over, sinca each Me Igil Die Itlaiigle is per- 
pendkmlar to a la^m at Its extremity. R Is tsegesl m drole (472) ; and 
the ditde is inscribed. 






& Probir-Mnwiff tm «id»$ and an angle opponie one of them, 
given, to comtruet the triangle. 


0 

SoLunosr.<--l8t. When the given angle is right or obtuse, the side opposite 
mast be greater than Uie side adjacent, as the greatest side Is opposite the 
greatest angle (224), and the greatest angle in subh a triangle is right or 



obtuse angle. In this case let m and o l>e the given sides, and 0 the angle oppo- 
site 0 , Draw an Indefinite line O'X, construct 0' (‘(iiml to 0, and take O'N' 
equal h> m. Prom N' as a centre, with a radius equal to 0, descrilw* an arc enV- 
ling O'X, as at M'. Draw N'M'. Then is N'M'O' the triaugle re(|uired, since 
all triangles having their corresponding parts etpial to m\ u\ and 0' are equal. 


2d. When the given angle #s acute, as A, there will l>e m mlution if the 
given side, a, op|)osite A, is less than the perpendlculur ; oft4} mdutum if a rr p, 
or if a > than both p and h, and »olutu*hn if a > and le.ss limn h. This 
will appear from the construction, which is the same a.s in Case Ist. 


0. If a |>c*rj)on(liciilur Ik? let fall fr<iin the 
right angle C of the triangle ACB upon the 
hypotenuBe, *as CD, Bhow from (222) that 
the three triangles in the figure are mutually 
equiangular. 

7. Ghpen the sides of a triangle, as 15, 8, and 5, to construct the 
triaugle. 

8. Given two sides of a triangle n = 20, 5 = 8, and the angle B 
opposite the side b equal J of a right angle,* to construct the triangle. 
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9. Same as in the 8th, except b = 12. Same, exeej^t that b = 25. 

10. Constnict a triangle with angle A = | of a right angle, angle 
B = ^ of a right angle, and side a opposite angle A, 15. 

11. Construct a right angled triangle whose hypotenuse? is 16, and 


► To emMntt Chit angle, Weect on angle of on equllateml trlongla. 
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one of the other sides 7. The same with one acute angle | of a 
right angle, and a side about the right angle 12. Will there be any 
difference in the shape of the triangles if one is constructed with the 
given angle adjacent to the given side, and the other with it oppo- 
site ? Will there be any difference in the size t 

12. Construct a right angled triangle having its hypotenuse 20, 
and one acute angle | ofa right angle. 

18. Cf^nstruct a quadrilateral three of whose sides are 20, 12, and 
15, and^the angle included between 20 and the unknown side | of a 
right angH and that between 15 and the unknown side | a right 
angle. 

Boa’s.— Make A ~ } of a right angle, and 5 == 20 . From D as a centre, with 

a radius 13, strike the arc on. At any 
point on side a, make an angle rr 
i a right angle. Take B'm = 15, and 
draw Cm parallel to AB^ Fiom the 
intersection C draw CB parallel to 
mB\ Draw CD. Then is ABCD the 
quadrilateral required. 

Querist.— If d + c is less than the 
perpendicular fl^om D upon AB, then 
what ? If equal to the perpendicular, 
then what ? Ih it necessary to consider angle B in answering the two pre* 
eedhig queries? 

14. Construct a parallelogram whose two adjacent sides are 6 and 

and whose included angle equals 1^ right angles. 

15. Construct a heptagon v hose sides in order area = 4,5 = 5 ,- 
^ as 5, d = 6, <? = C, / rr 3, 5 ^ = 4; and the angle included between 
a and 5, right angles; betweenui and c, If ; c and tf, If ; ef and 



8 o 0 's.- 8 eo Fiff. 187. Proceed in order, laying off the parts as given, from A 
lo F. Draw AF. Fix>m F as a centre, with a radius/ = 8 , strike an arc, and also 
from A, with a radios ffss 4. The intersecdou of these arcs will determine C. 

Qiisri; 0 i.*-What is the limit of the sum of the possible values of the given 
miglest What the limit of the sum of the sides included between the ui^own 
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sraopfios. 


What? How shown? 
Pbop. 1 . Of straight Unoi. 
Prop. U. Of circles. 


X 

H 

s-s 

•i4 

o» 

Ck 
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n 

<y 

2a 




I' 


Pbop. m. SidMpuallaL OinetiQniHMoropiMMhie. 

Pbop. IV. “ “ “ ona nme, other opporilt. 

Pbop. V. “ perpakdlcntar. 

Pbop. VL Two aides and incltided angle. ■{ 8A AH parts etiOBL 

Prop. VII. Two aoglea and j 

inclulHlride.j^ 

Prop. Vlll. Two aides and angle j Sek, 1. When isoscelea. 

opposite one. ( JScft, 2. When nmhiguona. 

^ t V m i Ofir. Equal angles opposite fuual sides. 

Prop. IX. Throe sides, j of obuiHe angle. Form of J%. 

Prop. X. Twojsides equal, included angica un- 1 Oonvetne. 

- rf r Prop. XI. Hypotenuse and one side. 

« I I Prop. XU. Hypotenuse and one acute angle. 

[ Prop. XIII. Side and one acute angle. 

Prop. XIV. '^Jirce sides and non-Included angles equal. 

ro j 
:es -j 

e<|ual. ( 

[ Prop. XVI. Three angles excepted. ■{ Cor. Quadrilaterals. 

« m 1 > ( 1. The amWgumis case. 

Pbop. XVIL Two angl.* and one) OumlrilaUimla. 

aide excepted. ^ 3 '* Tiiwe aides axoepted. 

Prop. XVIII. Two sides and Included diagonals* 

Prop. XIX. Any two parts excepted. 


Prop. XV. Two parallelograms having two I CV/r. Hectangloi of 
sides and the included angles same 

and altltttde. 


Exkbcisbs. 


Preib. In a triangle, given two sides and Included angle. 
Prob. “ “ “ wigUsi “ side. 

pt^, •* “ •• shifts and angle opposite one. 

Piytb, ** “ “ three sides. 

Prob. To Insciilie a circle in a triangle. 



ELEXSKTABT mNB aBOMETBT. 


SECTION IX. 

OP EQUIVALENCY AND AREA, 


31J. Equivalent Figures are such os are equal in magni- 
tude. 


PROPOSITION L 



312* Theorem* — Parallelograms hatnng equal bases and equal 
altitudes are equivalent,, * 

Dem. — L et ABCO and EFCH be two parallelograms having equal bas(«, BC 
aad FO, and equal altitudes ; then are they equivalent. * 

A 61P H' ? H , • , u*. 

^ ■ BC ; and, since the altitudes 

ETe equalf the upper base EH 
will fall in AD or AD pro- 
duced, as E'H'. Now, the 
two triangles AE'B and DH'C 
Flo. 223.** . equal, because the three 

•Ides of the one arc respectively equal to the three sides of the other. Thus AB 
se DC, being opposite sides of the same parallelogram. For a like reason, E'B 
»: M^C. Also, E'H' = BC = AD. Prom AH' taking E'H', AE' remains, and 
|idEtitg AO, DH' remains. Therefore AE' = OH'. These triangles being equal, 
Ike quadrilateral ABCH' - Uie triangle AE'B = ABCH' - DH'C. But ABCH' 
-. AE'B = E'BCH' = EFCH ; and ABCH' - OH'C = ABCO. Hence, ABCO = 
EFCH. q. E. D. 

313* CoK^-^Aug parallelogram is equiuedent to arectangh having 
tiu same base and altitude. 


PROPOSmOI IL 

Thewtrem, — A (riangU it eguivalent to any 

pan^Mtgnm having an equai bate and an eqtui eitituillf^im^ the 
tritmgk. 



OV EQUIVALENOT. 
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Bsm.— L et ABC be a triangle. Through C 
through A draw AD parallel to BC. Then la 
ABCO a parallelogram, of which ABC is one* 
half {243). Now, as any other parallelogram 
having an equal base and altitude with ABCD 
is equivalent to ABCD (312), ABC is equiva- 
lent to onc'half of any parallelogram having 
an equal base and altitude with ABC. q. 

E. D. 


draw CD parallel to AB ; and 



Cor. 1. — A triangle is equhmUnt toone-half of a rectangle 
having an equal base and an equal altitude with the triangle. 

Con. 2 . — Triangles of equal bases and etfiial altitudes are 
equivalent, for they are halves of eqtiivuleut parallelograms. 


PROPOSITION HI. 

317» Theove^nm-'friie square described on a line is equivalent to 
four titnes (he square described on half the line, nine, times the square 
described on onedhird the line, sixteen times the square on onefourtk 
the line, etc. 

Dem. — L ot AB be any lino. Upon it diwribo tho square ABCO. Bisect AB, 
as at d, and AO, as at a. Draw dc parallel to AD, and ab parallel to AB. Now, 
the ftiiir fpiadrilaterals thus formed 
are parallelograms by construction, 
hence their op|)osite sides and angles 
arc equal ; and as A, B, C, and 0 arc 
right angles, and Aa ~ Ad = dB = 

6B = etc., the four hgures 1, 2, 8, 4, 
ait? equal squares. Hence Moa = 4 
ABCD. In like manner It can be 
shown that the nine figures ioto which 
the square on A'B' is divided by draw- 
ing through the points of trisccthm of the sides, lines parallel to the other sides, 
are equal squares. Hence AV, the square on i of A'B', is 4 of the square 
A'B'C'D'. The same process of reasoning can be extended at pleasure, show* 
ing that the square on 4 a line is tV the square of the whole, etc. 



« Fui.m 


pBOPOBmoir nr. 

31 S^ Hfie&rem^A trapezoid i$ equivalent to tm tfianglee 
henring fir their ham the upper and lower home of the trapezoid, 
for Stgif common altitude the altitude of the trapezoid. 



140 igT^TKOTvyAiar IPSASB OBOJfBTBY* 

.l)Bic.->By coitttrtictiDi^ any tn 4 )e«>id, and drawing citlier diagonal, tbo 
atodent can show tbe truth of thia theorem. 


PROPOSinO!l T* 

3 19* Proht — To reduce any polygon to an equivalent triangle. 

SoLimoN.— Let ABCDEF be a polygon which it is proposed to reduce to an 
aquiraient triangle. Produce any side, as BC, indefinitely. Draw the diagonal 

EC and DH paiallel to it 
Driw EH. Now, consider the 
triangle CDE as cut off from 
the polygon and replaced by 
CHE. The magnitude of the 
polygon will not be changed, 
since CDE and CHE have the 
same base CE, and the same 
altitude, as their vertices lie in 
DH parallel to EC. From the 
polygon thus reduced we cut 
the triangle FHE, and replace 
U by its equivalent FHI, by drawing the diagonal FH, and the parallel El. In 
like manner, by drawing FB and the parallel AC, we can replace FBA by its 
equiVRlent FOB, Hence, CFI is (equivalent to ABCDEF. It is evident that a 
similar process would reduce a polygon of any number of sides to an equiva-' 
lent triangle. 



AREA. 


PROPOSITION TL 

S 9 O 0 27ieorefn.-—77ie area of a rectangle ii egual to the product 
ef Ue baee and altitude, 

l>Kif.-~Let ABCD be a rectangle, then Is Us area equal to the base AB multi- 
]Sled by the altitude AC. 

If the sides AB aad AC are commenstirable, take 
some unit of length, as E, which isctmtaiiied a whole 
number of times in eadi, at five times in AC, and 
eight times io AB, and apidy it to the lines, ^vidiitg 
tliem respeetivefy latp five and eight equal parts, 
’i" j ■# y > B I'^om the several polati of dMdon draw fioeatiirough 

9m,m, ^ rectangle perpendicular Io Hi ridea* The rect- 

angle will be divided Utlo atoaU paralMqigmi^ 
which aioaUeqqalaquarei^ as ^eal^|lea•ludRit|hilfit[^ all 



equal to each other. Each square is a unit of surface, and the area of the red* 
angle is expressed by the number of these squares, which is evidently equal to 
the number in the row on AB, multiplied by tlio number of such rows, or the 
number of linear units in AB multiplied by the number in AD. 

If tlic two sides of the rectangle are not commensurable, take some veiy 
small unit of length which will divide one of the sid(*s, as AC, and divide the 
rectangle into squares as before; the number of these squares will be Uie 
measure of the rectangle, except a small part along one slile, not covered by the 
squares. By taking a still smaller unit, the pitrt left tinmeasuml by the squares 
will be still less, and by diminishing the unit of length E, wo can maho the 
part unmeasured as small as we choose. It may, tiierefore, be made indnitely 
small by n^garding the unit of measure as iniluittisinial, and cotiseciuently is to 
be negltK'led.* Hence, in any case, tlie area of a rectangle is equal to Uie pro- 
duct of its base into Its altitude, q. E. D. 

321. Cor. 1. — The area of a square is equal to the second power 
of one of its sides, as in this case the l)a8e and allitiule are equal. 

322^ Cor. — The area of any paralteh(jrnin is equal to the pro* 
duct of its base into its altitude; for any parallelogram is ct[tti valent 
to a rectangle of tlie same base and altitude (313)* 

323. Cor. 3. — 77ie area of a triangle is equal to one-half the pro- 
duct of its base and altitude; fora triangle is one-half of a parallelo- 
gram of the same base and altitude (314), 

324. Cor. 4, — Parallelograms or triangles^ of equal bases are to 
each other as their altitudes; of equal altitudes^ as their bases ; and 
in general they are to each other as the products of their bases by 
their altitudes. 


PBOPOBinON ¥1L 

39S* Thearenu^TJ^ <srea of a trajyezoid ts equal to the produei 
sf its altitude inio ono-haJf the sum of its parallel sides, or, wfuU is 
the same things the product of its altitude and a Urn joining ihs 
middle points of Us inclined sides. 


• This prtn^pltt vmj b* UMki sist^iS: An inSnltesiauri is s 4|«siitUjr conedvsd, end lb 
is irmt$d, m km Oum toy MsffiHiliis qosiianr ; beiics, as sdUed to or sahtrsflsd Oom teHo 

U his no wdno. TIhm, (N tpposo ^ m. n, sn^ a boing Anils quanttUcs. Ltttf 

•ntoftnitantanit; tim or or Is to be constAors^ tUU 

n^fortooonaldirHtoAiBir Stom s hy enf emomU w§ BBiiht aoaw, woaM bo to smlen i 
falontoo. 

t % Ihli Si nMint fbo nsMi of Iht iinsis. 




ELSXENTm raAKB GEOXETBY. 


m 

Dem.— I n the trapezoid ABCO draw either diagonal, as AC. It is thus 
divided into two triangles, whose areas are to- 
gether equal to one-half the product of their 
common altitude (the altitude of the trapezoid), 
into their bases DC and AB,or this altitude into 
i (AB + DC). 

Secondly, if a3 be drawn bisecting AD and 
CB, then is ^ (AB + CD). For, through 

a and b draw the perpendiculars om and pa, 
meeting DC produced when necessary. Now, the triangles aoD and Aaw are 
equal, since Aa = aD, angle o both being right, and angle oaD = Aam 
being opi) 08 itc. Whence Am = oD. In like manner we may show that Cp =r 
nB. Hence, ab = + mn) = i(AB + DC); and area ABCD, which equals 

altUu^e into i (AB + DC), = altitude into ah. q. b. D. 



PROPOSITION vm. 


320. Theorem.’— TVie area of a regular polygon is equal to one- 
half the product of its apotlieui into its perimeter. 

Dllc.--*Let ABCDEFC be a regular polygon whose apothem is Oa ; then is 
its area equal to i Oa (AB + BC 4 - CD + DE + EF 
4- FC + GA). 

Drawing the inscribed circle, the radii Oa, Ob, 
etc., to the points of tangency, and the radii of the 
circumscribed circle OA, OB, etc. (264f 205). the 
|)olygon is divided into as many equal triangles as 
it has sides. Now, the iqmthem (or radius of the 
inscribed circle) is tlie common altitude of these tri- 
angles, and Iheir bases make up the perimeter of the 
polygon. Hence, the area = ^Oa(AB -f BC 4 - CO 
4^ OE 4- EF + FC 4- CA), 



S2t. Con.— The area of any polygon t» whush, n tirck ean be 
ie equal lo one-half the product of (he rodiut of the in- 
oprUted circle into the perimeter. 

The etudent dionld draw a figure end obaerre the flwt It la eq^edatiy 
WMtthyofiiotaiathecMeofatrifLiigle. Beeltf.Vk 


raonsmmiix. 

Xheoremf—Tlte area of a drele ie equal to ono-ha^ the 
product ofiieradiue into its eireumfermeo. 



DK 3 ii.—Let Oa be the nidiili|||« circle, dream* 
scribe any regular polygon. N^j^bc area of tlili 
polygon is one<half the product oPli apothem and 
perimeter. Conceive the number c^^^dea of Uie 
polygon, indefinitely increased, the fK^i|pu still 
continuing to lie circumst^ribed. The at*^}jP(;m c<m- 
tinues to be the radius of the circle, and lie jH'rim* 
eter approaches the circumference. Wliml; Ujcrts 
fore, the number of sitUsa of the polygon lM»comt 4 In* 
finite, it is to be considered fis coinciding with tluviclr* 
cle, and its perimeter with llie circumference. Ho’tcc 
the area of the circle i.s equal to one-half the |\f> 
duct of its rmlius into its circumference, q. k. tv 

Dkf. — A Hector is a part of acireW included i)etween two 
radii and their iutcrceptc'd arc. Similar Serf 0 A are sectors in differ* 
ent cindes, whicli have equal angles at the ecntrV. 

( 'OR. 1. — 77/e arm of a aeefor in equal to the product 

of the radius into the arc of the sector, 

33 Cou. 2.— T’/rc area of a sector is to the area of the drcle rxi 
the arc of the sector is to the circumference^ or as the angle of th$ 
sector is to four right angles. 



EXEBOfUES. 

1. What is the area in acres of a triangle whose liasc is 75 rods 
and altitude 110 rods? 

2. What is the area of a right angled triangle whose sides about 
the right itmgle are 126 feet and 72 feet ? 

3. If 2 lines be drawn from the vertex of a triangle to the 
dividing the base into parts which are to each other m 2, 3, and 8^ 
how is the triangle divided ? How does a line drawn from an UMgh 
to the middle of the oppcNUte side divide a triangle? 

4. Beview the exercises on pages 49 and 50, giving the reasons, in 
each casa* 
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snroF^. 

Definition. ^ < 

Prop. I. Of parallelograms. -{ Or. Paral. and rectangle. 

^ tt 4 OoT. 1. Triangle and rectangle. 

Prop. II. 01 mangle^ 7 ^ 2 Of equal bases and equal altitudes. 

PRf)P. III. Square on i . 4, i a line, etc. 

Prop. IV. Trnpew#id. 

Proq» V. To reduce a polygon to a triangle. 


3 


Prop. VI. pf rectangle. *{ 


pJ^6p. VII. Of trapezoid. 


Or. 1. Of square. 

Car, 2. Any parallelogram. 

Car, 8. Of triangle. 

Car, 4. Uelation of parallelograms and 
of triangles. 


^ ¥ Prop. VIII. Of regular polygons. 


j Cot. Of any circumscribed 
( polygon. 


Prop. I XT. Of a circle. 


(W. O 
> i Car. 1. 
[ Car. 2. 


Of sector. 

Area of sector. 

Helatlon of sector to circle. 


Exercises. 


SECTION X. 

OF SIMILARITT. 

SSS. ‘The primary notion of similarity is lilaneu of form. Two 
Sgunt are aaid to be similar which have the same shape, although 
Ihey may differ in magnitude.* A nune adentifie definitami is as 
allows: 

S3S, Simitar Figures are snch as have Swhr nipeo* 
SvUj sqnal, and their homologeoa sides j^wiportkaud. 

934L, Momeiogoue StSee of shidlar flgares lis ||mss wSiph 
aie included between equal angles in the Mspdstivo lllpies. 

•<ta»MadwtiimalSl«cmhl. rt Om tUmt, m ■— * im IgwSp a 

awAawa.pwmm w.^muh m 4 tewma»iMt.iifv mtmum 
«M.«rtrtii^tr«w.«(aM BK«(aMi,tt»'aSMF smOmi 
fstpswa wli iUMHM ia ViLM 1 


OF sixxuBmr. 
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Ik Similar TniAXOLEi^, the UoMOLOoors Sides are thosb 

OPPOSITE THE equal AKOLES. 


pnorosiTioN h 

33/t. Tltrorem . — I'rianrjUs which are mutuaUy equiangular 
are ffimihtr, 

ABC ftn<l DEF Im* two mu* 

HjMiunjaruljir it» uiiich 

A “D, B- E, n!i<l C F; thru jir<r Hu* 
thr5<* itniul aiitfUn pro|mr- 
fiiul IIk‘ triHUjjjlfs |)ohm<*hh ImUIi 
n-quisitcs of similar ri,srun‘» ; i‘. #*., they 
art* mutually <*quian^jular ami liavo Uuur 
homoloj^ttiH HuicH propurtioiial, ami uro 
cunst'cjUMitly similar. 

To prove that the opposite the 

equal ttnpjlcs are proportional, plare the 
triangle* DEF upon ABC, bo that F shall 
coinricie with its (Hpial C, CE'=rFE, and 
CO'rrFO. Dniw AE', and O'B. Siiire an/jh' CE'D' CBA, D E' in pnrnllo) to* 
AB,andaatUfMrian^leH D'E'A and O'E'B have a eonttnou hitsi* D’E' and tho 
same altitude, their verlic<» l 3 ing In a lino parulhd to ilu ir huso, they aru 
equivalent Kow\ the trimtghvi CD'E' and O'E'A, having a t ominon alti- 

tude, are u> each other aa their bases {H24). Hemto, 

CD'r ; O'E'A : : CD' : D'A. 

For like reason CD'E' ; O'E'B : : CE' : E'B. 

Then, since O'E'A and O'E'B are equivalent, the two proport irtns have a com- 
mon ratio, and w© may write CO' : O'A : : CE' : E'B. 

By oomposiUon CD' r CO' + D'A : : CE' : CE' 4 E'B. 

or CD' : CA : : CE' : CB, or FD : CA : ^ FE : CB. 

In a fiiiiilar manner, by applying amrle E to B, we mn bIiow that 
FE : Ci :: ED : BA. therefore, FD : CA : : FE : CB : : ED : BA. q K. D. 

330. Cor, iwo irianghn hav^ two angles of the one \ 

timlg equal to iwo angUo of the other^ the third angles being equal 
the triangloe are similar. 

S3T. Cor, 8,— ^4 /t«a drawn through a triangle paralhl to anp 
side divides the other sides proportionally. 

Tkm IFE' being paralkl lo AB> ll Is shown in the ptnpoiition that* 
CO'; O'A.tCE'tE'a 



10 
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338 0 Cor. any two lines cut a series of parallels, they are 

divided proportionally. 



Dem. — I f tbe two secant 
lines are parallel, as OA and 
O'B' the intercepted parts 
are equal, i. e., ac = bd, ce 
=zdf, eg := fh, etc. (242). 
Hence, ac : bd : \ ce : df \\ 
eg : fh. Secondly, if the 
secant lines are not parallel, 
let them meet in some ix)int, 
as 0. Then, l)y the propo- 
sition, we have 


Oa : ac \ ; Ob : bd (1), and also Oe : ee ::0d : df (S). 


Taking the first by composition, it becomes 

Oa + ac : (tc :: Ob bd : W, or 0^ : oc : : Od : bd (8). 
Mow, as the antecedents in (3) and (8) arc the same, we have 


ac \ bd :: ce : d/^ or ac : ce :: bd : df. 
In like manner, we may show tliat 


ce : df ' : eg \ fh, or ec : eg wdfifh. 



OF suttLARiry. 14r 

the triangles ABC and DEF are mutually equiangular, and coniiequenUy sltnilar. 

q. £. D. 

S40, Sen. — As wo now know that if two triangles are mutually e({uiungu1ar, 
they are similar; or, if they have their sidw proiK>rtional, they art? simitar, it will 
be suflieient hereafter, in any given case, lt> prove tUJkerow of these faets, in order 
to establisli the siiuihirity (»f two triaiiglcH. For, eittier fact ladug pn>ved, the 
other follows as a consecpienre. S<‘e lSi?clion VI., Faut I., for familiar illustra* 
lions of this most imt>ortant subject. 


PROI»<>SITION HI. 

341. T/i^eorein. — 7'tro triaiufks trhich have the of the one 
respfrtin hf parallel or perpendicular (o the aides of (he others are 
yimiiar, 

Df.m. — Let ABC and A'B'C' tM‘ two triangles whose sides are resiM'Ctlvely 
fmrallrl or perpendicular to each other, 
then are the triangles similar. 

For, any angle in one Iriatigte is 
either equal or supplementary to the 
angle in the other which U included 
iM'twtsMi tiic sidc^ which are t)aranel or 
p<*r|M*tidicular to Its own sidt*s. Tims A 
either equals A', or A + A' = 2 right 
nngh« 2S2, 28.% Now, if the 

enrresponding angU^ are nil supplemen- 
uii*)', iluit is, if A 4" A' =: 2 li.A., B 4 B' 
r= 2 RA,,and C + C' = 2 RA., the sum 
of the anghii of Uie two triaiigU^i is 6 
right angles, which la impossihle. Again, 
if <uie angle in one triangle (^piala tlie 
corn^aiMmding angle in the other, as A 
= A', and the other angles are supple- 
mentary, the stun is 4 r^ht angles plus 
twice the equal angles which is impossible. Hence, two of ilio angles of one 
triangle must be eqtiai fespectlvely to tw(» angles of the other ; and, if two ar» 
equal, the tiiird angle in one is equal to the third in the (»ther Hence, 

the trioiigifla ore smtnally equiongnlar, and therefore similar {385), % K. a 




PBOFonrioif IT. 


342, Tk/ewemr—rw frianfflet, mhith %av$ m angle in 
egual, and tkt riiee dhmt the eqwd anglee emilat 



XLEXElirrABT PLANE OEOMETllT* 





Dbm.— I n the triangles ABC and DEF 
kt C = F, and AC ; DF :: CB ; FE; 
then are the triangles similar. 

For, place F on its equal C, and let D 
fall at O'. Draw D'E' parallel to AB. 
Then AC ; D'C ( = DF) : : BC : CE (387). 
But by hypothesis AC : DF : : BC : F£ 
CE' = FE, and the triangles D'CE' and 
DFE are equal (284). Therefore, D'CE' 
being equiangular with ACB, is similar 
to it (335) ; and as DFE is equal to D'CE\ 
DFE is similar to ACB. Q. E. D. 


PROPOSITION V. 


34S0 Theorem* — In any right angled triangle^ if a Ihie he 
drawn from the right angle perpendicular to the hypotenuse^ it 
divides the triangle into two triangles, which are similar to the given 
Mangle, and consequently similar to each other* 


Dem. — L ot ACB be a triangle right-angled at C, and CO a perpendicular 
upon the hypoUmusc AB; tlien are ACD and CDB 
similar to ACB, and consequently to each otber. 

For, the triangles ACD and ACB hare the angle A 
common, and a right angle in each; hence they arc 
mutually equiangular, and oonsai|ttent2y 8iinilar(.?^t!;). 
For a like reason CDB and ACB $re similar. Finally, 
as ACD and CDB are both similiur to ACB, they arc 
Q. E. D. 



Pm. m 
to each other. 


844 . Cor, 1. — Either side about right angle is a mean proper- 

Uanal between the whole hypotenuse and the ae^aeeni segment* 

Dbm. — T his is a direct consequence of the similarity id the fiarUal triangles 
with the whole triangle. Thus, comparing the horaelegoiie aides of ACD 
•ad ACB, we have AD : AC ;; AC : AB;^ aod lHNn COB and ACB, we have 
OB : CB t: CB : AB. 

' ‘ . ' ;'V - ■ 

90^^00%. — The perpendicular is a mean prcperUonal between 

HU $e§simds ef the hypotenuse* 

Om^Tlili k a consequence of Oie simBail^vBf Al^ ipd COBl Thus, 
AO;CO:;CO;DB. 


* WOki thet AO of tbs firtoegte ACD » ^gasits aa#S JtCO rlU f 

Ahi ata i wit mat 

he iii4 tlMA Iw hiMriw k wlMA ette to tsiw iiM 




09 STMTUIUTY, 


I4t 

which ttiiuiglt does the fint CD belong? To which theaecond f 
Why is CO made the oonsMuent ot* AD ! Why, in the second ratio, are CO and 
D6 to be compared ? ▼ 

S46. Cor. 3. — ne square deseHM oh the hypotenuse of a right 
angled triangle is equivalent to the sum of the squares described on 
U^e other two sidet^ 

Dkh.— F rom Cbr. 1, a 5* =r AB x AD 

and also == v DB. 

Therefore, adding, AC* + CB* AB (AD + DB) = Al*. 

347. COK. 4 . — If a perpendicular be let fall from any point in a 
circumference upon a diameter^ this perftendic- 
ular is a mean proportional hetteecn the seg- 
ments of the diameter, 

Dkm — Thus, AD : CD : : CD : DB, or CD* AD x DB. 

For, drawing AC and CB, ACB is a right luiglo, 
and the case ^Is under Cor. 2. 

The chords AC and CB arc mean proiKirlionals between the whole diameter 
and their adfacent segments by Cor. 1. 

34S, 8cii.— This proposition, with its corollaries, is fverhaps the most ftnilt- 
(111 in direct practical results of any in G<?omotiy. 0>r. H will he reeognlmt 
as a demonstration of the Pythagon^an proposition ( tOU\ T'aut I. Tliere are 
many other demonstrations of cxcec<Uiig beauty, some of whieh^wlll l>c given 
in Fart III. The? one here given is ihf? simplest, and slums best the way in 
which Ihia truth grows out of the more general fact of similarity. 



PROPmiTlON VI. 

349. Theorem* — Regular polygons of the same number of sides 
are similar figures. 

Drm.— L ei B and P be two regular pulygona of the same number of stdei/ 
e, b, c, d, etc., Mng the sides of the former, and a', b\ t\ d\ t:tc., the sides of 
the latter. Now, hy the definition of regular polygons, tlie sides a, 6, e, d, 
etc., are equal eadi to eacfii. and also o^, b\ c\ if, etc. Hence, we hare 
e ; a' : : 6 : F : } e : d : : d : <f , etc. Again, the angles arc equal, since n hehig 
the number of sides of eadi polygon, each angle Is 
n R fi right angles - 4 right angles 

Hence fhepol^flgdie siwmi^^ equiangular, and have tlielr sides propofUonal f 
that k, they are similar, ^ & d. . r 


^ the stedMilaHif eonstmet two ragoler heissoa#, if thoeght Sesifshlo. 
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elementary plane geometry. 


350* Cor. 1,--The corresponding diagonals of regular polygons 
of the same number of sides are in the same r^tio as the sides of the 
polygons. 

Let the student draw a figure and demonstrate the fact. 

351* Cob. 2,— The radii of the inscribed^ and also of the circum^ 
scribed circles^ of regular polygons of the 
same number of sides, are in the same ratio 
as the sides of the polygons. 

Dbm.— S ince the angles F and/ are equal, and 
bisected by FO» the right angled triangles OSF, 
Osf are equiangular, and hence similar. There- 
fore FS : : SO : «6 or FO : /O. Whence, 

doubling both terms of the first couplet, 

FA : /a ; ; SO : fiO or FO ; /O. 



PROPOSITION vn. 

352* Theorem* — Circles are similar figures* 

Dkm.— L et Ort and OA be the radii of any 
two circles. Place the circles so that they shall 
be concentric, as in the figure. Inscribe the regu- 
lar hexagons, as abcdef^ ABCDEF. Conceive the 
arcs AB, BC, etc., of the outer circumference, bi- 
sected, and the regulai* dodecagon inscribed, and 
also the corresponding regular dodecagon in the 
inner circumference. These are similar figures 
by iS49). Now, as the process of bisecting the 
arcs of the exterior circumference can be con- 
caved as indefinitely repeated, and the corresponding regular polygons as in- 
scribed In each circle, the circles may be considered as r^ular polygons of the 
same number of sides, and hence similar, q. b. d. 

353* Cor. — A rcs of similar sectors are to each other as the radii 
of their circles; f. e,, arc fe : arc FE : : O/; OF. 

8ca.-^The circle is said to be the lAmii of the inscribed polygon, and 
tiie drcnmfbrence Uie limit of the perimeter. By this Is meant that as the 
number of the sides of the inscribed polygon is increased it approaches nearer 
and nearer to equality with the circle. The apothem approaches equality with 
the radios, and hence has the radius for its limit It is an aximn of great 
importance in mathematics that, Whateeer can be ebaeen ts he true ef < 
tuOemUeg^pfiOeeikeeiUlmU true ^ that Um&* 
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EXERCISES. 


1. Prob. — To divhie a given line in/o parts 
fahich shall be proportional to several given 
lines, 

SoLmoN.— Let it be required to divide OP Into 
parts proportional to the lines A, B,C, and 0. Draw 
ON making any convenient angle wlUi OP, and on it 
lay off A, B, C, and 0, in succession, terminating at 
M. Join M with the extremity P, and draw parallels to 
MP through the other points of division. Then by 
reason of the parallels we shall have 

A : B : C : 0 : : a : 6 : : d. (SSS), 



2. Prob. — To find a fourth proportional to three given 

For the solution see (HU). Re|Kiat the process, and give tlie reasons. 

3. Prob* — To find a third propor- 
tional to two given lines. 

HoLi TioN.—This may be solved as the two 
precetling. Thus, tiike any two lliujs, os A and 
B, fur the given lines. We are to And a third 
line a*, sueh that A : B : : B ; x. The figure 
will »ugge?*i the details. 

The lollowing is a solution btised on (tl47)> 

Draw an indefinite lin<* AM. Take AD == A, 
and erect BO = B. Join AB, and It by 

the {H^rpiiulicular ON. Then with 0 as a cen- 

tn*, and OA us a radius, deHcrilnj a Hcmi'clreum- 

fercnce. This will |>ass Ihrough B. (WhyV) M 6 0 6 A 

Also AD ; BO :: BO : CO (= x). (Whyr) Vm.w. 

4. Draw any straight line on the hlarklKuirtl, and divide it itrto 
(xjnal juirts, ii|>on the principh? used in the preceding soliitioiis. * 

5. Iieview the exercises under (HOf f>0), and give the i-i^asonA 



6. Prbt$* — To find a mean proportional between two given lines. 


For the solution see {110). Repeat the prcx^css, and give 
the reasons for the method. 

7. DE being parallel to BC, prove that tlie triangles 
DOE and BOC are similar, and hence that 00 ; OC : : 
OE ; OB. Axe the following proportions true ? 

00 : OC :: OE : OB, 00 ; OE OC ; BC, 

GO : OE : : OC : OB, OB : BC : : OE : OE. 



nKi.i4i 
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8. Show that if ABCDEF is a regular polygon, khcdef is also regular 
hcy cd^ etc., being pa,rallel to BC, CO, ete 
Show that any two similar polygons may hi 
placed in similar relative positions, and 
hence show that the corresponding diagonals 
are in the same ratio as the homologous 
sides. 

9. The sides of one triangle are 7, 9, and 
yw- 848. 11. The side of a second similar triangle, 

homologous with side 9, is 4^. What are the other sides of the 
latter ? 

10. The diameter of a circle is 20. What is the perpendicular 
distance to the ei re urn fere nee from a point in the diameter 15 from 
one extremity? What are the distances from the point where this 
jHirpendicular meets the circumference to the extremities of the 
diameter 



SYNOPSIS. 


Primaiy notion of similaritj, 

^ Definition of similarity. 

Homogeneity of sides. In general. 


In triangles. 



{ Cor. 1. Two angles equal. 

Prop, I. Mutually equiangular. -J Cor, 2. A parallel to a side. 

( Cor, 3. Lines cutting parallels. 

Prop. II, Sides proportional. | Se?i, ElUier of two fiicts sufficient 
Prop. 111. Sides parallel or perpendicular. 

Prop. IV. An angle equal in each, and sides proportional. 


Prop, V. Perpendicular firom 
right angle upon 
hypotenuse. 


Cor. 1. Side about right angle. 
Cor. 2. Perpendicular. 

(hr. 8. Square on hypotenuse. 
0)r, 4. Perpendicular <m diameter. 
Sch. Imj^tance of tins JVop. and 


( (hr, 1, Corresponding diagonals. 
Prof. VL Regular polygons similar. <] Oor, 8. HadU of inscribed and dr- 

{ cnmscribed circles. 

I ^ <^6 limit of polygoiv . 

' Prob, To divide a line into proportional parts. 

Prob. To find a fourth proporuoiad. 

Prob, To find a third proportion^. 

, Prob, To find a mean proportionaL 


Prop. VII. Circles similar. 


£xbrcibb& 
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SECTION XL 

APPLICATIONS OP THE DOCTRINE OP SIMILARITY TO THE 
DEVEI/)PMENT OP GEOMETRICAL PROPERTIES OF FIGURES. 


3S4. The doctrine of similarity, as presented in the preceding 
section, is the chief reliance for the development of the geometrical 
properties of figures. Tliis section will he deviated to the investiga- 
tion of a few of the more tdementary propt rties of plane tigures, 
whieli we are able to discover by means of this doctrine. 


OF THE RELATIONS OF THE SEGMENTS OF TWO LINES INTEItSECrT- 
ING EA( H OTHER, aiNH IXTERSECTEO BY A t HUT MFERENCE. 


PROPOSITION L 

-‘If two chords in ter serf earh other in a < 
their segments are reriprocalh/ pngmrl tonal ; tr hence the jtrodu^ of 
the segments of one chord equals the product of the segments ^ the 
other, 

Dkh. — L et Uie chords AC and BD intemecl at 0 ; nitrii U AO : BO : ; 00 : 
CO, wTience AO x CO = BO x DO. 

For, draw AD and BC. The two tri}inglc*8 AOD {un! BOC 
are equiangular, and hence similar ; since the nnglcH at 0 
are vertical, and consequently equal hihI D ~ C, 

beca ee b >th are measured by i arc AB (A rr B 

because lN>tb arc measnrod lify ^ &rc DC; but it in only 
necessary to show that two angles are equal in 4>rdcr to 
show that the tiianglca are equiangular, and hence ntmi' 
lar.) Now, comparing the homologous sidtss 4ipp4>- 
site the equal angles), we have AO : B^ : : DO : CO ; yw. m, 

whence, AO x CO = BO x DO. ii- z. n. ' 

QuBnise. — Why is AO compared with BOf Why DO with CO? Would 
AO ; CO : ; BO : 00 be true? Would AO : DO : : BO : CO? What la the 
force of the word ‘‘redprocally/' aa used in the proposition ? 




m 
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raoFOsmoN n. 

3 S 64 Uieorem,--!/ fr<m a point without a circh^ two $ecani$ 
be drawn terminating in the concave arcy the whole secants are recip^ 
rocally proportional to their external segments ; whence the product 
of one secant into Us external segment equals the product of the other 
into its external segment 

Deh. — OA ftnd OB being secants, OA : OB : 
OC ; 00, and consequently OA x OD =r OB x OC. 
For, drawing AC and DB, the two triangles ACO 
and BOO have angle 0 common, and A = B, since 
both are measured by ^ DC ; hence the triangles are 
similar, and we have OA : 06 ; : OC : OD, and 
consequently OA x OD OB x OC. Q. E. d. 

Same queries as under tbe preceding demonstra- 
tion. 
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PROPOSITION IDU 

3S7* Tlkeorem.-^-If from a point without a circle a tangent he 
drawn, and a secant terminating in the concave arc, the tangent is a 
mean proportional between the whole secant and its external seg- 
^ 7n€nf; whence the square of the tangent equals 

the product of the secant into its external seg^ 
inent, 

Dem.—OA being a tangent and OB a secant, OB : 
OA : : OA ; OC, whence OA* ss OB x OC. For, 
drawing AB and AC, the triangles OAB and ACO have 
angle 0 common, and OAC =: B, since each is measured 
by I arc AC ; hence Uie triangles are similar, and OB : 
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OA : : OA : OC, whence OA* :=: OB x OC. q. e. D. 


OF THE BISECTOR OF AN ANGLE OF A TBlAIliBLB. 


PROPOgmON IT, 

Theorem . — *A Hns wUch bimis any ^ # Mangle 

lipfelw th$ aufo 



BISSOTOB 09 Alt AMU Of A 


ltei.^Let CD blMct tlw angle ACB| then 
AO ; OB :: AC : CB. 

For, draw BE parallel to CO, and produoe II 
dll it meets AC prodneed, as at C Now, hy 
reason of the par^idt CO and £B, angle ACO 
= AEB, and angle OCB rr CBE (isk)* Whence, 
as ACO = OCB by bypothcsla, E = CBE. and 
CE CB (^^7). Also, since CO is parallel to 
£8. AD : OB : : AC : CE (3ST)- Substituting 
for CE its equal CB, we have AO : OB : : AC : CB. 



q. B. D. 


^ PROPOSITION V. 


ITieoretn* — // a line be drawn from ang vertex of a 
triangle bisecting the exterior angle ami intersecting the opposite 
side produced^ the distances from the other vertices to this intersection 
are projmrtmial to the adjacent sides. 


D KM.— Through the vertex C let CD 
Ikj drawn, bisecting the exterior angle 
FCB, and interaecting AB produced In 
D ; then AD : BD : : AC : CB. 

For, draw BE parallel to CD. By rea- 
son of thffse parallels, angle FCB = CEB, 
and BCE = CBE ( 162), Hence CEB - ^ 

CBE, and CB =: CE. Also, by reason of 

the parallels, AD : BO : : AC : CE, or its equal CB (336), q. B. D. 



PROPOSITION TI. # 

SOO. Theorem* — If a line be drawn bisecting any angle of a 
triangle and intersecting the opposite sUky the rectangle of the sides 
about the bisected angle equals ilic rectangle of the segments of the 
third side, plus the square of the bisector. 


Dem.— L et CO bisect the angle ACB ; then AC x CB 
= AD X OB 4^ 

For, circtimacribe the circle about the triangle, pro- 
duce the biaector till it meets the cireutuference at E, 
and draw EB. like triangles ADC and CBE are simi- 
lar, sio€«k|B|g^ ACO sft ECB, by bypothcnis, and A = E, 
because midk, is measured by i arc CB. Therefore, 
AC : CE ii ^ i CB, whence AC x CB = CE x CO 
:s(DE -i-C0>CO»OE X C04- CO*. For 0£ x 
CO, snbsdtiidng its equivalent AO x OB (366), we 
bivel^ i aisAB X DB-f CS\ q.mo. 






PBOFOSmON TIL 

301. Theorem.^The iiseciors of the angles of a triangle all 
pass through the same pointy which is the centre of the inscribed 
^drele. 

Dsk«— ^D raw two liaes bisecting two of the angles, and from their inter- 
section draw a line to tlie other angle. Then show that the latter angle is 
bisected By (Ex. 4, page 134) this point is shown to be the centre of the in- 
scribed circle. [The student should fill out the demonstration.] 


ABEAS OF SIMILAR FIGURES* 


PROPOSITION THL 

302. Theorem . — The areas of similar triangles are to each 
other as the sqtiares described on their homologous sides. 

Bbm.-- L et ABC ami DEF bo any two similar triangles ; then is 

area ABC ; area DEF: : CB* : F1’ : : Ko' : DF* AB% DE’' 

For, place llie largest angle of tl)e triangle 
DEF, as D, on its equal angle A, of the triangle 
ABC*; let E fall at E', F at F', and draw 
ET'; then is triangle AET' =: DEF i2S4)^ and 
E'F' is parallel to BC. Let fall a‘i>erpeudicular 
from A to CB. Then Al is the altitude of AE'F', 
and AH of ABC. Now, by similar triangles we 
have CB:Pe::AH:AI. 

But iAH ; 4 AI : : AH : Ai; and, multiplying 
KUre^ndlng terms, AH x CB : ^Al x F'E' : ; AH*;*W. Wliencc, since 

X CB = area ABC, and iAI x F'E' = area AET'ss area DEF, and 
tH : Al ; : CB : FE : : AC . DF : : AB : DE. or AflMir ; : CB* : F? : : AC* :“DF* 

8 JB* ; : OE* ; wq have 

oiwsABC ; area DEF:: CB’: FE*::AC*; 61*. «.&]>. 



FBOFOSmOU IX. 

asa. Theorem.— Th» om» ^ timUar m* l» ouh 

Oar e» the equarea of Oe homOe^i^ eidee if th* fOggemi 
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Dim.— L et abcdtf and ABCDEF 
be two siitiUar polyipone. 

Date tlie fonner by p, and the lat* 
ter by P. Then p : P : : 3 ? ; t Ai* 
or aa the squate!! of any other two 
homologous sides. 

For, from the equal angles a 
and A drawing the diagonals, the 
corresponding partial angles into 
which a and A are divided are 
e<iuah [Let the* student show why by .742.] Now take Al^*- ah, and draw 
be\ making angle A/>> =r b. Tlien be rr he, and Ac - ae, slnci' the triatiglee 
o/x; and kb e have two angles and tlie iiiciudiHl sitle of (»ue €H|ual to twc» angles 
and tlie Included side of the other. In like manner draw c d making angle 
b’e^d— bed, c'd'™ ed, and Ad'=: ad. So, also, making angle r'd'r\:~* rdf, ami 
d'e'f‘ = def, dV de, ef ~ ef, and f’k = fa. Hence the i>olyg<m Ah'c'tTry as p, 
and its sides art* n*speclively (jarallol to the corresponding sides of P. Now, 1st 
m, n, o, and s nq>n5sent the triangles In which they stand, and M, N, 0, and S 
the corre8]H)ndlng triangles of P, as AFE, etc. Triangles m luid M being similar* 

and also n and N, we have 

m : M : ; Ac"* : AE*, and n : N : : A< “ : AE*. 

Whence m : M : :n :N. 

In like manner W(‘ cuu show that n : N : : 0 : 0, and that r; : 0 : : « : 5. 

Whence w : M : ; a ; N : ; o : 0 : : « : S. 

By composition, (m 4 n -t-u + s) (or p) : (M 4 N 4 0 4 S) (or P) : t « : S. 

Bui s : S : : A//* (or a//) : AB*. Therefore p : P : ; rd/ : AB*, or ns the scpiares of 
any two homologous sides, q. b. d. 

3fi40 Coil. 1 . — Shnilar polygom* are fo carh other afi the »quaru 
of their corresponding diagonaU, 

In the demonstration we haves : S : ; Ac/* (or or* ) ; AC*. Whence p : P : : 3 ? 

The same may be sliown of any other corresi>onding diatroiials. 

Cor. 2 . — Regular polygons^ of the smue number of rides 
are to each other as the squares of their hmnologouH rides ; sines they 
are similar figures (^49). 

306^ Cor. 3 . — Regular polygom^ of the same number of rides 
are to each other as the squares of their apothems. 

For their apothema are to each other as Uieir aiders. Hence the squares of 
their apothems are to each other as the squares of their sides. 

397^ Cor. 4 — Cirdes are to meh other as the squares of ihrir 
radii {3S3)^ and as the squares of their diameters. 



Fta. a51. 
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OF PEBlMEfEBS AW THE BECTmCATmH OF THE 
CIRCUMFEKEHCE. 

The Mectiflcation of a curve is the process of finding 
its length. 

The term recUfimtion signifies making straight, and is applied as above, 
under the conception that the process consists in finding a straight line equal 
in length to the curve. 


"" PR0P081TI0X X. 

309* Theorem^ — The perimeters of similar polygons are to 
each other as their homologous sides^ and as their corresponding 
diagonals, 

DKM.—Let rt, Cf d, etc., and A, B, C, 0, etc., be the homologous sides 
of two similar polygons whose perimeters are p and P ; then p : P :: a : 
A i: b : B : : e i C, etc. ; and r and R being corresponding diagonals, p : 
P ; I r : Jl Since the polygons are similar, » : A : : 6 : B ; : c ; C : ; d : D, 
etc. By composition, (a + 6 + c + d + etc.) (or p):(A + B + C + D+ etc.) (or P) : : a : A, 
or ai any other homologous sides. Also, as the homologous sides arc to each 
other as the corresponding diagonals {350), piP i\r : B. q. e. n. 

Cor, 1 . — The perimeters of regular polygons of the same 
nitmber of sides are to each other as the apothems of the jwlygons. 

Wot the apothems are to each other as the sides of the polygons {wH51). 

371. Cor, 2, — The cirenmferemes of circles are to each other as 
^«ir radii, and as their diameters ; since they may be considered as 
iv^ular polygons of the same number of sides (33$)* 


PROPOSiriON XL 


379* Theorem* — The circumference of a circle ufhoee radius is 
I ie %n, the numerical value of n being approximately 3,1416. 



Dem.— W e will approximate the circumference of a 
circle whose radius U 1, by obtainintu^ ls% ^ perim> 
cter of the regular inscribed hexagimi 3d, ^ perim- 
eter of the re^ar inscribed dodecagon; 8d, the 
perimeter of the regnlair Inamlbed of 34 sides ; 

then of 48, etc, ^ 

In order to do tlds^lel ns find between 

te dhoid of mi ain j||i dwrd bf i M 

yndtun ItlSltt' d m me as 
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AB, ftnd the chord of half the arc, aa Clg a Now« BDO la right angled at 

D. wlKmcelS* alB* 4 BB *(g^ ar DO » >/§^W6\ BuUn IU« pWM«t 
am BO = 1 ; hence 00 « yT— Ihldilf 00 ftom CO, we have CO w t — 
V i — iC^ From the Halit angled triatigle BDC we have CB (or e) s? 
“l/iq’^reo^, or giilwlituUn?: i r for ?0, anil I - for CO.thIa ic 

daoeato c = y^jj— \ ®r, [S— (4-0*)*]^ 

By the oae of this formola, we make the following romputatloni : 


No (Iden. rom of r<nn|MiMtkin. Limeih nTMMo. rorloMter. 

6. See (97/) l.OtKHtnono fl.tlOQOOOOO 

12. f = ^2- M-i’ " Va- ■' .SITIKIHOB 0.211(B708 

24. « = |a-[4-(2-8')l‘}* - |2-(* + 8*y]‘ -r .20108288 0.20888729 

4J c^(3-{4-[8-(a + 8»)»Jf»)* 

-{2-|2 + (2f8l)>]t[‘ -r .13080020 8.27870041 

IHl <- = (3-{a + [2+(a + 8*)>]»P)* - .0(W4«HI 7 0.28806800 

102. <':^j3-(2+ ja + (2+(2 + 8*)>]*}')*|> . - ftTOTaiMO 0.88800510 

384. f-= ^2-[2+(2+ ]24 [■3+(2+8*)*]*}>)* I'}' .0IfC«t28fl 0 28811544 

708. « = (8-{8 + [24(2+{2 + |'8+(2 + 8*)|'P)*|'[')* . .<KIH18121 0 88816041 
It now appears that the flnit four dcMsimal figiirt-H do not change as the Hum- 


bc»r of sides Is increased, but will remain the same Am/* far softyr m pnmed, 
We may ther«»forw consider 6.36^17, as nfyprorxmaUty tlu* clrcmnferenco of s 
circlo whose radius la I, i. 2w 0.2^317, msarly , and t 3.1416, iifarlr. 

37^» *Srn.-“Thc symiKd ar is much ummI in mntlH'mfitirs, and signiAca, 
primarily, tfu »tmi-eirotmferenrr of a eirflc wfum rwUu» m 1. \n U therefore 
a symbol for a quailrant, W)'*, or a right angle. | sr is equivalent to 45% elc., 
the radius bedng always aupiKJsed 1, unless stntennmt is made to the contrary. 
The numeHoal value of ir has lM«n sought in a great varh ty of ways, all of 
which agree in tlie conclushm that it cannot Im* exactly expr/ MW'/l in <tedmat 
numbers, hot Is approximately as given In the proposiiicm. Fr<*ni the lime of 
Architiutlrs ILC.) to Uie present, much ingenioim labor Inin Is-i'ii iKwIowed 
u{>oa this problem* The most expeditious and eh^gant methmis of approxh 
matioo are fhmlahed the Cakulm. The following is the vuhie of n exUrndml 
to fifteen places of dedmala: 8.141 592658689798, 

FEOFOBmOB XIL 

374» !n$e&rmB^^T7$$ dreum/ermee of any circle 4$ tfrr, r 
being the radHuSm 

0«g.^T!hs citrpnmiaBiBWljif etrrhm hsing to sacB other aa their fadil, and 
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suaiEKTAinr flake geoxstet. 


%m Mng ih<» drrnmfcTf'ncc of a circle whoee radius is 1, we hare 
: eir<f, ; : 1 : r, wlicni o cirrf. =r 2*r. 

37^0 Con.— 77/^ circumference of a circk is nD^ D being the 
iiameier^ since Unr n^r = wZ>. 


AREA OF THE HBCLE. 


PROPOsmoK xm. 

373* Tlkeorem.— The area of a circle trhoMC radias in 1 , is n. 
I)KM.--Thi; nr«‘n of a cin*!#* ia | r x tireumfercnee When r = 1, dr- 

area if circle tchoee radius if 1 = | x 2ff = sr. q. e d. 


PKOPOKITIOK XIT. 

377» Tf$4*orem . — 77ie area of any circle is frr% r being (he 
tuiiHs. 

0EM.— Till* nr<*n< of rircUs t)dng to each other as the squares of their radii, 
ittd sr lieing the urt a ofu cin le whoso radius U 1, we have 

jr ; €imi of any drtU : : 1* : r*, 

WlMnoe arm of any circle - irr*, q. B. D. 

S78. Con. — The area of any se<(or is such a part of the arm of 
Ae oMe as (he angle af the sector is of four right angles, 

370* Sell.— -As the viihic of ft cannot be exactly expressed in numbers, it 
iAows that the* art?u cannot. Finding the area of a circle has long been 
losowa as the problem of Sifttarinff the OMe, A a, OntRiig a square equal in area 
iMi gdreleof given radiun. l>oubUeaa many hare-brained vblonaiiea or %no- 
llHiiiaea will sUH eontintio the chase aft^ the phantom, although it hoa long 
ago been demonstrated that the diameter of a drele aaid ila drcmiiifbmee are 
laeointteciaurablo. It Is, however, an amf aaatter to eooceiue a iquare of the 
aaaMi tom as any given circle. Thtm, kl Gunre be a foetmii^ whoia haae is 
aqiial to the clrtminhiresice of the drde, and whoae aHlMtkl^ Gmtidios; 
l^maak exatsdyeqiiid loOw f^ Kow* MWim W a a^ 

il|||aa 'ilda li a mean fwopaili ^ iM^eaa iha aldtaAaaid'haiaof^Ihlat^ 
Xmawoftlmafiaiyii'aaaed^ ^ 

'fV j'" 
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EtlBCISni. 

1. Sbow tiuit if a chord of a otrcle in ooncelTod to rcTolrc, Taryiag 
in length as it revolvers, so as to keep its extannities in the eiroiim* 
feretioe aiiile it consturitlj passes through a llxed jK>int, the rect* 
angle of its 8t*ginents iviiiaius constant 

2. The two sognu'utii of a chonl inter»i»ct«*fl hy atnither chord are 
6 and 4, and one >H«gineut of the otht*r chord is X What is the otl>©r 
•egment of the latter chord? 

3. Show lunv Piiop's I., IL* and III. may bo considered as difr«?r» 
ent casis of one and the same pro|K>sitioii. 

Suo*s.— By Ktatiiig Propositioim 1. and U. U»u», 7’A^ fnm 

mctiafi of th^ tine* to their inierneetwnt teiih the eitrumfrrenre^ wliat ftiUowst Is 
245, if the uxnnt AO l>ccc»in«« a tangent, what chH**! 00 bcHHunet 

4. In a triangle whose sides are 48, 30, and 50, where do the hisao^ 
tors of the angles intersect the sides ? 

5. In the last example find the lengths of the bisi^etors. 

0. Ileview the examples under (//if / /^t //•#), and" 

give the reoisions, 

7. In a circle whose radius is 20, what is the length of the arc of 
a sector wliose angle is 30*^? What is the area of this sector? 

8. If a circle whose radius is 24 is dividini into 5 parts hy 

concentric circumferences, what an? the diameters of the several cir- 
cles ? If the radius is r, and number of parts n ? 

0. JProb^ — To divide a line in extreme and mean ratio ; Uiat is^ 
90 theU tlte whole line ehall he to the greater mjmmt^ ae the greater 
Megrneni is to the /ess* 

H be proposed to divide the Uoe A8 In extreme and mein 
ratid* At one exiremity of the line, as 8. erect 
a perpendletilar e<|«al to half the line, that Is, 
make SO ss 4 A8. Wllii O ae a centre, describe 
a drcttailbrettoa p m iii g throngli 8. Draw AO, 
and take AC etfuat to AO. Then la AS divided 
in extiMtte and mean ratio at C, so Uuit AS : 

AC :: AC : CS* Td prove hf produce AO to C. 

Kow^ At : AS : : AS : AO (ASTX cr hy inver- 
sion, AS : AC :: AO : diriahio, AS i 

AC - AS (» At - 0(0 (di API (w: AC) ; : AD {m AC) : AS - AO (;x AS -- AQ, 
(orC^b tlMtla»ASiAC::AC:CS, 

11 
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10 . Pf^ 0 ^To inscribe a regular iemgm in a einhf and hmce a, 
regular pentagon, and regular polygom qf20, 40, 80, side$. 

SoLtjnoN.^DivIde the radltu iu extreme and mean ratio, aa at (at). Then !• 

the greater aegment ae the chord of 

Q a regular inacalbed decagoiit aa 
ABCD, etc. To prove lhi», draw OA 
and OB. and takiiig OM = or = AB. 
a aide of the polygon, draw BM. 
Now, OA : OM : : OM ; MA by con- 
atraction. Aa OM = AB, we have 
OA : AB ; : AB : MA, Hence, con- 
sidering the anteoedents as belong- 
le Ml ^ triangle OAB, and the 

consequents to the trinngie BAM 
we observe Uiat Uie two sides about the angle A. which is common to lx)tli tri- 
angles. are proportional, hence the triangles are similar {H42). Therefore, ABM 
la isoicchii, since OAB Is. and angle BMA cs A :r OBA. and MB = BA OM 
This makes 0MB also isosceUiS. and the angle 0 rr OBM. Again the exterior 
angle BMA .r 0 4 OBM r: 20; hence A, which e(}UAls BMA r: 20. lienee also 
OBA. which equals A. r:: 20. Wherefore 0 is 1 the sum of the angles of the 
triangle OAB, or 1 of 2 right angles. — iV <>f ^ right angles. The arc AB is, 
therefore the measure of of 4 right angle^t. and Is constHiuently of the 



To construct the pentagon, )olu the alternate angles of the decagon. To 
omtstmet the regular polygon of 90 sides, bisect the arcs subtended by the sides 
of the decagon, etc. 

11. The projt'cUoii of one line upon another in the game plane 
i« the distance betwwn the fot*t of two perpendiculars let fall from 
the extremities of the former upon the latter. Show that this pro- 
jection IS iHjual to the square root of the difference kdween the 
iquare of the line and tlie square of the difference of the per|>en- 
dioulars. 


IB. In the triangle abc» p being a periiendiciilar upon BA, prove that 



m 4* « (= e) : a + i : : a — 4 : m — n* 

State the fact as a proposition. Give the imees- 
sary modification when the pei|>eiidicular falls 
without the triangle. 


Boo, 1^ — m^as M - a*, wiieiioe a* M = i«» - n*. etc. 

18. The Ihfee Sides %t a tiiaiigk bring 4, S, aud g^ find the seg* 
mnts of the sid«b made bj a papondkiilar ftw the oj^ite 
Wl^ F ilia, m and 



snrofsia. 


let 

14, Sftmo ai aboTe when the miee ere 10» 4^ and 7, and Om perpon* 
diciilar is let fall fh>m the angle inclii4«d by the tides 10 and 
Draw the ilgure. Why is ene of the a^menU negative t 

15, What is the area of a regular octagon inscril^ in a circle 
whose radius is IP What is its {lerimeter? W'hat if the radius 
is 10? 

16, What is the side of an equilateni] triangle inscribed in a circle 
whose radius is 1 ? 
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Imnortsace of this doctrine. 

Paor. 1. Of chords. 

Paor. II. Of secants. 
pRor. IIL or secants and tangenta 

Prop. IV. How divide sides. 

Prop. V. Of exterior angles. 

Prop. VL Lcmgtii of in rclntioii to other parts. 
Prop. YU. All Intersect alone point 
Prop. VUL Of triangles. 


Prop. IX- Of jmlygons. 


r Or 1. As sqtmres oftliAgonals. 
J (hr, 2 . Itsgnlar |M> 1 ygons. 

\ CVr. U. An iiiuares of apoUiema 
[ Of. 4 . Of circles. 


Definition of rectification. 

Prop. X. Perimeters of 
similar poly, 
goo*. 


Of. t. Begular polygons. 

Or. 2. Circumferences as radH. 


Prop. XI- Rectification of ciremn- ) 
fisreaoe whose rsdinsv 
Is I. ) 


BIgniflcstlon and 
Importanoe of at 




Prop, XIL Oifcomfemice of any circle I ^ 

SB 2snr. I 

' Prop. XUL Whose tadlnais 1. 

Piior.Xnr. Ofanycirde. | ih, ctode 

i fM. To divide a Use ia axtfania and mcaa taiio. 
t Aaii. Tt>iataribaangidardacagon.cie. 
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BUEUamST BOLID OXOHSm. 


OH AFTER n. 

SOLID aEOMETRY.* 


SECTION I 

OF STRAICaiT LINES AND PLANES. 


PSRPENBICULIE AND OBLU^UE LINES* 

380^ Solid Geometry is that department of geometry in 
which the forma (or figurea) treated are not limited to a single 

plane* 

381. A Plane (or a Phne Surface) is a aurfhcc such that a 
itimight line joining two points in it lies wholly in the surface. 

Dut»«**^Tlie turface of Uie blackboard is designed to be a plane. To aseortatn 
WliaBiar it is tnilx m, take a nikr with a straight edge, and apply this eiigt in 
all direetiona upon it. If it alw^ coincides, a c., touches throughout its 
wMe kagUi, the surface is a plane. Is the surfhoe of the stoTe-plpc a plane? 
mu a sUalght line coincide with it In any dIrectionT Will It in 
dimUonf 


pioPosmoK I. 

383* Theorem. — Thr^ poinU not in iio mm otrmgki lim 
iWarmtns the pooiiion of a piano, 

l>nai.<— Let A B, and C be three points not In the Mine straight Use; thai 
one plane can be passed throng tlMBa»Mid onhr m ; i delenniiis the 

poiltlott of a plstte. 

OmmOni af B aaiiswftil'' le mo mrn; tmt. m 

Mft as IMS hsi lbs sS i M t sas sT s twn isl lir ma hsnr at* 



o» irflulwr vam jun» 


in 


For, fkiii a straight line throqgli anj two of these 
points, as A and 8. Kow, coiti^re any plane con- 
talaing these two points; then will the line passing 
through them lie whoUy in the plane Con* 

ceive this plane to revolve on the line ss an ants until ^ 

Ukc point C falU in the plane. Thus we have one 
plane passed through the three points. That there 
can be only one ts evident, shire when C lalhi in the 
plane, if it be revolved eittier way, C a ill not be in It 
The same may be shown by hrit paaaiog a plane thitnigh B and C, or A and C. 
There is, therefore, only one position of the plane in which il will eoutain the 
thin! point q. il t>. 

3S3* VoK, l.^Tlirough om Utie, or iwo poinin^ an injiniU num- 
ber of planes can be passed* 

3H4. Cor. inierseciing lines deimnine the pimiUon of a 

plane. 

l)KM.*~Por, the point of intemerllon may be taken as one of the Uireo points 
requisiui to determine the ixisition of a phuie, and any other iwo {Kituta.one In 
eac h of the lines, as the other two requiniiw j»oint*. Now, the plane passing 
through these |>oints contains the lines, for il C4»iitain» two |x>iata ineacli line. 



3Hfi. Coil. 3.— Two parallel Unes iMennino the posilion of a 
plane. 

Dkm.— F or, pass a plane through one of the parallels, and conceive it 
revolved until it contains some |H>lnt of the fw«cond parallel ; then as the plaai 
cannot he revolved either way fVom tills imslilon without leaving this poinl 
wUliout it, it is the only plane containing tlie first parallel and thb point hi tha 
second. But parallels lie in the same plane (88), whence the plane of the pas* 
alkrls must contain the first line, and the specified point In tlie sooond. Thert* 
fore, the plane oontaining the first line and a pidnt In the second is the plane ei 
the parallelt, and Is fixed in pemithm. 

386* Coe. 4.-^Th0 intersect im of iwo planes is a straight line* 

For two planes catmot have even three points, mt in itw mtns etrmght Uns^ 
common, much lew an Indefinite number, which would be required If we con** 
oeived the inlefaectkni (that is, the common points) to be any other than n 
ttimight Une. 


387. A jeerpmMeviar to a JPUme i« » Une wbioh i« 
perpea^ioahr to all Bnea of Sie plane peaning tbrongfa iti fmA, 
Convendj, tiw plane ia perpendicnlar to the line. 



p, 


Twmatmn, 

SM. Theorem.—A line which is 0 / 

« pUm, <U their intersection, is petpmdia^r to the plans. 

OiM^LetPObopeipeDdiculuto ABandCFstD; thenisltpeipeiidicnitr 
1p iM, tlM plus of the lines AB and CF. 

Let OQ be any other line of the plane MN, paasiog 
through D. Draw FB interaecting the three lines AB, 
CF, and 00. Prodnee PD to P', making FO = PO, 
and draw PF, PE, PB» FF, FE, and P'B. Then is 
PF =: FF, and PB = P'B» since FO and BD are per- 
pendicular to PF, and PD = P'D {f^S4y Hence, the 
triangles PFB and P'FB are equal {29Z ) ; and, if PFB 
be revoWed upon FB till P fiills at P\ PE will fall in 
P'E. Therelbre 00 has E equally distant from P and 
p^ and OS D la also equidistant !jt>m the aame points, 
00 is perpendicular to PD at D (130), Now, as 00 
is any line, PD is perpendicular to any line of the 
rio. m plane passing through its foot, and consequently per- 

pendicular to the plane (387). q. e. d. 



389e Con.—//* one of two perpefidiculars revolves about the other 
M an axis, its path is a phne perpendicular to the axis. 

Thus, if AB revolves about PP'as an axis, it describes the plane MN. 


raopo8mo?r m 

800 , Tfieorefna--At any point in a plane one perpmdicular 
mi i$ erected to (he plane, and only one. 

DsH.—Let It be required to ahow that oue perpen- 
p dicular, and only one, eaa be eiMid to the plane 

MN at D. Through 0 draw two Bm of the plane, 
as AB and CC, at right aoglea |o each other. CE 
bring pctrpendimlar to AB, 1^ a be oonoelved ae 
starting flrom the poeilta CD to iwrvdve about AB at 
an axis. It wUl lemaia pet|WBriloiila^ to AB {389), 
Conoidve it to have paawd to FD. Now, aa it con- 
ibam tinuea to levolve, FM dtariaiahie oootiniiooaly, and 
at the aaoMi rale aa FDC gioiie fliaimrt iMce, in 
of the mowing Hue, and in only one^aa W, WCwBI equal 
rac,nndra wiilbepeipeiidieK^ Thmfbt«»roii|ieii^^ 
two Bnea of the plane, mh h isn lytfytm 

t h at tie m ii M l i CT nlar wb iasiwi tt la *«***^^***>tMF ia ^ nlain (BSfek end ia the 

asOr ywynMwilir. %&». 
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S9tm fiym my paint in n p$rpm4icuiar (a n 

plana, obliqua Unaa ba drawn la lha ptana, tkasa whkh pima II# 
plana at equal dietanaea from tka foot of ike perpendicular areequed; 
and of thoaa which pierce the phna at unaqml diataneaa froofe iha 
foot of the perpendicubtr, ikoae which pierca at the ffraatar diaianm 
are /I# ffrmier. 

Vnm PD be a peitHmdieular to tlie plane 
MN,nndP£.P£\PE .and Pr ', be oblique Unoi 
piercing the plane at equal diataiicea £D. £ D. £' D. 
and £ ''D. fhim the foot of the perpendicular, then 
P£ sr PE =s P€" = P£"\ For each of the irl- 
angloi P0£« PD£\ etc., baa two aldca and the In- 
eluded angle equal to the corresponding |>arts In 
the other. 

Again, let £0 be longer than £'D. Thrn is 
PF > PE'. For, Uke £0 E D ; then PE PE , 
by the pHTtnllng part of thr demonstration. Uut 
PF > PE by ( iSaty. Hence, PF > PE', q. k i> 

392* The IneliiMtlon of a line to a platie ia tnoaittired bj 
the angle which the line makes with a line of the plane pausing 
through the iKiiut in which the hue pierces the plane and the foot 
of a per)K iultcular to the plane from any jioint in the line. 

ThiH PFO ia the inclination of PF to the plane MN. 

3fP3* Cor, l^The awjlee which oblique linen drawn from a com^ 
man point in a perpentUmlar to a phtne, ami pirreinq the plane at 
equal dinlaftcen from the foot of the perpendirular^ make with the 
perpendicular^ are equal ; and the inclhuUwnn of nneh linen to the 
plam are oquaL 

Thus tbe equality of the triangles, as shown in the demonM rath »n, shows Uial 
EPO « E PO a E' PO « E ' PD, and PEO - PE D -- Pt 'O . PE' 0. 

S04» Colt E^Conteraely, If the nnqlen which oblique Unaa 
d/rawn from a point in a perpendimtlar to a plane, make with tha 
perpendicular, ara equal, the Unae are equal, and pierce II# jdana at 
equal diataneaa from tha foot of tha perpendicular, 

Dkm.— T hus, In iIm Egvm. let DPE' « OPE'*; then PE' ^ PE** and OE* s» 
DE*'. For, leeoHw IMP Ub/mi PO ; OE* will oonitnon hi the phnie UN, and 
when angle DPE* ooliiddei wltlt lie equal 0PC*^ PE* ooinckka with PE*', and 
OE* witti or*. 






EtHmifTABT mHB OWfmXtBT 


m 

S 9 S 4 Con. 3.— Al»o, coDTersely, Bgual oblique lines from the 
earns point in the perpendicular^ pierce the plane at equal distances 
from the foot of the perpendicular. 

PE' =r- PE" ; Uicn Is OE' DE". For, let POE' revolve upon PD 
until E'D fHlU in £ 'D ; tiien, if DE' were less tlmo D£", PE' would be Ices than 
PE" ; and. if OE' were ^ater than DE ", PE' would Im? greater than PE". But 
boUt of ibeiw.' conclusions are contrary to the hypothesis. Hence, us DE' can 
neither he lesi nor gnrater than OE", it must equal it. This corollary follows 
also fWtni I 


(’ou. 4. — The perpendicular in the shortest line that ran he 
drawn to a plane from a point without ^and measures the distamx of 
Uie point from the plane. 


PROIH^ITIOX T. 


307* Theorem*— From a point without a plane one perpendic- 
ular can he drawn to the plane^ and only one. 

I)EM.«-Let it be miuirctl to show that oue perjwn- 
dicular can Ik) drawn from P to the plane MN, and 
only one. Take ABf any line of the plane, and con- 
ceive PO' jH'rpeiidicular to it Thnmgh O' draw EF. 
a Hue of the plane, perpendicular Ui AB. Now, if 
PO E = POT, they are ^th right angles, and PO' is 
{H*rpcmdieular U) two lines of the plane tmaatug through 
its foot, and hence per|>endicular to the plane 
If. however, POT doirs not equal POT, In the first in- 
stance, but POT < POT, conceive the line AB to 
move alont; the plane, continttlng parallel to ita 
flllliltive pnaition, to as to cause 0' to move towards F, tiiiut diminislilng POT 
and kcreaaing POT. At Uie same time obaarve that, If necessary in order to 
hmp PD‘A r: PO'B**. EF can move along the plane parallel to its first posiUoti. 
lldWi arPD F increasom luuHdng throngh all aaoMilvaTaliiea, and POT dlmln- 
Isbasin the same way, there will be tome poaitloii of PO', as PO, in wbleb 
PDF » POf, and as if hypothesis R>A' reindns s» POQ', PD becomes pmrpea- 
dlealar to two Uaea paaslng thnMin^ Us and hence pecpendtcnlar 10 the 



rto, m 


That there can hetmly one pmpandkadnrkefldettt,^iKMi;lf 
an PO' and TO, them would he two rtgiil angles hi Die triaiqtle TO'O* 


* Aecoidlaa te lbs coMiptieB bsie as 




PAEAtXlL UTSSm AKD VLAM^ IW 

398* Coa, — Thfifugh a gimfi pomi i» a line oiw» plane mn he 
passed perpendicular to (he Um^ am( onlg ene^ 

Dem. — L 4*t D he tUi* in th© lin© PO. Pmw two Hn«»i tlinnii^h D« m tP^ 
and A'B’, t**ch |>€>rpt»ndi€u1«r to PO ; llio |»iaii© of th«i© lino© i« porimndicuUr Ici 
PO. Mur«?o%'er, the n^qulred plan© aittat contain l»lh Uir««% liiit^a, for if It itaiwfd 
through 0 and did iw»i contain OP^ Uicrv would be one line of the plaftfi» il 
leant, whicli would tauw thnaigh O and not bo pcrp«>tuUctilar to PO. which li 
imiKiMHiblc. Henc<\ then* ran be no other piano than tlic plane of the two par* 
IK^ndirulam CF and A B’ which ahall be |»er|iemUcular to PD, through 0, 


PKoroHinoK VI. 

399* T7ilf?OP^ltl. — If from the foot of n fterjfendifmlnr (oa plane 
a line he drawn at right angles to ang line of the plane, and this 
intersection he joined with ang point in the 
perpendicular, the last line is per/wndieular to 
the line of the plane* 

Dkm,— F rom the foot of the ptjrjunidlailar PO let 
OE Imj drawn jK*rpcndlculur to AS, any line of llio 
plane MN, and E Jtdnc^ wiUi 0, any point of the jH-r* 
pcndiculnr : then ia OE perpendicular to AB. 

Take EF rr EC, and draw CO. FD. CO, and TO. 

Now, CO ;r: OF (?)♦, wheiice CO P0(?), and OE hfta 
O equally distant (Wnn F and C, and also E. There- 
fore, OE is perpemlicular to AB (?). c. n. 

400. Coil — The line OE measures ths shortest distance hetwsm 
PD and AB. 

For, if (horn any other point In AB, as C, a line l>o drawn to D, it is longer 
than DE (?) ; and If drawn from C U> n, any otlier {mint in PD than 0, Co It 
longer than C0(?), and consequently longer ttian DE(?). 



PAEALLEL Uim A50 PLAHEB. 


401. A Xdne is JParaUel in a plane when the two will 
not meet, how fhr sorjver they be prodiioeil. The plane is also said 
to be panUki to the line. 

♦Beminr Um mmm wiil Iw etim M eng sad taws OMwfc cn will be asstf in tadicaia last 
sm sisddm w to iiqgpir It. 
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MraMMiy Aiqr SOLID CHOIfllTST. 


FBOPOSmOH TIL 


ThewefKi^Onc of two paralM lines is pafoilel to every 
plane ^niaining the other, 

DKM.—AB being fMmUel to CD li parallel to 
1 eaxy plane MN containing CO. 

I Since AB and CO. are in tbe same plane 
and as the intersection of their plane with MN is 
4 CD {% if AB meets the plane it must meet 
it in CO, or CO product. But this is impossi- 
ble (?). Whence AB is parallel to MN. q. e. d. 


Fro, Ml. 


4o:t. ('on. 1. Throttgh any given line a plane may be passed 
parallel to any other gi ven line not t» the plane of first 

For, through any point of Uie line thropgh which the plane is to pass, con- 
ceive a line parallel to the 8 f!C/>nd given line. The plane of the two intersecting 
llncia is parallel to the second given ltnc(!>. 


Gon. S . — Through any point m apace a plane may he passed 
paraOel to any two lines in space. 

For, through the given point, conceive two lines parallel to Bie given lines ; 
then is the piano of those intersecting lines parallel to the Iwo given lines (f). 


pROPonmox tiil 

Theoremu^If one of tm parallels is perpendicular to a 
pikmt the other is perpendicular aleo* 


Dsif.--*Let AB 1)0 parallel to CD, ana porpendicntarlo the #u» MN ; then 
IlCD peipendicular to MN. 

For drawing BD in the plane MM, it Is perpendicular 
to AB(r), and conseqnentlp to CO (f). Though O draw 
EF in the plane and perpendiciilar to BO, and Join D 
with any point in AB,as A; Um la £F perpendkular 
to AO(r). Now. EF being pofpendioiiiar to two lines, AD 
and BDufthe plane ABDC|lspnrpendleitlar tothe plane, 
and henoe to any line of the plane pasaing throngh D, 
aa CD, Therefine CD la perpcmdicular to BD and EF, 
Wmorn. andoonaequentlytothep^MNCf), 




400* Gob. lines which are perpendieolmr to the same 

pkme are pamOel \ 

thoa, Ai and CD beinf penioiKileite* to th^ plant iMLM M 
MtCD^dimvaBim Oimi^BwhkdiMpllte By Iht ipp gpIll B tt ta ^ 

peiimaeulir to MM, imd henoe 



tiiwun* um AW fXAHis* 


m 


407« Coe. him paralkl io a third 

mt^in their own phm ar$pamU$l to eoA other. 

Dmi^U A0 and CO iro pmllel to they «re ptr* 
«Uel to cstch othor. Let MN bo t pltno poiiiim lhmi|fb 
CF ot f\ and to which CF b porpondtcuUu*; Ihott aroAB 
and CO reapeeti?e}y perpendiciilftr to MN (?X ud htMe 
parallel (TX <1- k. p. 
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PuraWA Plarum arc ouch m do not meet when indefi- 
nitely productnl. 


PROPOHlflON IX. 

409» Thr&renu — Two planen fttr^muHcuhr to the Bumo line are 
parallel to each other. 

Dkm-— F or, If they <?ouM meet in iiomo pr>liii, an 0. conceive* two Hiu't drawn 
(Voni 0, one In each plane, to the poitiU where the pertumdicnlar tdereea tho 
planet. We should then hare two llnea fW>m the aaitie ]>oint, (>erpi}iidkntlar to 
the tame linelt). which Is ImpoMlble. Hence, as the planes itannoi meet, they 
are parallel ic. P. 


PROmiTiOX X. 

410* Th€Orenu — If a plane intersect two 
parallel planee^ the lines of intersection are 
fHtrallel 

Dnic.<--Let AO intemeci the parallel planet MN and 
PO In AB and CO ; then la AB parallel to CD. For, if 
AB and CD could meet, the planet MN and PQ would 
meet, aa ermy point in AB la in MN, and every point 
in CO in PCI Hence, AB and CD lie in tlie same 
planet end do not meet how Cu* toercr they be pro* 
duced ; they are therelbre parallel q, a. p. 

4tl. Con^ParaOel lines intercepted Mween parallel planes are 
equal 

Tbm ACasBO if diey are parallel For, the intemecUona AB and CO* of 
Ihe plane of theee pmiMt. are paraIlci<?X and the fifuro ABDC h a paral* 
lekfram; wbeiioe ACsBO(fX 



pifKPwmox XL 

419^ line which i$ perpendicular to one of tm 

paredbd plemee» it perpendicular to 9m other aleo. 



ITS SEJBXBliTABf 0OtlD 


A8 bo perpeiKllcnlar to MN ; tben it it perpendictilftr to PO, paiml- 
tcl ui MM. For, pm two plmies tliroogli AB, and let 
CA, DB, and £A, FB, be tbeir interaections with the 
planes MM and PQ. Now CA and EA are {)er(>cndictt- 
]ar to AS (!) ; hence DB and FB l>etng imrailel to CA 
and EA (?) are perpendicular to AB (!). Therefore AB 
is perfwndicular to tw’o lines of the plane PQ, and 
conw'quenily to the plane (!). q. e. d. 

413. ( ’oil. 1. — Through any point out of a 
plane, one plane ran he passed paralkl to the 
given plane, and only one, 

Dkm.— T o pass a plane through B parallel to MN, draw the perpendicular 
BA B u{»on MN. Dniw any two lines in the plane MN, through A, as CA 
and EA. Tlirough B draw OB an<l FB parallel to CA and EA ; then is PQ, the 
plane of thm? lines, |>erjHuidteular to AB, and henc e parallel to MM. As the 
plane parallel to MN niUHi contain FB and DB, and as hut one plane can he 
paised through these lines, there can Ihj only one plane through B parallel to MN. 

414* The jyinUmee belween two paralkl planes at any paint 
i$ measured hy the perpendicular. 



Kia. MS. 



Pl«. SOS. 


•# A5. ( ‘oit. 2 . — Parallel planes are ercry^ 
where eijually distant from each other, 

A and B he any two |>oiiMs in the plane 
MN, and AC and 8D tin* jHTpemUculars from these 
])oints, let fall on Uie parallel plane PQ ; Uien are they 
lH»riK»ndtcular to MN hy Uie proposition, and since the 
figure ABCD is a parfdielogram (!) [a rectangle, also (!)], 
AC 80. 


PROrONlTlON XIL 

£10m Two angles lying in different planes, hut hatf- 

ing their sides parallel and exiefiding in the same 
direction, are equal, and their flams are parallel 

DRM.->Lel A and A' lie in tlie dlBbrent plaacs MN and 
PQ, and have AB parallel to A*B\ and AC to AX' ; then 
A - A^ and MN and PQ ore parallel 

For, take AD =: AIX, and AE c: A*E', and draw AA', 
OD', EE\ ED, and EX'. Now, AO being equal and par- 
allel m AX^ AA^ m OX (!)* For like moon :AA' 55: EE', 
tlia^aie EE* OX. Again, ate IE' and QX ore 
. tetefoly ponQiil to AA', thc^ m pteM «n ooch 
tenot ' IBMFE' la a ^ 

m rn im. Htittoe m teUMi APE fOsd - WV em 



9m,sm\ 
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nifttiuiUy eqailateral, and A, o|>|icMdte CO, it rqtuil lo A\ op^KMiie C O* «c|ual 
to CO. 

Aftln, the plane of the angle BAC, MN, it parallel to PQ, the plane of B'A'C*. 
For, let a plane W patted thmngli AC and n^Tolred until it h iMrallel to PB. 
It miiHi eiu 00\ which i« (laralltd tf> AA\ and CE', to that 00' ahall fn^ual AA’ 
and EE' (f); hence it mtiat paaa through O. 

4 t 7 . ('oh. 1 . — If t mi intermiinff planes be cut btf /mral lei planes^ 
the fvtfjhs fonii fit by the intererctiom are rqunh 

Tima, AB' tuni AE’ ladng cut by Uic parallel plains MN and PQ» AO it |mrallel to 
A'D' (?t, and Im*h in the Hame diriHiioii. and AE to AE*. Hciuh? BACj-'- B'A'C* (f^ 

4 is. (’oil.*.*. — If (he correspondhty ej/rMnifies of three epiai 
paralUl lines not in (he same pUtne^ be juinedt the trianyhs fanned 
are eyuaL nml their planes jmralleL 

ThuH, if AA' 00' EE‘, the tidet <»f the triangle AEO are Hptal to tho 
fihhii of A'E'O', siinr the hgtirea AO', OE', and EA' are parallehtgratiia (?), and 
the condlury conu*t under the pro|MMiitlon (T). 


rRoroioTioH xiil 

410. TheoreiU* — The rorresjmndiny sey- 
tnen(» of lines ent by parallel planes are propor* 
iiomiL 

Dan.-— I4<’t AB.CO ami EE Ik* cut by the parallel pbimw 
MN, PQ, RS, and TU ; then kn : Cm : : ah i tf . : t*B : /D, 
and A/f t Ei : : ah ,ik : : ^B : kf, and Ct : E< : : tf : ik : : 
fO :i^. 

For, join the cxtremitiea A and 0, and £ and 0, and 
conceive tlie InterHCCtloiit of the plane of A8 and AD 
with the parallel planet to be 60, hd, and ae, Tliete 
lines are paralkd (T), and Aa : Ar r. ah : ed . : IS :d0 {t}* 
For a ttmilar reason, Ce : Ac : : rf ; of : : /D ; dO (f). 
Whence, the conseqnesita of the piti»portlom» Indng the 
tame, the antccedenlt give An : Cm : : ah : hB ; /D, 

In like manner we can dkow that Cm : €i: : ef : ik : :JV : 
kf. [Lei the atudent give the details.] From theae 
propmtkiDi we hare Aa : Bt r. ah : £k :: hB : kf (f). 
B X- F* 



EXEBcam, 

1. Dengoftte anjr Uin« pointa in the room, m oim oomer of the 
dtUc, » on the atove, and •ome jioiiit in the oeUbitg^ 
bov fM eui ooBoehro the phme theM poiahk 
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8. Show the position of two lines which will not meet, end yet are 
not parallel 

8. Conceive two lines, one line in the ceiling and one in the floor, 
. which shall not l>e parallel to each other. What is the shortest dis- 
tance ))etwcM]!n these lines? 

4. The ceiling of my room is 10 feet above the floor. *1 have a 12 
foot pole, by the aid of which I wish to determine a point in the floor 
directly under a certain point in the ceiling. How can I do it ? 

Bco.'-'ConsuU I*bop. IV. 

' 5, Upon what principle in this section is it that a stool with three 
legs always stands Arm on a level floor, when one with four may 
not? 

0. By the nso of two caq^ntcr’s squares yon can determine a per- 
pendicular to a plane. How is it done ? 

7. If you wish to U^st the j)erpendicularity of a stud to a level floor, 
on how many sides of it is it ncM^essary to measure the? angle which it 
makes with the floor? By applying the right angle (»f the carjien- 
tor's Sijuare on two sides of the stud, to t<‘8t the angle which it 
makes witli the floor, can you determine whether it is iwriiendicular 
or not ? 

f , a Wo see in straight lines. If a line^ be placed between our eye 
and a surface, it covers a certaiu space on the surface ; this figure or 
^laee is said to he the projecHon of the line on that surface. Ufwn 
what principles in this section is it that the projections of straight 
lines are straight ? Why is it that tljie projections of parallels which 
aca parallel to the plane upon which we see them projected, are 
pa^lel, while parallel lines which are inclined to this plane are pro- 
jaoted in oblique lines ? 

9. If a line is drawn at an inclination of 23^ to a plane, what is 
the greatost angle which any line of the plane, drawn through the 
point where the inclined line pierces the plane, makes with the tine? 
Oan you conceive a tine of the plane whkdi makes an angle 110^ 
with the inclined line? Of 80®? OfM®? 01170®? 

nfsuieiil whould mmke Ilk# gynsyMm. 

• TlMt«isi,nust»Sm« 0 «dlnltioaae«iiai(Nie^ urn 
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SECTION II 

OP 80UI) ANOLSa 


420. A Sotid An^fle l« the oiH'ning l)otw«>n two or more 
planee, each of which iiiteraecta all the otht?ra The liriee of inter* 
s#*ction are calknl Edge.t^ and the planee, or tlie portion of tin* planea 

tlie where there an* nion' than two, are called Fama* 

42 1. A Angle, or simply a Dmlrnh is the opening 

lH-iwix*n two intersecting planes. 

422. A Polf/edtal Angle, called also simply a Polgedraly is 
file o|K*ning Ixdween three or mon* planes which intersec t so as to 
have one common point, and only one. In tin* case* of three inter* 
s<*cting planes the angle is c‘alled a Triedrat, 1'he point cvimmon to 
all the planes is culled the Verifjr, The plane angles enclosing a 
jH>lyedrul are the Facial angles. 

423. A Diedral (Angle) in meanured by the |)lan** angle inclodad 
by lines drawn in its faces from any pfunt in the <*dg<s and {HTptn- 
dicular thereto. A diedral angle is called right, acute, or obtnaOt 
according as its measnre is right, acute?, or ohitist*. Of course tha 
magnitude of a solid angle is independent of the distaiic;es to which 
the edges may chance to lie produced. 


lLi/s.->The o{)ciilog between the two pUnai CABF and OABC U a DMM 
(angle). AB k the 


Edge, and CABF 
and OABE ate the 
Ffwe$, Let MO 
He in the plane 
AF, perpendienhur 
U> the edge; and 
NO in AE, and also 
perpendlcnlar to 

plana na(^ WON 

is m mumarndl 




jne.m 



tlin dMmt A dlcdnl be tead by tb# Iscien on the edie« wlM fbetn 



1,W mnoBBcm boud oBOMsrBT. 

voidd be no ambigidqr. or otherwise by these letters ih ei|^ ^0} 

ttw, die dtediBl In («) may be designated as AB, or as ^ 

In we liaTc a Triedral (angle^ The *dge$ are 8A, 88, and SC ; the jbMr 
ASS, WC, and A8C : the faeial aitglM nre ASB, ASC, and BSC ; and 8 Is the 
mt». Snell an angle, and any polyedial (angle), may be read Iqr naming the 
angle at the vertex, when there would be no ambiguity, or otherwise by naming 
the letter at the vertex, and then one in each edge ; thus S-ABCOE designates 
the polyedral (e). The opening between the planes is the angle, in each case. 


OF DIEDRALS. 


424. A Diedral may be considered as generated by the revolntion 
of a piano about a line of the plane, and hence we may sec the pro* 
priety of measuring it by the angle included by 
I [ tw<» lines in its fa(?e8 jKT|HUHiicular to its edge, as 

stated in the jireeeding article. 



fm. tn. 


If.f. — hot AB Imj u line of the plane CB. Conceive gB 
|MT|vn(licular lo AB. Now, let the plane revolve upon AB 
as iin axiH, whonce gB doHcrIbes a circle (V) ; and at any p^wi 
litMi of tin* revolving plane, m /BAF, since /B.V measures Uie 
amount of nwolution, it may he taken as the measure of the 
diotind /-BA-^. When f/B has made J of a revolution, the 
piano will have made | of a revolution, and the diedral will 
la; nw;lil, 

foh . — Opposite diedrah are equal 

7'ii(is, if C-AB«0 is meuaurecl by MON, oABti U measured 
by llie c(|ual angk nOm. 


PROFOSmON 1. 


K 


4941* line in one face of a right diedral^ per- 

prndtcftlar to its mige, is perpendicular te the other 
face. 

l)icM.**.ln Oie fhee CB of the right dledral C-AB4>,lel MO 
be iwribemlicalar to the edge AB ; tben la it perpemdlGitliir to 
the face DB. For, draw ON in Ibe fiica OB, and pwpwtfedlctt- 
lar to AB. Now, riiica tim diedtal ii righh aii^ 
urea Ua angle, MON ia a right angle; MO 

dicttlar to two tinea of the plane OB^aiMl i 
pendloitar to the plane. 
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4)37'. Coiu— ConTeweljr, If one plane eon/ain a line wkiA ii 
perpendicular to another ^ne, the diedral ie right. 

Tints, if MO is perpetttiiculsr to the plsne DB, C»AB*D is « Hjarlit diedmt. 
For MO IS |H*rpendtculAr to e%’«rr iiite of DB passiair Ummirli its fiml (f); snd 
hence is t>< rp^tuiiculsr to OH, drawn at ri|(lil anitleii to A6. Whence C«AB*D is 
a right dicilral. for it is measurad by a right plane angle. 


PROIHIHITIOX II, 

4280 nieoi'ViHo — If tfro pltntett are prrpfHtiieuhr to n thirds 
their inft rtifu (inn is iH rpt ndit'utar to the thii fl i>htnt\ 

IlKM.—IfCO and EF are jwrtHMidinilar to tin* plane 
MN, then is AB p« rpendicular t<» MN. For, EF In-ing 
|>crp< ndic\il ir to MN, D*FC*E is a right dicdnil, and » 
line in EF and |H'r|M Mdii'ular to FC iil B Im p< rpendinilar 
to MN . al>(o u line in the plane CD, and perpendh ulnr io 
DH at B, W perjMMidicular to MN (?V Hmcc, ny» ihriv 
can Im* one and only one ]M*rtMnidicnlnr hi MN at B, ainl 
m this pcr]M*ndiculur is in lK)th planes, CD and EF, it is their InterMecdon. 
ii K r>. 


(' ‘ 

^ ‘C 

M 


1 . 

1 r- 

0 .'7 

0 
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PROrasiTHlN III. 

4 * 3 {)o T 7 ie*Oi*eiHo— I/fr’oiti any point p^rpendinthn's hf‘ tirawn 
to the fair H of a diedral anyle, fla ir inrlmlrd nnyle trill In' (hv supple^ 
mrnt of (hr antjh trhirh m*a.HurrH tfa dirdral^ or rt/ttal to it, 

Dem. — lA*i BD and AO be any two planm ineiuding the 
diedral A-SD»B. then will two rm<*s drawn Iron) any jiolnt, 
fHTpendicnhir to Uiesc planes, include an anelc whieh is the 
supplement of the measure of the diedral, or f«|ual u> it. 

If the jwdnt fttmi which Uic linirs are <lrawn in not in 
the cdgtj SD, we may cmiccive two lines drawn through 
any point, as S, in Uiis ctdge, which shall Ih* parallel to the 
two proposed, and hence include an e<pml angh*. and 
have Ihclr plane parallel to the plane of the profKwrd 
angle (4W), Let the latter Hoes Im» SO and SP. We are 
to show that OSP is supplemental to the rnea^nre f>f A-8D*B. 

A plane passed through S, perpendicular to the edgi* SD, 
will contain the lines 80 and 8P {eiHH ) ; and its intenMro 
tions willi the fiiees, as $B and SA, w ill form an angle 
(ASB) which It the measare of Ujo dhMlral Now, 

PSA » 4Sft%A<m^(!), cad 08 B = a right angU (f). Hence, 

P 80 end ASi m efthcr sqital or sapplementcl (283). 

q.m. a 



rw. sw. 
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43 O 0 Triedrals 
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are hectangular^ Birectangidarj or Trirectan- 
gulavy according as they hare one, two, or three, 
right diedral angles. 

Ill’s.— T he comer of a cube is a THrectangular 
triedral, as S-ADC. Conceive the' i^er portion of 
the cube removed by the plane ASEF ; Uien the angle 
at S, {. 8>AEC is a MrectarigvJtar triedial, A-$C>E 
and A-SE-C being right diedrals. 


4.7 /• An iHOHceles Triedral is one that has two of its facial 
angles equal. An Equilateral Triedral is one that has all 
thm* of its facial angles equal. 

4fTJ, Tiro Symmetrical Triedrals are suoli as have the 
facini angles of the one equal to the facial angles of the other, each 
to each; but in which the equal facial angles are not similarly 
situated, and hence the triedrals are not necessarily 
capable of superposition, 

Ili/h.— L et the edges of Uio triedral S-ABC, be pro- 
diK^ed lH*y<)nd the vertex, forming a second triedral S-abc; 
then arc; llie. two triedrals symmetrica], ». <•., the faces 
ari‘ e(|ual plane angles, but disposed In a ditferent order, 
'flius, ASB = «S6, ASC = aSr, and BSC = bSc ; but the 
triedrals cannot be made to coincide. To show this 
fact, conceive the upper triedral detached, and the face 
ttSr placed in its equal face ASC, Sa in SA, and Sc in SC. 
Now, the edge iusteail of falling In SB will fall on tlie 
h'ft of the plane ASC. 

Symmetrical solids arc of frequent occurrence: the two 
liands form on illusiration ; for, though the parts may he 
exactly alike, Uie hands cannot l)e placed so that their 
like parts will be similarly situated ; in abort, tbe left 
glove will not fit the right band. 

#,7,7. Two triidnils are Supjtletnentary wbeu tbe edges of 
one ore jiorjiendicular to the faces of the other. (See ^tSSo^} 
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43#. Theorem,— Tht mm 0 / amg two V « 

4brml i$ greater than the thirds 
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Dem —T.i:* proposition nmb diMnonstmlion only in 
tune of tlie sum of the two stnnllor fiicial nngles as com- 
pared with the gralett (?>. Lui AS6 and BSC each be less 
than ASC ; then is ASB -f BSC > ASC, For, mahe the an- 
gte AS/» r= ASB, and $F sr SA, and pass a plane through h 
and b\ cutting SA and 8C hi n and The two iHanglfanS^ 
and aSF are etiual whence oft' ss Now, 4»6 -f > ae 
(?), and subtracting nl thorn the drat member, and its e<|ttal 
a^' from the seoond, we haw he > d>. Whence the two tri- 
angles bSe and d'Se hare two sides equal, but the third side 
be > than the third side Fe, and consequently angle hBe > 
^'Sc. Ailding ASB to the frmner, and its e<|ual AS6' to the 
latter, we have ASB ^ BSC > ASC. q. s* u. 


$ 
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Colt — The difference heftccen nny two facial angtee of a 
triedral ie lese than the third facial angle (?). 


PROrOHITlOX T. 


430* nheorem* — The earn (f the facial angke of a triedrat 
mag he anything between 0 and four right angles. 


ASB, BSC, and ASC Ik* the fiirial angles 
eiH'hming a triedral; then, as emdi muHi have some value, 
Uh? sum is greater than 0, and we have cmly u» show that 
ASB f ASC ^ BSC < 4 ri(;ht atajleM. IVcKluee either 
edge, as AS, to 0. Now, in the trHlnil S BCD, BSC 
< BSD ^ CSO. To each mctnljer f»r thU ine'^pmlity adft 
ASB 4^ ASC, and we have 

ASB -K ASC 4^ BSC < ASB 4^ ASC 4^ BSD ^ CSO. 
But, ASB 4- BSD » S riglit angles {% and ASC > CSD ::r 
2 rigU migtm; whence ASB 4- ASC 4- BSD e CSD — 
4 H&ki emt/tmi and conitqoently, ASB 4 ASC 4* BSC < 
4 right angim, 11M.SK 



PROPOSITIOS TL 

437m ThMrem^Two iritdrah hesping the facial anglee 0/ the 
one equal to the facial anglee of the other, each to each^ and eimilaedg 
ofTtmamL are eauoL 
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c— In the tricdrals S and let ASB = at/j, BSC = and CSA = em; 

and let these facial angles occur in the same 
order, then is S-ABC = s-adc, 

/ \ Take C, any point in SC, and make serrSC. 

n\ / \ and draw AC and BC |>erpendicular to SC, 

/ \ / and and ^5 perpendicular to «c ; then AC B 

j 7 ^ / \ nieasuiKJS the diedral A*SC*B, and ad) the dic- 

/ \ / ^ ^ ^ a-m h. Now the triangles SCB ami neb 

/ ' ^ ^ are mutually etptiangular (?) and have SC 

' $e\ hence SB = and CB = cb. For a like 

reason AC = ac, and SA = m. lienee AB ™ 
a6(?), and the triangles ACB and (ud* art; equal (?). Now, since angle ACB, 
; the diedral A-SC-B, equals aiigle measuring the diedral o-xc-ft, 
die<1rH)H are equal, and can he applied to each other. Applying these 
dledrals, since angle ASC r: tvue^ and BSC hut., the edges AS and an coincide, 
IN also do BS and bn, whence Uie tricdrals coincide throughout, and are conse> 
quently e<{Ufil. q, is. d. 


ritomsiTioN VII. 

4f9A« Theorenu -(>/ ttm Hupphmeuiary iriedrah, fh$ facial 
Hgks of tke one arc the supplements of the diedrnh of the other. 

" Let S-ABC Ik? any Iricdral ; if a s<*t‘oud trledral Ik? fonmnl with its 

edges iwrpiUuUcular to the tares of 
S ABC, one to each face r<?speci- 
ively, then are the facial angles of 
the one, supplementa of the die- 
drals of the other. 

If the vertex of the iML*cond irie- 
dml is not at the vertex of the Rrst, 
we may conceive a tne<lral formed 
by drawing three lines thry^tigh the 
vertex S, as S£, SO, and SF, paral- 
lei to the edges of the ghren Urk- 
dral ; then wQl these edgea be i>er- 
pendicular to the same planes as 
Pro. 9 ^, the edges to which they are paral- 

lel {4M), and hence Uie angle 
thus Ibnnod (S^EDF) will be a triedral supplemental to SrMCi4M% tim\ 
the fitclal angU?s of the two having their edges parallel wUl beeqnil ( 41 ^ end 
consequently the trioilrals equal {4S7^ Now, SE being pei^MHi^hmite Do ASB, 
mi V to ASC, angle ESF is supplemental to the #edml In 

l&e m e aner , SD helag perpeadlenlir le iSC» OSI le eeMlinHM^ 
niidO$FloA45C.B. 

Thee we have shown Smt the iMMaellsaet 
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of the diednls of S^8C We ate now to that Uie facial aojclea of 

S*ABC arc «ui»pk‘ment» of the tlkxlrah of S^EDF ; i. thut ASB b the mipN 
pleinent of D*SE F, BSC of E SDT, aiul ASC of D SF E. Siiu'c SE b by by- 
pothcab |HT|M*mU<nibr lo ASB, it b jH'rp«Midiculttr to AS {*tS7 ) ; anU aiiUH? SF 
b iH*rp<*n(licular t4> ASC. it is |H*r|HMit!inilar to AS IIciuhsj AS b jwr^ 

IK’iiilicular to the face FSE {h. In like manner we may kUow tliai SB b jH'r» 
p<riu)ictt)ar Ut DSE, and SC to DSF ; whence it follow** fh»m the prcTtnUiiit |>art 
of the dciuonstraticni, *ir iUrertly t>x»tn that angle ASB ta the iuppio* 

nient of D SE F, BSC of E SO F, and ASC <*f 0 SF E. 

S('n. — If any etlge of S-FDF, an OS, b pnaluml beyond S. another 
truximl b fonned which liaa iia edgea {lerpendicular to the faei*ii of S^SC. 
TU'i» in all 4 triiaimla can be fiimied with their edge# |>eriwiidicuhir to the ftlctw 
of S ABC ; but the proiioaiiioQ holda only for S-EDF. 


PROrOSiTIttX VIII. 

4 *tfK Thf*Ovent^ — Thv aum of Hn' dudralA of a irirdral may b$ 
nntjthiny b*:ftvt'on fttup a fid .•i/V rif/bf nmjlis. 

f)KM.— Each diednd being the Knp|ih^mmt of a plane auglt* of the rupple* 
no fjhtry lri< <lral, llie Ktun of the three diedrab i» d limes •* right iinglea, or 
6 liffht itm/i'tM - f/ic $Hm of (ftr nnfjltn *>/ thr MtipfUrinmOiry trmlml. Ibil thb latter 
»uin may he anything between 0 ami 4 right angh’M lienee the aunt of Uie 
di(M.lraU may lie anything Ulwceu 2 and 0 right angleM. <t' ^ b. 


PROl^OHITION IX. 


440* Theorenu — A n inoncekn (rmirai and its nym^ 
metrical triedral are equal, 

Dkm. — IjcI S’ABC be an boaerdtja triedral with the faelal angle 
ASB ^ BSC; then if it equal to ita at'rnmetrieal triedral 5 

For. refoWe S*tiAe about S until S6 falb in SB, and bring the 
plane Slbi Into the plane SBC ; tinrn, smci* tim diedrab C SB A and 
are oppoaite. Ihey are equal and the jilano Site will 

fall in SBA. Mareorer, Sa will fall lo SC, ainrre angle BSC ASB 
(by bypotheab) a? ASa (mtkal to ASB). In like rnaancr Sc will 
fall in SA, and the trlcNimli will coifidde, and an* tbcrelore equal, 
q. E. D. 



dhii* Bo».«*lf ingia ASB la ant eqnal to BSC, It b eaay to aee that the ap 


« fliwuli ghepilO have Mealqr In ptmirtag tet«. Ut frim noUce that C8Baa4 «8A an 
pana eteaaaiiAlfeeaMnt plana taiia ASB and aSAartriiartiicifatMaiiw. Kow AB b tha tolaa 
aaatiwaaf ttaiijilMiii, aai ilwdiaiiala wanttoead art an appoatta widm«f thb Hnaellaiap 
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pUcatioti will fall, notwithstanding tho diedrab are equal, and the triedrali 
•jnmnetrical. 

442. CoK. 1. — The diedraU opposite the equal facial angles of an 
isosceles triedral are equal. 

The dledral IhSa-e = B SA C being opposite, and IhSa-c = 6’SC*A os shown 
in UiC demonstration ; hence B-SA-C = B*SC*A. 

443 . ('or. 2. — ('onvcrsely, If ttvo diedruls of a triedral are equal, 
the triedral is isosceles, 

Daii.—If B'SAC = BSC-A, S' ABC is Iscmcehjs. For, revolving S-abc as bo- 
B>re till the facial angle aSr, fulls In its equal (?) ASC, since the diedral B-SC'A 
= B*8A*C (by hypothesis) ainl the latter equals its opposite A-Sa-<r, the plane bSa 
will Ihll in tlie plane BSC ; aiul, for like reasons, the plane ISc will fall in BSA. 
Kow, as thea<! planes eoineide, their interst'Ctions S6 and SB coincide, and the 
trietlrals are equal ; and the faehil angle BSC =: hSa. But bSa = ASB (?); hence 
ASB = BSC ; i. <?., the triedral S ABC is isos< eles. 


PROPOSITION X. 


444. Theorem. — T/ro summetriml friedrals are equivalent. 





Dkm — S-ABC is equivalent to its symmetrical 
triedral S-<iV. 

For, let ffD be so drawn that Uie angles DSA, 
DSC, and DSB shall In* equal, and consequently dSa 
xr: (/Sr — f/SA, and the latter rwq>ectively Huinl to the 
former. Then the isosc'eles symmetrical iritHlml 
S.DCB - S-deft, S-OCA = and S-AOB = S^k/*. 
Wh<‘nc« the polyedral S*ABCO = S^Mbed. Now. 
from the former anUtractlng 8^DB, and fnmi Uie 
latter S-odA, there remains S*ABC =s S^be, q. e, v. 

44l$» Hcii fell within the given trieilrato, 

they would be made up of the three equal 
tricdrals, and hence equivalent 


4i40. Ttseorens. — Two triedrals wkick kam tw$ facial angles 
and iks included diedral equal, each to sack, are equals o 

Hbk.— I f the equal feces are on the t|iiie ildsft of the ^Mnd in the two 
tdidiwlst the oim agure am be H>pUed ^ madUthsffsman^dksmi 
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tide*, the edges of one tHedral may l»e }m>ducetl, forming the symmetrkmi tri 
edml, to wtiich Uie otlicr given tricHlral may he applied. [Let the student coo- 
struct figures, and go through with the applicatiou ) 


PROPOSITION XII. 

447* Theorem * — 7'tro fr ini min whir it hatr two dmirnh and 

thr i fu holed far ial a/o/lr npnii, arc c/jual, or M/pnautrira! and tt/uitffh 
IfUf. 

Dkm — jSame as in lh«* pn*ceding. Let the Hiinh-ni dnnv fiifurt^a like thosit 
for the pr* r(‘ditig, and go tlirough with the details ol tiie iipplieatioii,] 

44f^* < — h ft'il! he ohserrrd that i;i equal ar in Hpppimelriml 

iriedrah, the equal facial angles are ojquisite the equal diedrals. 


PROPOSITION XIII. 

44fK Theorem* — fwa trinlrals whieh hair hro fatiPtl anglem 
of thp' (Oic equttl to two ftrial apojles of the idhei\ each to each, and tl$s 
inrhohd diedrals uupufuah haer (he third facial angles uuequah and 
the greater facial atif/le helougs to the trivdral ha ring the greater ith 
f 'holed do dj'aL 


— Ud ASC *r tote, and ASB ont,, 
wliile the die<iral C-SA-B ei»a h', ihi'ti CSB 


s 

> 


s 


For, make the <li<Mlr«l C'SA-<; nmh ’. and 
Uiking h&f* hitieet tliir diedrai SA*B with 

llie plane ISA. Draw wl and <#C, and conn ive 
the planes tfSI and oSC. N<»\v, the triedral 
S-A/?C r= since Uicy have two facial nogh s 
aivl the inchidtMl dlf^lnil wpiai \440i. V*a a 
like r4*as«m S»Ak» xr S^IB, and the facial nngU* 
r>SI tre ISB. Again, In the iriedrul S*I*C, «SI ■* 

ISC > oSC i4S4h nnd auliatituting iSB lor oSt, u i 
eSC, or its equal ibe. Q. B. d. 




Km* 

• liave ISB ^ ISC (t*f BSC) > 


4f40* Cor. — C onver^tdy, If the Itvo facial anglen are eqnaf each h 
each, in the two (riedraU, and the third facial nugkn vnequal, ihe 
diedral npprmie the greater facial angle in the greuteT. 

That is, if ASB = (uh, and ASC ~ auw, while BSC > h>e, the die<lral B«AS*C 
> tHuoe- For* B*AS^ ss BSC = iMt {440)^ and if B*AS^ 

BSC < by tbs proposition. Therefore^ as B-AS^C cannot lie equal to nor 
less t!Mui it nmil be gmter. 
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PROPOSITION XIV. 

4 SI 0 T7teot*etn>» — Ttvo irmlrah which have the three facial 
anglee of the one equal to the three facial angles of the other, each to 
^$ach, are equal, or symmetrical and equivalent. 

Dkm. — L cl A, B, and C represent the facial angles of one, and a, b, and c the 
correftponding facial angles of the other. If A =r 
rt, B ™ 6, and C = r, the tricnlrals are e(|ual. For A 
being ecpial to a, and B to if, of their included dic- 
druls, SM were greater than sm, C would be greater 
than e \ and ifdiedral SM were les.s than diedral 
m/i, C would be less than r, by the hist corollary. 
Hence, jus iliedral SM cun neither be greater nor 
less than <liedral it must be <‘(juul to it. For like 
reasons, diedral SN ditulral xu, and diedral SO 
rr: du'dral m. Therefore, the triedrals are cfjual, 
or symmetrical, according to the uiTungement of the fmu‘s. Thus, ii SN ami m 
an* ImU.1i eonsidered us lying on the same side of tlie plant's MSO ami ^/wr>, tlie 
triedrals are ettual ; hut, if one lies on one side ami tin* other on the opposite 
»ide of those phineH (SN in front, atid nn l.H.‘hind, for example), Un< diedrals are 
iymmotrical, and iience cquivuleut. 



PROPOSITION XT. 

4S29 TIi4^0Penu — Two triedrals whirJt hare the three diedrals 
of the one equal to the three diedrals of the other, each to each, are 
equal, or sytumet rival and equivalent, 

Dkm.<— I n the two trifnlmls fuipplnmontnry to the given triedrmla, tho facial 
anglcn of the one will )m^ tHpial to the facial angles of tlie other, each to each, 
since they art* sui>plemeiite of <s)ual diedrals Hence, the supplementary 

triedrsls are et)ual or ot|uivalent, by the last proiKMsiUon. Now, the facial angles 
of the first tritnirals an* supplements of tlie diedrals of the sopplementaiy ; 

the corrf*s|Minding facial angles, being the supplements of et]aal diedmls, 
aio equal. Tlierefon*. the proposed tritxirals have their facial angles equal, each 
to eadi, and are consetiuently equal, or symmetrical and equivalents q. E. D. 

Cor. — J// irirectangular triedrals are equal 

4S4* 8ch.<— T lie proof that two forms are equal, includes the laei thai eoe- 
responding parts are equal 
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OF POLfEDRm. 

A Cotu*rjt Polyedrut a in winch none of 

tht‘ faces, when priHlnced, can enter the solid un^le. A mrction of 
such a |H>lycdral made hy a plane cutting all its edges is a convex 
|>olygoii. 1 Sw Fi(f. 


FR01M>SIT10N XVI. 


/(U'idl ttn^kn of any eonvtisx 


I.< l Ihi* n]j;e« of this 


s 

% 


4vTf?. — 7V/e sHiH (f the 

potyedrut is U'ss than uni r riyhi amfus, 

Dk.h - L' t S he the vertex of any convex polyettrnl. 
polyedrul he ( Ul t*y any plane, as ABODE, whii h ni t tt»>n 
will he a eunvi X jM»ly>;"n. niiice the polye«|rul i.t e«»u\< v 
Kmiii any pt«int w ithin this polv’JTon, uh 0, ihuw lintH to 
its veriieo, us OA, OBf OC, et<‘. 'I'here w ill llm.s he Im tned 
two sets mC triunirles, one w ith their vertiees at S, and 
the other with tln ir v»Ttje<'7< at 0; ninl there will Im* an 
e<jt»ul nuinher in each net, for the Mides of the )n»lyyi>n 
form tin* huHoa of both win. Now, the num of the anyh s 
of one iM*t of thm* trian^^le« i« rxiual to the «urn of the 
an/^lcH of the f»ther set. But the anrn of the aiiKh'H at the 
liuHefl of the irlanj^lefi havini' their vertleea at $ ia ji:^reiiter 
than the atiin of the atiiriea at the littaea of the tnnnf^lea t o, 

havittff their vertirvra at 0. aiiice 88A 4 SBC , * ABC, 

SCB 4 SCO > BCD. etc. (•#//*#). Therf*fore tlu^Muin of the nniKden at S la leaa 
than the aunt of the angh^i at 0, i. r., letat than 4 H^ht an^leM. i.. t>. 


\ 

; N 

'\ 

. \ 


\ 


0 


c 


EXERII.SRH. 


1. I have an iron block who^e corner.H 
are all s^juare (fxiges right dicdndjt. and 
tlie vertices trirccUngulur, or right, trh - 
drals). If I bend a wire fKjuan.* urruimi 
one of its cd^o% us eSV/, ut what uncle do 
I Ixnd the wire? If I bend a wire ol>- 
liquely urotuul the ♦^ige, a« oSh, ut what 
angle cun 1 l*i*nd it? If I bend it ot>- 
liqucly, ws eS"ff at wliat angle <htn I Ixjud 
it? 


T"' 

a 


i 


cu 






'C' j 




Vm. m. 
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4 2. Mg. 286 represents the appearance of a rectangular parallelepi- 
ped, as seen from a certain position. Nov, all the angles of such a 
solid are right angles : why is it that they nearly all appear oblique ? 
Oan you seo a right parallelopiped from such a position that all the 
angles seen shall appear as right angles? 

8. The diedral angles of crystals are measured with great care, in 
order to determine the substance of which the crystals consist How 
must the inciisure be taken? If we measure obliquely around the 
edge, shall we get the true value of the angle? 

4. Cut out any tricdral from a block of wood (or a potato), and 
stick tlirco pins into it, as nwir the verto.x as you can, one iu each 
face, and |>(*r|)endicular to that face. What figure do the three pins 
form ? What relation does the angle included iK-dw'eeii any two ad- 
jacent ]>ins sustain to one of the diedrals of the block ? Which ones 
are they that sustain this relation? 

8. Can thn‘e planes intersect each other and yet not form a Irie- 
dral angle ? In lu»w many ways? Can they all three have a common 
jH)int, and yet not form a triedral ? 



Fi«. as*?. 


0. From a piece of pasteboard cut two figurt'S 
of the same size, like ABCDS and abah, 'Fhen 
thawing SB and SC so as to make 1 the largest 
angltj and 3 the smallest out the pavSteboard 
nlmo.st through in Ihea* lines, so that it will 
readily bend in them. Now fold tlie edges AS 
and OS together, and a triedral will be formed. 
Frt>m the piece bimh form a triednil in like 
manm*r, only let tlie lines »r and m Ik* drawn 
so as to make the angles 1,2, and 3 of the same 
size tis Indore, while they occur in the order 
given in brad/t. Now, see if you can slip one 


triedral into the other, so that they will fit. What is the diffi- 


culty ? 


7, In the last case, if 1 equals f of a right angle, 2 = J of a right 
angle, and 8 = f of a right angle, can you form the triedral ? Why ? 
If yon keep increasing the size of 1, and 3, until the sum liecomes 
equal to 4 right angles, will it always be possible to form a triedral ? 
Bow is it when the sum ec^uals 4 right angles ? 
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SECTION III 


OF PRISMS AND CYLINDERa 


4 S 7 » A Pr^imn is a solitl, two of wlioso faces are equal, parallel 
x)lygons, while the other faces are pamlh‘logruins. 'riio equal par- 
illel polygons are the lhue.% and the jwiralK lograins make np the 
La feral or (\nivex Surface, Prisms an* triaiiguhir, (jiimlrangulan 
i)eiitagona!, etc., according to the numlier of sides of the polygon 
forming a base. 


A Right Primn is a prism whose lateral edges are per- 
|K‘ndicular to its luises. An (MpHqiW prism is a prism whose late- 
ral edges are obli([Ue to its basi S. 

4 iifK A Jiegtilar is a right prism whose bases are 

regular indygons; whence its faces are equal rectangles. 


40 (K TheAltifudr of a ]>rism is the jx rpendicular dislaiu’e 
betwwm its bases : the altitude of a right prism is cjjual to any one 
of its lateTal edges. 


46*/. A Truneated Prinm is a portion of a prism eni ojf l»y 
a jdane not parallel to its base. A section of a prism made l»y a plane 
perpendicular to its lateral 
edges is called a /^/'//f/ 


lu/a—ln the fig!ire,(a) 
and ( 6 ) arc tK)th priams : 
(<i) is oldiciue aiicl (&) right 
PO n^prcHcnta t)ie altitude 
of {a); and any edge of 
(l»), 08 hB, ia ita altitude. 
A6CDEF, and oAr//#/, are 
lower and up(K*f 
respectively. Eilbtrr jxir* 
tion c»f (d) cut off by an 
oblique plane, as ab'edtf, 
is a truncated prism. 


/.-• 


iff) iij ,p 




i 


i i': 

I L 

! : t y-' 




Af y .'P.' 

./ o 


t 


A' ! 

0^ 


Fi«. m 


4G2* A I*aratlelapiped is a whose lias^rs an.* |mmlkl- 

ogramA ' its faces, incluiire of the bases, are cof)S(.^piently all {lamllaU 
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ogramB. If its faces are all rectangular, it is a rectangular parallel- 
opipetl. 

¥6**7. A Cube is a rectangular parallelepiped whose faces are all 
equal s^iuures. 



\' ; 

Kiu. mi. 


PROPOSITION L 

404. Theor eni. — Parallel j^lane sections 
df nnij prism are equal poUfgons, 

— Let ABODE iind he imnillel sections of 

I lie prism MN ; then ure tliey e(|U;il poly i^ons. 

For, the inUrsec'lions witli the lulenil hiees, ns ab 
nnd AB, et<'., ure purullel, since they sin* intersections 
of purullel phiiies hy ii third plane {410). MoreovtT, 
tliese intersections ure ecpisil, that is, = AB, /x; = BC, 
cil Tj. CD, etc., since they ure parall<ds Included between 
purullels (5?*/?). Apiin, the corn*sp*>ndinir uncles of 
lliese polypms arc* equal, that is, a — A, ~ B, r = C, 
etc., since their sides ure parallel and lie in the same 
direction {410), Therefore the polyi:»ms ABODE, and 
rtArr/**, are mulimlly equilateral and equiangular ; that 
is, they are eipial. q. K. 1). 


4iiH. Ci)R. — Any plane section of a prism, parallel to its is 
equal to the tnise ; and all right sections are equal 


PROPOSITION IL 

400. Theorem. — If three faces including a iriedral of one prism 
are equal respectively to three fares including a triedral of the other, 
and similarly placed, the prisms are equal 



DEM.—In the prismfl Af/, andA'd', 
let ABODE etpial A'B'C'O'E', ABA<i rt 
A'B'd'u', and BCc6 =: B'CV6'; then are 
tlie prisma equal 

For, since the facial anf^lea of the 
triedrala B and B' are espial, the tric' 
drala are equal and tieing ap- 

plitsJ they will coindde. Now, con- 
odTing A'lf aa applied to Ad, with B" 
in B, since the bases are equal poly- 
gema, they wit tsoiiidde tlinmghont ; 
and tbe fheea «B and alB' wHI also 
eolbdde, mmcM,uatV Mafmab, 
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id Ve" in be, the upper bases, which are equal because equal to the equal lower 
uses, will coincide. Tiiereforc the remainin); edges will have two {Hiinis c»iin- 
lou in each, and will consequently coincide. 

4n7. Cor. 1 . — Two rir/ht having equal hasea and equal 

Hif Idles arc equal 

If the faces are not similarly arrangiul, one prism can be invcTletl. 

40H. Cor. 2 . — The above jyroposiiion applies also to truncated 
nrisms* 


PROPosmox III. 


4iiU. Thf*orem, — Ang oblique prism is 
equivah nt io a right prism, irhose bases air right 
sections of the oblique prism, and irhosc edge is 
equal to the edge of the oblique prism. 

1)KM — Let LB !>e an oblique priHiii, of wha h aUffe anti 
f(jhil arc ri^lit H<*otaMiH, and C8 ; then is Ih ecpiivii’ 
lent to LB. For the Iruneated t»nsnw/C and havr lie* 
faci*^ itiehulinj' any triedral, iis C ami B, equal and simi 
larly plaeed (V), whenee these prisms are etjuul \40ti). 
Now, from tlu* whole fignn*, lake away pri»m /C, and 
there remains the oblique prism LB; alMt. from the whole 
tike awjiy tin* prism cB, and there n-muins tlie riehl 
prism It). Thereftin', the rii'ht prism lb is equivalent tt; 
Uic ohliipie prism LB. ^ it u. 


7, 



, a 


'//■ 


r 


c. 


a 


.1 


H 


VA 



U C 
Kiu. Td. 


PROPOSmOX IT. 


4T0b TTt.eorem>* — The opposite faces of a pnralJehtpiped are 
equal and parallel 


Dem.— 'L et Ar !)e a parallelopiped, AC and /o* Im iij^r 
its equal basca ; Uien are itsopiswite faces oquai 

and (wntllel. 

Since the basi^ arc |Mira11eU»gTanis, AB is etpial and 
parallel lo DC ; imd.hinc^e the faces are paraUeloifranjs, 
oA is wjual and immllei to dD. Hem c an^Ie nAB 
dOC, and fheir plauoi arc parallel, since their nUU-n are 
panUkl and extend in the game directioiis. Theref<»ro 
aB and dC are equal (siilO/) and parallel parallelograms 
in like manner it majr be abown that aO it equal and 
paralldi U»£C 
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PROI’OSITION V. 


471. Theorem.— The (liiKjomU of a parallelopiped Used each 
dher. 



Dkm.— P ass a plane through two opposite edges, 
as f>B and dO. Since the bases are parallel, bd and 
BD will be parallel (410)^ and ^BDd will be a paral- 
lelogram. Ilencre, 6D and dB arc bisected at o (?). 
For a like reason, passing a plane through de and AB, 
we may show that dB and cA bisect each other, and 
hence that cA passes thnmgh Dm common centre of 
dB and 60. 8o also aC is bisected b>;6D, ns appears 
from passing a plane through ah and DC. llcncc, all 
Uie diagonals are bisected at o. q. E. D. 


Fui. ‘m. 

Coil. — The (iiatjonnh of a redangtilar parallelopiped are equal 


PROI^OSITION VI, 

47*1* Theorem* — A parallelopiped is divided into (wo equiva- 
lent (riangtilar prisms by a plane passing through its diagonally 
opposite edges. 

Dem. — Let H-ABCD Ih? a parallelopipetl, divided 
, thnmgh its diagonally opposite cnlges FA and HC; 
' . ^ then ar<^ the triangular prisms H-ABC, and L-ADC 

C tHpti valent 

For this parallelopiped is equivalent to a right 
pAralleiopip^ having a right section Abed for its base, 
and AF for Its e^tge {4€9\ i, H-ABCO is equiva- 
lent to h-Abcd, For the same reason the oblique 
triangtdar prism H-ABC Is equivalent to Uie right 
triangular prism A-AAf; and L-AOC Is equivalent 
Ui lA^le, Btit h-Abe is equal to A-Acfe, as they 
are right prisms with equal bases {4B7) and a com* 
nion altitude. Hence, H«ABC is equivalent to L*AOC, 
liS they are equivalent to two equal prisms, q. s. n. 



b 

Fio. «M. 


FBOPORlTiO!l m 

474* Ttbeorem* — Any parallelopiped is equivalent ie a redan- 
yular parallelopiped haviny an ^ivaktU hose and ike eame edHiuda 
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Dbm.— Ix‘t M-ABCD bo any paraIlolopi{HHl 
with all its facts Dhlitjuc. l<»t. Hy makini? Uio 
rijjht Motion adHr^ ant) completing the paml- 
lehtpipctl fft/HfAcQ/' we have an tHjuivHlent riijhl 
|>anilhtl<>pi|iecl {4fifP) Thrt»ajrh the t tl^e 
ff of thi-s riirht par:illt*lopi|HMl make llie right 
**ction CO 7// anti complete the parallelopipt il 
i^i7>/H<f /• C, ami we have a rtvtiuigiilar paral 
leh^pljMHl equivalent to the tuie p^evi^^u^ly 
funned ami hentT etpilvaleiil to the *' 

given one. Now', the Inae of Ihia n*ctang\ilar 
fMrallelo piped, e l« etpial to 

which in turn b equivalent to ABCD (*q Mon^over, the nitilmie of the 
rectangular parallelopiju'd l« the »ame an iliat of the given one. »liice their 
hnM*H lie in the aaiiie parallel planes A/ and EC Tht rriore, the parttl)elo)tipctl 
H ABCO is equivalent to the n*ruingular panillrloplpttl H o AVd*, which 
hatt an e<|ui valent baae and the aame altitude, q. K. u 



Fit! 


PROPOSITION VIII. 


47 /f. Theorem. — The itrva of thr hthrol Hurfnrr of a riff hi 
prism tV (f/ual to the product tf its attitud* info the peri meter of 
its hitsf. 


Deii. — T he lateral faces are all rectangles, having for their coriumm alii- 
tmle the altitude of the j»ri«m i4MO\. Whence tint area id' any face b the 

product of the altitude into the side of the IwiM* w hich 

forma ita hast* ; and the aum of the arena of the fans 

is the common altiiuttc ini<» the tiiim of the hjw«*H of ^ 

ilic facis, tiiat l«. Into the perimeli*r of lire latM; of 
'Jje prism, q. B. D. 




. •'/ 


47 Go A Cylindrical Hurface in a 
eurred surlacc traced by a fitratp^bt liiu? movin^t 
so as to remain constantly parallel to its first 
posiiiont while any point in it traces wiine 
curve. Tlie moving line is called the Oetier- 
affix, and the curve traced by a point of the 
line ia the Directrix. 



Fto. m. 


tt.t — a ttnelo start from the positkm A6. and move towards N in 
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Micb a manruT an to remain all the time panillel to ita first {msition AB, 

while A traei'M i)i«* c urve A 1 2114 50 M. The surfare thus traced is a 

Meal Surf tire ; AB is the Ointratrix^ aiitl the curve ANM the Directrix, 

477. A ilmtlar (Cylinder, also a CijliutJer of Revolu- 
ii 07 t, is a solid ^^rwvmtrd by the revolution of a rectangle around one 
of its sides as an axis. 

Ti.l,— I i«c*l COAB be a rectanp^le, and conceive it re- 
volved alanit CO us an axis, taking' successively the 
jKwiiions COA'B', COA''B ", <*lc;. ; the solid ^^enenitcd ia a 
Circular Cf/lin/hr, or a cylinder of r<*volution. The re- 
volving^ side AB is the j^enc nttrix of the surface, and 
tlic? c-irciimfercmce OA (or CB) is the directrix. This is 
tlie only cylinder treate<l in Elementary (teoinetry, and 
is u.mially incatnt when th<‘ word Ci/iinderia used without 
s(»ecifying the kind of cylinder. 

47S. The Ajris of the eylindt'i- is the fixed 
si(h‘or the rectangle. Tin* side of tlu' rectatigle 
(►pj>osite the axis generates the i ’oarer Surface ; 
while lln‘ (dluT sides of the re<*tangle. a.s OA and 
CB, generate (In* Rasfs, which in the lylinder of 
mvolitiioti are circles. Any line of the snrlaee eorresjMtnding to 
some |H)sition <»r the getieratrix is called an Elouent id the surface. 

47 fh A liiyht (UjUuder is one whose t*lorn<*nts are perpen- 
dicular to its base. In sueli a cylinder any (deiin nt i.s to the 

t^xis. .4 Vyliudcr of Revolution (477) is rifftf. 

4H0n prism is said to 1h? iuseribod in a cyliinler, winui the has4‘s 
of the prism an* inserihed in (he bases of tlie cylinder, and the edgi>fi 
of the prism coincide with elements of the cylinder. 


B" - B' 

1 * ' : i 


Ml' ; 
I A’ i : ■ A ' 
■' '1 ^ ' . 

! 

Ku» art. 


pROPmmoN ix. 

481^ Therein*— The area of the convex surface of a cylinder 
of ret*olution is equal to the product of ite axis into the cireumfer^ 
once of its base^ t, e.. *,^7rlUl, 11 being the axis and li the radius of 
ike bass. 
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Okm.— I/' t a ri^rht prism, wiiii any rrpilar polygon for 
Ita bfis4% In* iimTiln'vl iu thf rylintWr. a* k ulk^Uf, in Iho 
cylinder whcne axi** is HO The ftrt*a of the lateral tmrfjU'c q ' 
of the prism is HO i •: hh) Into the in riim^ter f»f its l»,ise, 
f. HO s ^ rd f r?/* ■*■ f/ + /«ri Now, bisiTt the 

ares oA, A<*, etc . and iiiw rilte a regular |ndygon of twic*^* the ' 
numlx’r t»i sides of the pf^H-t'ding, and on this |H*lyi?on ixa 
a base oohstnirt the right liiiM'rilHHi prKrn with th*nb)c the ?: 

nnmljcr of (.wt^ that the first had. The niira of the lao rul j l 

Iftirface «»f this prtsm is HO * 0*4 ^wrimetrr 4f it* tni^e In 
like manner o>nc*'ivc the ofwration of tnwrihing right A 
prisma with regtdar polygirnal bas«*a eontlnimlly nin ar d; 
it will a/'r.i,v* he inn* that the area of the lateral surtace 
1 h equal to HO w th^ jm'iinstrr i\f Me Hut the erreuin F't*» toa. 

lerenre «d the lm*ie of the evlimler is the liniii lowrod 
which the perimetera of the lnaerila‘d polygona frrnning the haaea of the prlama 
eonatautiy approach, and the convex aurfarc of the eylimb r is the limit of the 
lateral aurfare of the inacribtnl priain. Therefoir, lije area 4>f the convex aur- 
face of the? evlind«*r is HO into the circumference c»l‘ the Imac. Finally. If H if 
the radius of the base, ‘.isrli is its circutnftrrenre. This multiplic^d hy II tht 
altitude, t <f., H « JaH. or 2trUlI. 1 h the area of the convc*x surface of Ut# 
cylinder. 


PROPOSITIO!< X. 

4H2* n^eorem* — The rohtwr of a rrrfajif/tthtr ptfrallrlopiped 
If equal fo (he product of (he three edtjen of one of itn tried rah, 

Dftn^liet H-CBfE l>e a rectangular paral- 
lelopit>ed, l*t, HiippcHie the edges comment 
fturable, am! let BC t>e 5 units in length. BA 
4 * and BF 7 Now eonetdve a cuIkj, as 0/hBg 
whose edge is one of these linear units. This 
enbe may lie UM5d as the unit of volume. CV>ii* 
ceive the paralldoplped 0-eaBA, whocuj length 
is 7, and wlKise edgva o* and <h arc 1 (the 
linear unit of measure assumed). ThB parab 
Iclopiped will contain as many of the units 
of Ttdume as there are ftnear units in BF; 
we suppckse 7. Again, amodre the penib 
lelopiped whose base Is ECBF and altitude PE, one of the linear units. This 
pafillelopiped wBl eontaln as many of the Ibrmer as them am linear iialli fn 
BC: wa supinise A Hanoe this last Tolnma is 5 x 7 s $5. Finally, them wUh 

13 
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M -m wmy tim€s thU nomber of units of volnme hi the whole parallelopiped 
it AO eontsiiis linear units, or 4 x 85 = 140. Hence, when the edges are 
OOmmeoiiirable, the rolume Is the prodttcl of the three edges including a 
medral 

Sod* Wlien the edges are not commensnrabic, we reach the same conclusion 
taking socccHsively a smaller and smaller linear unit Thus, for a first 
approximation tiike some aliquot part of one edge, as yjj of FB. Now, by hypo- 
thesis this is not contained an exact number of times in 6C, nor in 6A. But 
conceive it as applied u> BC as many limes as it can be ; the remainder will be 
less than FB. In like manner conceive it applied to AB. The volume of the 
paralhdopiped Included by these edges will be measured by tlie product of the 
edges. Now conceive the linear unit smaller. The unmeasured portion will 
be less. Thus, by supposing the linear unit to diminish indefinitely, we see that 
wdl al%my$ ramin true Uiat the measure is the product of the tlirec edges 
forming a tried ml. 

483^ CoH. 1 . — The volume of a cube is the third potcer of its 
edge. 


484* 8cn.— This fact gives rUo to the tenn cube, os used in arithmetic and 
algebra, for “ tldrcl power.’* 


483. ( Jolt. 2.— T’/ze volume of a rcctanffuhir parallelopiped is 
equal to the product of its altitude into the area of its base, the Umar 
unit tfcimj the same for the measure of all the edges. 

488. Co\\,X--77ie volume of any parallelopiped is equal to the 
product of its attitude and the area of its base. 

For any pnraIlelopi|>eil Is equivalent to a rectangular parallelopiped having 
an equivalent base ami the same altitude {474), 

487* Con, A,---Pnrallelopipeds of the same or equivalent hoses are 
to each other as their altitudes, and those of the san^ altitudes are to 
>mch other as their bases. And, in general, paraUtelopipeds are to 
oaek other as the products of their bases and altitudes* 


nmwsxm XL 

4M8. ThmrmfS*^Tks volume efemy prim is egml to the pro 
duet of Us altiiudo into He base* 



0f nmft owwnik 



lMC*A90bo*liiM|giiUr|»r^^ Com- 
pile Hie {MumUe)opi|iei] E^A0CD* TiMHi h E*A00 ss 
4 £ ABCO But Uie volume of £^8CD li 

equal to ita Into Ita hum; hence the volume 

of £*ABO ia eitual to Ita altitude into 4 ABCO, or 
ABO. 

^4 Any priam may be divUlwl Into imrtial, tri- 
aniiptlar piinma, by imieing plauce tbniugh one nlfte 
and all the other n<m acyacent edgea, a.*t In the hjiture. 
L<*t il be the altitude of the whole prinm, then U It 
alao the common altitude of Uie {lartial priama. Now, 
the volume of each triangular prUm in H into ita 
liasc; hence, the aunt of the volunuw la I! Into the 
^^um of the batea, i.tf., II Into the base of llu? whole 
prliin. 

4Mfh ( /OR, 1. — The volume of a riff hi prism 
is nfiml to the product of its edge into its 
base. 

400. Cor. 2 . — Prisms of the same altitude 
are In rarh other as thrir bases ; and prisms 
of the same or equivalent bases are to each 
other as their altiindts ; amtt in general 
prisms are to eaeh other as the produets of 
their bases and altitudes. 



\ ' 

B C 


Piu. m. 


PROiHtSlTlOh XII. 


49 1. Theorem. — The volume of a eylinder of revolution is 
equal to the product of its base and altitude^ L o., ttUMI, II beitig iks 
altitude and R the radius of the base. 


Dkm InacrifH* any rt*giilar right priwn in the cylinder, 
as in {4Hi). The volume of Uila priam in e{|ual h» the 
pro<tuct of its baae and altitude; and iliia eotitintUMi to tie 
the hict aa the number of aldca of the polygon forming the 
baiM} b iticceiiively doubled, and the prism appronches 
equality with Uie cylinder. Hence, as the volume of the 
priam b a/teays equal to the product of its base and alti- 
tude, and as the altitude of the prbtn remains ecjtial to the 
attitnde of the cylinder, thb Ihct b true when the nnmlier 
of the tidea of the base of the prbm b inJlnUdff mnltipUed ; 
whence the voinme of the cylinder b eqnal to the product 
of ita baae and alHuide. Now. li being the radina of the 
baae, the area of the tmae b uW (f) : hence, the votnme of 
the eylinder b eqttai to irE*H. 



Fte. let 
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402» Cor.— 7%6 volume of ctny cylinder is egual to the product 
0 U$ base into its altitude. 

Tbit can be demonstrated in a manner altogether analogous to the case 
glNrea In the proposition. 


493* SimUar Solids are such as hare their corresponding 
solid angles equal and their homologous edges proportional. 

494. Similar Cylinders of revolution are such as have their 
altitudes in the same ratio as the radii of their bases. 

495. Homologous Edffes of similar solids are such as are 
included between equal plane angles in corresponding faces. 

Tile idea of Blmllarity In the case of solids is the same as in the 
case of plane figures, viz., that of likened of form. Thus, one would not think 
•ucli a cylinder ns one Joint of stovepipe, similar to another composed of a 
bundnMl Joints of the same pipe. One would be long and tery tlim in proper* 
tion to Its length, while the other would not lie thought of as dim. But, If we 
have two cylinders the radii of whose bases are 2 and 4, and whose lengths are 
respectively 0 and 12, wc readily recognize them as of the same shape: they 
are similar. 


pROPOsmoir xin. 


493* Ueeorem. — 77ie lateral surfaces of similar right prisms 
are to each other as the sguares of their edges {or altitudes) a^vd as 
the squares of any two homologous sides of their bases^ i. e., as tki 
squares of any two homologous lines. 


DRM.^Let By Cy Dy and Ey bo the sides of the base of one right prism 
whose edge (equal to its altitude) is H, and a, by e, d, and the homol^us 
sides of a similar prism whose edge is A. Letting A ^ B ^0 ^ /)*f Py 
and ii«eA4'C + d4*s = p, wc have 

P: p : : A : « : : B : A : : C: C, etc. (f). 

But by hypothesis, U ih,. A ;a:: B ib^eVo, 

Hence, P :p : ; H; A.(?). 

Now. Mih.iffihtJ). 

Whence, P x H : p x h ixB* (ff, 

Andai if* : A* : : .4’ ;P,elc., 

wehafe P x B:p x k xiJP 

Bui F K H Is Ihe am of the ktml snrlhcw cd one prlittl 
iMim, whem the of the theewem appear 
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FWwmoH xn. 

497* 2fc€Orem*--» rAiS voiumea af imilmt ptimm m<t to i««i 
otoer as ihs cubes of (heir kcimkgaus odgeSf md as ike cukes oj 
their attitudes* 

D&ic.--Let H*ABCO€ end K^sMs ho 
two iitniUr |iriism, of wlildi A a m 
oomspotuliog trkdrmb. FlicUig a m UiAt 
U will coioddo with A^ all tli« lhc«a and 
edgni of one will be parallel to or coinci- 
dent witb the corroifiondliig parta of Ute 
oUter, by tlednUloii {49t§). I^t fall the 
pcrjH*mlie«lar fP Mp<m the common liHue, 
or its plane protlucetl, m that FP almll 
equal the altitude of H-ABCOE, and OP, 
iniercerilivl li«*tw(*en the planc>a of the tip|KT 
and lower baiM*a of h-oMe^ nhall l>e it» alii« ^ 
tilde. Call the former altitude H.nnd the i 
latter h. Bttice FP ond AF arc cut by 
parallel plauea, we have 
AF : ^ ; 11 ; A ; and AB : /lA : i II : A, 
iinre by definition AF : : : A8 : #iA, etc. f aot. 

Call the bane of H-ABCDC 11, and of 
h aUik h. Now, as the Imwm**! are sitiidiir ixdygons, 

B : A : : A&* ri/** : t IP : A*. 

But H : A : : AB : ah H : A. 

Hence. B x H ; A * A : . AS* wiA* : : U* : A*. 

Now', as n K U and A x A are the vohimeM of the n!iitw«ctive prisma, and ai 
A&* : «// as the cnlies of any other hoinulugoua edgea gm to eadi other, ihi 
truth of the theorem la demonstrated. 


PROIWITIOJI XV. 

498* Theorem* — The convex surfaces of similar eylindsrs of 
revolution ars to sack other as the squares of their aitittules^ and as 
the squares of the radii of their bases, 

Picif. — Lei H and h be the altitudes, and R and r the radii of Uie btaea of 
two almilar cylinders ; Ibe amvex aorfacea are 2x111! and 2xrA idSM). HoWi 
SrRO ; tmrk Ril : rA (?) (1). 

By bypotheda, H:A:;R:r, or9 = *andga£ 

If tttiiplyiiig the tenna of the aeormd couplet of (1) by thcac ettuala, we ]MKf% 

twra:i«yiA::a*:A% 

and l»RH:8irrA;:E’:f«. ^&ix 
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PBOPOSmON XfL 

499* JJieorem* — The volumee of eimilar cylinders of revolts- 
tion ore to each other as the cubes of their altitudes^ or as the cubes 
of the radii of their bases. 

Dim.— U sing the same notation as In the last demonstration, the student 
Ihmild t>e able to giire the reasons for the following steps. 

B : r H : A (?), whence wR* : irr* :: H* : Multiplying the last 

proportion i)y II : A : ; H : A, we have wR*H : ?rr*A : : H* : A», or as H’ : r*, 
•bice H* : A* : : R* : r* (?). Now, srR*H and nr^h are the volumes of the 
t^inders (?) ; hence the volumes are to each other as the cubes of the altitudes, 
or as the cubes of the radii of^he bascs^ q. E. D. 

Sen.— It is a general truth, that tlie surihees of similar solids, of any form, are 
to eacli other as the squares of homologous lines; and their volumes are as the 
cubes of such lines. v 


EXERC1SE.S. 

1. A farmor has two grain bins which are parallelopiperls. The 
front of one bin is a rectangle 0 feet long by 4 high, and the front 
of the other a rectangle 8 feet long by 4 high. They are built 
betweini parallel walls 5 feet apart, I'lit* k>ttom and ends of the- 
first, he says, nw “square’* (ho nnuins, it is a rectangular parallelo- 
piiml), while the hottoni and ends of the other slojK*, /.e., are oblique 
to tlte fVxint What are the relative capacities of the bins ? 

2. How many 8(|uaa» feet of boards in the walls and bottom of the 
first bin mentioned in Ex. J*-* 

3. An avemge sized honey Iwe s cell is a right hexagonal prism, 
•8 of an inch long, with faces of an inch wide. The width of the 
fitoe is alw’ays the miim\ but the length of the cell varies according 
to the simoe the bee has to fill. Are honey kVs cells similar? Is a 
honey bee’s cell of the dimonsioiis given aliove, similar to a wasp’s 
oell which is 1.0 inches long, and whose face is .3 of an inch wide? 
How much more honey will the wasp^s cell hold than the honev 
bee’sf 

4. riow many square inches of sheet-iron does it take to make a 
joiint of 74nch stovepipe 2 feet 4 inohes long, allowing an incli and 
a half for making the seam t 

A A oertaln water-pipe is 3 indies in dlmneter* How modi water 
foliadiaiged through it in M hoius, if the eamini flows 3 fosi per 
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minute ? How much through a pipe of twice as great diameter, at 
the ftune rate of flow ? 

6. What is the ratio of the length of a hogshead holding gal- 
loBfl, to the length of a keg of the same shape, bolding 8 gidlonsF 

7. What are the relative amounts of cloth required to clothe 3 
men of the same form (similar solids), one being 0 ihet high, anoilier 
5 feet 9 inches, and the other 6 feet, provided they dress tn the same 
style ? If the second of these men weighs Iftfl Iba, what do the 
others weigh ? 

8. If a man 5} feet high weighs 160 and a man 3 iticbes taller 
weigijs 18U lbs., which is the stouttjr in pro|K)rtion to his height F 

0. I have a prismatic piece of tiinlx^r from whicli I otii t wo blocks 
lK)th 5 f*x"t long ineasund along om* edge of the stick; but one 
bkK^k is ma<le by (Milling the slic k squan- lU'roKH (a right scH^tion), 
and the other by (Mitting indh cmhU of it o!>)ic|uely, making an angle 
of 45” with the same fa(*<* of the Whicdi hkn^k is the greater? 

Which has the greater lateral surfac e ? 

10. How many cubic feet in a log 12 feet long and 2 fc*cd 5 Inches 
in diameter? How many sc|uare feet of inch boards ean Ik» cut 
from such a log, allowing { for waste in «IiU»s and sawing? 


SECT/ON /K 

OP PYIUMIOS AND CONES. 


500. A PyrnmUl is a solid having a polygon for its tjasa, 
and triangles for its lateral faces. If the laisc,* is also a triangle, it is 
called a triangular pyramid, ora tetraednm (i.e., asolid with four 
facets). The vertex of the jiolyedral angle formed by the (aces is iht 
V 0 r( 0 x of the pyramicL 

501. The Attitude of a pjrmmid is the perpendicular dis* 
tanoe from its vertex to the plane of its base. 

509.. A Might Pyramid is one whose base is a regular 
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polygon, and the jK‘r|)endicular from whose vertex falls at tlie middle 
of the base. This [)erpeiidicular is called the axis. 

SOS. A PtunUim of a pyramid is a portion of the pyramid 
intercepbtd l>etwi*eri the base and a plane parallel to the base. If 
the cutting plane is not jmrallel to the base, the i)oriion intercepted 
is called a Trunmied j)yraruid. 

504. Tlie Slant Height of a right pyramid is the altitude 
of one of the triangles which form its faces. The Slant Height of a 
Frustum of a right pyramid is the portion of the slant height of the 
pyramid intercepted between the bases of the frustum. 

i 

i.aoa. 

lu/H.-»Thc student will be able U> iltid lllustnitiona of the deHuitious in the 
accompanying Hgurea. 

505. -41 Conical Surface is a surface tmced by a line which 
paases through a lixed [mint, while any otlier [xunt traces a curve. 
The line is the (iencrairix. and the curve the Directrix, The fixed 
|K)uit is the Vertex, Any liuj of the surfa(?e corresponding to some 
position of the generatrix is calleil an Element of the surface. 

506. A Cone of JlevoluHon is a solid generated by the 
revolution of a riglit angled triangle around one of its sides, called 
the Axis. The liypotvnuse describi's the Convex Surface of the 
oon% and corresj^oiuls to the generatrix in the prectnling definition. 
The other side of the triangle describes the Ease. This cone is eighty 
since the perpendicular (the axis) falls at the middle of the base.. 
The Slant Height is the distance from the vertex to the circumfer- 
ence of the base, and is the same as the hypotenuse of the generating 
triangle. 

507. The terms Frustum and TYuncated are applied to the cone 
in the same manner as to the pyramid* 
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JOS* A pyramid i$ sjiid to Imj IrnttriM in a com wlu n tlio 
of the pyramid is inscribed in the base of the cone, and the edges of 
the pyramid are elements of the surface of the cone, 'i'he two Sididti 
have a cuiiimon vertex and a common altitude. 

509* If tlio generatrix be considered as an indelinite straight 
line piissing through a fixed jH)int, the porinuis of the line on oppi>* 
site sides of the point will each deseriU^ n conical giirftK*e. 'J'hese 
two surfaces, wdiich in general diwuissions are considei-ed but one, are 
called Jff’appes. The two napj>es of the same cone are evidently 
alike. 

lLL*8.—In the figure, (a) represents a conical surface which has the canw 
ACB for its directrix, and SA for its generatrix. The figures indicate the sue* 




ccssive positions of the point A, as It pfwws around the curve, while the point S 
remains fixed, ijb) represents a Chns of or a right cone wlUi a cir* 

cular base. It may he ocmsldered as generated in the g«*ueral w'ay, or Ijy the 
right angled triangle SOA revolving alsiutSO a* an axis. SA dettcribca th# 
convex surface, and OA the base. The figure ic) represcnils the of a 
cone, tlje piwtion above the plane abe being su{>poM;d removed. I'lgur#^ (eft nsp* 
resenta the two nappes of an oblique cone. 


FBOPO^mOH L 

510. Theorem.— Any tection of a pyramid made by a plan* 
paralkl to ito base is a polygon similar to the i 
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PiOL— The aectioa abcde of the pjrramhl S-ABCD£« made by a plane parallel 
to ABODE, is similar to ABODE. 

Since AB and ab are intersections of two parallel 
planes by a third plane, they ftre parallel (?). Bo 
also be is parallel to BO, ed to CD, etc. Hence, 
angle 6 = B, e = C, eUu (?), and the ixdygons arc 
mutually equiangular. Again, oi : AB ; : : SB, 

and be : BC : : Sb : SB (?). Hence, ab : be : : AB 
: BC (?). In like manner, we can show that be : 
cd : : BC : CD, etc. Therefore, abede and ABODE 
arc mutually e(|uiangular, and have their corre- 
8|K)uding sides proiK)rtioual, aud arc consequently 
similar, q. e. d. 



PROPOSITION 11. 

Ttieorenu — If two pyramids of the same nltiltuh are cut 
by planes etjualfy distant f rom and parallel to their basesy the sections 

are to each other as the bases. 

r.— Lei S ABO and S'*A*BX'D'r ha 
two pyrannds of the same altitude, cut by 
Ibe planes abe and n’b'e dt\ parallel to and 
at #*qiml distances fyf)m their l)as<»s ; then is 
afn: : ab'e tre’ : : ABC : A^BX'D'E^ 

For, conceive the }>ases in ihe same 
plane. Let SP =r S'P be the common alti- 
tude. and Sp = Sy Uic distances of the 
cutting planes IVom the vertex. We have 

ABC : die : : Ai’ : 5’ : : ^ : V (»). 

A'B'C'OE' ; a’bcd-e- : : «?S'’ :: (T). 

Whence, m SP = S'P', ftml Sp = sy (»), we have 

abe : abed*' : ; ABC ; A'B'C'O'r (T). q. I. D. 

Cob. — If the bases are equivalent, the tetiioHe are 



PBOPOSinox m. 

Theorem, — The area of the lateral surfoee ef a right 
pgramid is equal lo the periautv ^ the iaee multiplied hg melktlf 

of mrh • i^yruttid nr. .qwi] iMioelai wImm 

Altitude b the tlant height of the iqrttaM ((). BemsIiBAMA of 
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these triangles Is the product of one-Ualf Uie slant height into the smn of their 
^ lateral surface of the pyraniid. (Sw the U»lni cut in 

514. Cor. — The area of the kUeral surface of the 
frmium of a right pyramid u equal to the product 
of its slant height into half the sum of ike jwrimcfcrs 
of its ' 

The student will be able to give the proof. It is Imml 
upon and dehuitions. 


PROPOSITION IV. 

SIS* Th€fOf*C*^iHm — The area of the convex sorfircff a rone of 
rerolntion (a right cone with a circular bane) is fu/nnl in the product 
of the circa inference of its base and one^half its slant height, i. e., 
;rl{ir, li being the radius of the base^ and II' the slant height, 

Dk.m, — I n the circle which forms the biise ol Hit* i unr. ive n n gulsr 
polygoTS inscribed, as abede. Joining the verlictw of Ho* 
angles of thU [xilygcjn with the verhjx of the < oio', dirje 
will be consiriicutd a right pyramhl iiiHcrilM'd in ilu* c<»rie 
Now, if llie an’« subleudeii hy the sidi*H i>f tliin polygon art' 
bisected, and Uu?.sc again bisceU'd, etc., and at ev(Ty nfep 
a right pyramid conceived as inacrila'il, it will nhrtiy» 
remain true tluit the lateral aurfacc f>f llii? f>yninii<l is the 
|H*rimeler of it« liase hilo half lu slant height. Hut. 

HH the miml»cr of fares of the pyramid is lncrea»r»l, 
the perimeter of the l)a»4J approacdiea the cirri jn»ferenr4i 
of the Ikwc of the cone, the slant height of the pyramid 
ai)proaclie.H the slant height of the crone, ami Uir lateral 
suriace of the pyramid npprosches the conve x aurfacc 
of the cone. Hence, ai Uie limit we »iill have the same i xprcnislcm for Ihs 
area of the convex surface, that is, the cireiin^ferc'nc'c of the baw.» muitipHed by 
half the slant height Finally, if H is Uie pfubuH of the tiase, its circtiinAirence 
b and H’ firing the slant height, we have for the anjs of the crotivex WUh 
face HwR x |il', or t 

Cor, 1* — Tke area of the convex surface of a rone is 
equal to the product of the slant height into the circumference of the 
circle parallel to the ha$e^ awi midway bed ween the base and vertex* 

This Irilows directly fh>fn the fort that the mcihis of Uie drede midway 
betwMH the base md vertex ia one-half the radius of the Irmer, t <r., |Il, wlicmoe 
lurkemmMssenceis mK Kow« srE x U is the ftrea of the cuayei surlhce, 
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Coiu 2. — The area of the convex surface of the frustum of a 
cone IS equal to the product of its slant height into half the sum of 
the circumferences of its bases; i. e., ;r (R -f r) 11', R and r being 
the radii of its bases, arid 11' its slant height 


Fnmj the rorn*spfin(l!ng property of tUc fruntum of a pyramid, tlie student 
will be aide to d(‘duce tlie fact Uiat i (2jrR + 27rr) H', or flr(R + r) 11 , U the 
area of this Hurtiu;c. 

JsIH* (k)U. 3. — The area of the convex surface of the frustum of a 
cone is er/ual to the product of Us slant height into the circumfcrencB 
of the circle mid wag ludween the bases, 

Tlio mdiUH of the cirrle midway between the bases is 1 fr + R), wiRnee its 
circumferenee is 7r(r + H). Now, ir (r + H) x IF is the area of the convex 
aurfiux* of the frustum, by the preceding corollary. 


PUOI»OSITION V. 

Sift, Uteorenu — Two pgramuh having equivalent bases and 
the same altitudes are equivalent, Le., equal in volume, 

DEM.—Lt't S-AfiCD and S'-A'B'C'O'E' be two pyramids having the same 

altitudt^s, and base ABCD eipiivalcnt 
to baiMj A'B C'D'E', t. <r., equal in area ; 
then is pyramid &>ABCD ettuivahnt 
Xo S'-A'B'C'D'E', I. e., equal in volume. 

For, conceive the Iwisc’s to b»? in the 
same plane, and a plane to start from 
coincklonco with the plane of the 
bases, and move toward the vertices, 
remaining all tlm time parallel to the 
bases. At every stage of its progress 
the sections are equivalent, and as the 
plane reaches both vertices at tlie 
same time, by reason of the common altitade, it is evident that the volumes are 
equal. 

Or, if desiml, we may consider the two pyramids aS divided Into an equal 
number of infinitely thin kmifus parallel to the basea. Each lamina in one ipw 
Hs corresponding equivalent lamina in tbe otbear ; hence the sum of aO the 
(sm^ in one equals the sum of all the kmimm la the other ; i, e., the pyramids 
are equivalent. 
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pROPOHiTiox n. 

S20m Theorem* — The volume of a triangular pyramid is equal 
to one-third the product of its base and altitude, 

Dkm — lA't S-ABC be a*tJiaiii^tlnr pymmiil, 
whow aliitiuk* is H*; then ia the volume ci\m\ 
to i II X art a ABC. 

For, thnuii;h A anti B draw Aa and B/* paral- 
lel to SC; and through S draw S<i atui Sh 
parallt'] to CA and CB, and join a and A; then 
S/zA-ABC is a prism with its liases etptiil to the 
Imse of the pyrrtmid. Now, the mdid added to 
the given pyramid is a qnatlrangular p\ ramid 
with a/iBA ns its base, and its vertex ul S. Divide 
this into two triangultir pyramids by tlrniv- 
incr fiB nnd pnssitig n plane through SB mnl 
aB. Th triangular pyramids are wtiiiva- 
lent, since they have <‘qnal bases oAB anti rriiB 
anil a common altitude, the vertices of Imth Iwiiii; at S, Attain, S afS may lx* 
considered as having aAS(e(|ual to ABC) as its base, and the altitmle of tint tlrsl 
pyramid h'tjiml to the altitude of the prism) for its altitude, uml hence at 
efjiiivalcfii t<i the given pyramid. Therefore S ABC Is one third of the (irisni 
SaA-ABC. Hut the volume of the prism is H x area ABC. Therefore tho 
volume of the pyramid $-ABC is i II x area ABC. q. b. d. 

X21* C’ou. 1 . — The volume of any pyramid is eeiual to onedhxHk 
the product of its base and altitude, 

DBM.—8ince any pyramid ran lx? divided Into trian- 
gular pyramids by passing plamw through any one edge, 
aa SE, and each of the other edge# not ai^acent, as SB find 
SC, the volume of the pyramid is ihjubI to the sum of the 
volumes of several triangular pyramids having the same 
altitude as the given pyramid, and the sum of winme liases 
ia the base of the given pyramid. Hence Uie truth of the 
corollary. , 

S22* Cor. 2. — Pyramids hm*ing equivalent bases 
are to each other as their altitudes ; such as have equal altitudes 
are ia each e>(her as (heir bases ; and^ in general, pyramids ah 
ia esieh other as (he products of their bases and altitudes* 
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FBOPOSmOH TIL 

S23* Theorem.— T7t€ volume of the frustum of a trianguhr 
pyramid is equal to the volume of three pyramids of the same 
altitude ns tha frustum, and whose bases are the upper base, the lower 
base, and a mean proportional between the two bases of the frustum. 

Deh.— 'Let a60-ABClbe the IVastum of a triangu- 
lar pyramid. Through ab and C pass a plane cutting 
off the pyramid C-^. This has for its base the 
upper base of the thistum, and for its altitude the 
altitude of the frustum. Again, draw kb, and pass 
a plane through kb and bC, cutting off the pyramid 
6-ABC, which has the same altitude as the frustum, 
and for Us base Uie lower base of the frustum. 
There now remains a third pyramid, b-kCa, to be ex- 
amined. Through b draw bO parallel to oA, and 
draw DC and aD. The pyramid D-ACci is equiva- 
lent to b-kCa, since it has Urn same base and the 
same altitude. But the former may be considered as 
having ADC for Us base, and the altitude of the (Vustum for its altitude, i. e., 
as pyramid a-ADC. Wu are now to show Uiat ADC is a mean proportional 
between <ib€ and ABC. 

ABC A8* : TS* :: AB* : AO* (?). 

Alio, ABC : ADC :: AB : AD (f); 

whence ABC* : ADC* :: aS* : AD* (*). 

^ equelily of r»Uo», ABC : afc : : ABC* : ADC*; 

4rhenco ADC* afie x ABC, i. AOC is a mean proportional between the 
upper and lower baaet of the flwaibiii. 

Cou . — The volume of the frustum of any pyramid is 
squat to the volume of three pyramids having the same altitude as 
ike frustum, amt for bases, the upper base, the lower base, and a 
Wieem proportional between the bases of the frustum, 

l^ir, the flrustum of any pyramid Is equivalent to the corresponding frustum 
nC a triangular pyramid of Uie same altitude and an equivalent base (t) ; and 
Biis bases of the frustum of the triangular pyramid being both equivalent to 
tiM oorrespondlng bases of<he giveit frustum, a mean proportional between 
tiiangular bases Is a mean proportional between thehreqnivalents. 


raoFOsmoM tul 

Thmrem^—The volume of a eonorf revoluiimie oqmlio 
omiktri the product of He base and aUUude; L M iemy 

ike fodius of Ms baee aetd H Ms aUUmde. 
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Dxx.— This follows firom fiio sohmie of o i^rtiuiiidi by a ivwwyi 
preci><€ly the same as in {SIS). The Toltime of a pyrsmid being tn^iital to cme* 
third the pfXKtuct of the base and alUtiKle« and the cone being Uie lltnll of 
the pyramid, the volome of the cone Is otie*third tli© product of its base aod 
altitude. Now, U being Uie radltit of the base of a cone of revoUiUon, the 
base (area of) is nJX\ whence iall'U is Uie volume. U being the iilUUide, 

S2G. Cou. 1. — The volume of any cone is equal to one^third the 
product of its base and altitude^ 

S27 m Cor. 2. — The volume of the frustum of a (vne is equal to 
the volume of three cones haring the same aUitude as (he frustum^ 
and for hasc.% the upper lase^ (he htcer hase^ and a mean propar* 
iioml between the two bases of the frustum. 

The tnith of this appears fVom tiie fact that the iVustnm of a cone Is the 
limit of the frustum of a pyramid. 


PROPOSITION IX. 

^28. Theorem . — The lateral surf ares *of similar right pyfo* 
mids are to each other as the squares of their homologous vdges^ their 
slant heights, and their altitudes ; i. e., as the squares of any two 
homologous di rnensions. 

Dbji A and a Im? hotnologiniH sides of the has<*s »)f t^vo similar right 

pyramids, ir and A' their slant heights, II and A their iiltitndes, and P and p 
die jKjrimeters of their Imses ; then — 

(1) P ; : A : iK^cnufic tlie baii€*s an* similar p<ilyg<»ns; 

(2) A : o : : H' ; A', tK*caujte Uio faces ore idmihir triangles ; 

(3) U' : A : : n : A (?). 

vThcnce. P : p : ; H' : A’ ; 
and, os IP . h\ 

multiplying, we have iPx II': |pxA' :• II'*: A'*: ; A’: a’:: IP: A*. But 
|P X 11' and i p X A' are the areas of the laUTal surfacei. 


FROPOBinOX X. 

J![2B* Theirtem^^The convex surfaces of similar cones of f$9lh 
luiion an to each other m the eqrnree of their elanl lteiffhle,the radii 
of their basee, emd their aUUudee ; L e., <m the equaret of anif two ho- 
nulogeeu dimonaione. 

Dbl— L rtir nd*'lwtliesl«itbei«bttor two dmiltf conn of nwoliitloB,' 
R ud r dw of thdr Iimm, Mid B Mid k ibeir •lUtndei; tbeir MMWn 
MufbMt an cRB* Mii «**'• Itoir.aMO tiwooMi an •iraiterR:«':t S' lX.; 
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MntUpIfing the torms of till# proportion by the corresponding terms of frW • 
1 th* :: H' : h\ we have— 

nmV:irrh'::}r*:hr 

HtMDCO the con%TX surfaces arc as the squares of the slant heights, and since 
II : r :: ir : A' :* H : h (?), K* ; r* : : 11'' : ?i'* : : IP ; A*; and consequently 
frRir:JrrA'::IP:r»::IP:A». 


PROPOSITION XI. 

VJ/iO. Theorem. — The volumes of similar pyramids are to each 
oilier as (he vuhes of (heir homologous dimensions, 

Dkm.— L etting A and a be homologous sides of the bases of two similar 
pyramids, 11 and b their bases, and U and h their altitudes, the student should 
be able to give the reasons for the following proportions : 

II : : A* : a' : : IV : h\ 

:y* :: A H : A. 

Whence iUil : ^A ; ; A* ; a’ : : IP : h\ q. k. D. 


PROPOSITION XII. 

531. Theon *m. — The volumes of similar cones are fo mch oihef 
0$ the cubes of their alliludes, or as the cuhs of the radii of their 

tmos. 


Dkm. K and r lx?lng tlu’ radii of ihcir bases, and 11 and A their altitudes, 
IP : r» :: IP : A» (?), and IP : r» ; : IV ; A>. 

Aho. : hnh :: II : A. 

MttlUplylng, iarlPII : iirrVi; :U» : A»,ora8lP : r*. q. K. D. 


EXERCISRS. 

1. What is the area of the lateral surface of a right liexagonal 
pjramid whoa' base is inscribed in a cinde whose diameter is 20 feet^ 
the altitude of the pyramid being 8 feet ? What is the volume of 
ftls pyramid ? 

2. What is the area of the lateial surface of a right pentagonal 
{Qfmmid whose bitse is inscribed in a circle whose radius is 6 yaxdi, 
the slant heiglit of the pyramid being 10 yards f What is the Tol* 
wm oi this pyramid ? 

8. flow many quarts will a can ooiitain» whose sn^ height is 10 
inohesr the body teing a cylinder 6 inches in diameter and indies 
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high, and the top a cone? lion' much tin chvs it take to make tiuch 
a can, allowing notliing for waste and (he sejunsF 

4 . If vory fine tiry w inkil ui^ni a ^n»vK>th ln>ri/.ont;il 

without any iateml the angle nf {i, e.. the angle of 

inelinati«»n nf tin* iiliiping liiile of the j»ile with the plane) ahont ;U \ 
8upj>oso two eirele?? lu* drawn otj the fiiw»r, one 4 fiet indiaimter and 
the otiter .*h atid wind piles In* made as large as pt»*i-.il»h‘ on these eir- 
cles tia biises, no otiu r support King gi\en. \\ liat is the relative 
fnagnitude of the piles? 

5. In the ease of sand jnh s, as given in the l.ts*! «'\amj>le. the ratio 
of the radius «>f tin' base to the altitude of the jule is How many 
cubic feet in eaeh of the above jiiles? 

6. The frri«fnm of a right pyramid was fet t wpnin* at tlie lower 
baae and at the upjHT; and iU altitude was Ot) feet. What waa 
the lateral surface ? What the volume ? 


ThK BTI DE.VT SHOriJi Ft IlNISH A SYNOPSIS OK KAl'II HKmOK AT 
ITS CLOBE. 


s/scr/(hv l\ 

OF THE SPHKUE* 


S32» A Sphere in a wdid bonfid#*<l by a gurface everj^ point in 
which is ts]ually distant from u |sdnt within called the < V///m The 
distance from the centn* to the gurface is thtj Hadiun, and a Una 
passing through the centre and limitifl by the surfiM e is a 
The diameter is ec|iial to twice the radius* 


* A pplwfical Mtekbotnf !• ateMt toSUpcttMlSt In Iha Nrett^w, m wiitf it ta 

t«aeiaBf Spktrfml THf ow oMw a ry. A siArrc aIsmi t In dlnim^iiirr, *m » iwNinitnl, 

■ad lavtm tti nariMa iktnd or palatnd m a tilKiitKiard. it wfant it n«wl«d. fl out bn Oik 
utatd of Um — acdtctmoit of nelMMit oppontiw. or nado la my good uimlao tlM^. 
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CIRCLES OF THE SPHERE. 


PROPOSITION I. 

S33» Theorem* — Every section of a sphere^ made hy a plane^ U 
a circle^ 

Dem.— L et AFEBD be a section of a sphere 
whose centre is 0, made by a plane ; then is it a 
circle. 

For, let fall from the centre O a perpendicular 
upon the plane AFEBD, as OC, and draw CA, CD, 
CE, CB, etc., lines of the plane, from the foot of the 
perpendicular to any points in which the plane 
cuts the surface of the spliere. Join these points 
with the centre, O, of the sphere. Now, OA, OD, 
OB, OE, etc., b<‘ini: radii, arc equal ; whence, CA, 
CD, CB, CE,etc., are equal ; i. e., every point in the 
line of intersection of a plane and surface of a 
apherf* is equally distant from a |)oiut in thi.s plane. Hence, the intersection is 
a cirtde. k. d, 

334* Def. — A circle niiido by a piano not passing through the 
centre is a Small Circle ; one made hy a plane ptissing through the 
cent re is a Ureai Circle, 

333* ('OH. 1. — .1 perpendicular from the centre of a sphere, upon 
any small circle, pierces the circle at its centre ; and, conversely, ri 
pmrpendicular to a small circle at its centre passes through the centre 
of the sphere, 

330* Def. — A diameter ]wrpendioular to any circle of a sphere 
18 called the Axis of that circle. The extremities of the axis are 
the Poles of the circle, 

337* Cor, 2. — The pole of a circle is equally distant from every 
point in its circumference. 

The student should lie able to give the reason. 

338* (JOR. S, — Every circle of a sphere has two poUSy which, in 
ease of a great circle, are equally diMant from every point in the «>- 
eumferenee of the circle; hut, in case of a staaU eirele, one pole is 
nearer any point in the circunrference than the other pole is. 


P 




DI8TANCS8 OK THB StmFACfH Of A BrUERE, 2U 

539. Colt 4. — A mutU nrvh is kss as its disinnr^ fr^m ths rfn- 
tre ihs sphert is grmUr^ 

For, its a rboni of a ifreat clrrlc, U less as it is fiirther <Wtm 

Ihe cinilrt* of the jcreat cirrU*, which is abo the centre of the ^phc^c. 

540. (’or. /».—.!/? /;rw/ ritrlss of ths sanu sphere an r^puil^ theif 
radii Ixiug the radiui* of the «{>hen^« 


PROPOSITION IL 

S 41 . Th^rem* — Anp great rirrh tiirides the sphere into tm 
etjunt f tarts caUed Ilrntisphms. 

Dkm — ('oncelve ii »»j^hcre aiif divhU'it hy a jfreal clrt'le, i e , hv A plane pAMtlnn; 
Uiroueh itn < cnirf, and h i llln* j^real circle la* coiisictcrrd ns the hase of cat h 
{airtion. Thcs4* \niHVH hein); npinl, reverne uni* of llie }MirtlonH and conceive 
its IniHi* pi.'ii'ed in Ihe hnse c>l' the oilier, the convex snrfneeH Iwdnii: on the HAine 
side of the common lutM*. Since tlie haiM s are ei|nal circh‘M, tin y wdl coincide, 
and nince every |>oinl in the convitx surface of each |M»riion in eipially dUtani 
from the centri'of till' common h»M*, tin* ctuivi x surfaccH will eomride. 'fhen: 
f«»re, the iMirtlona I'oincide throughout, and are confM.qnenlly eiptal. k. t> 


PROPOSITION III. 

Ji42* Theorem^ — 77/c infrrsertion of any two grmf circles of a 
sphere is a diameter of the sphere, 

Dkm — The interw'ctlon of two planes is a straight line; and In the auie of 
the two gn^at eircU*s, an tliey lioth pass Uiroiigh the centn» of the sphen*. thb b 
oni* fKiinl of their inlcrtWH ljon. Hence, tin* intenw eilon of two gn at ditdeaof 
a sphere is a straight line which Uirmigli the <a?nlre. q K. li. 

Tor . — The intersections on the surface of a sphere of tm 
circumferences of great circles are a semi^circnmfrrence^ or 180^, 
apart f since they are at opposite extremities of a diameter. 


DISTANCES ON THE SURFACE OF A SPHERE. 

S44* Distances on the surface of a sphere are always to be under* 
ft4XKl as measured on the arc of a great circle, unless it is otberwiss 
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PROPOsmox nr. 

^4/i. TheOTem. — The distanceH^ measured on the surface of a 
ipherCy from a pole to all points in the circumference of a circle of 
which it is the pole, are equal, 

I)EM. — \Asi P !)« a pole of the small circle AEB ; 
then ttr€5 the arcs PA, PE, PB, etc., which measure 
the di.stanem on the surface of the sphere, from P 
to any fK>intH in the circumference of circle AEB, 
equal. For, by the straight Iiimjs AP, PE, 

PB , etc., are (M}ual, and these cH|ual chords subtend 
e<)ual arcs, ns arc PA, arc PE, arc PB. etc., the great 
circles of which tln^se lines are chords and arcs 
being ecpial Thus, for like reasons, arc 

P'QA — arc P'LE arc P RB, etc. 

f(40^ Con. — Tlie distance from the pole of a great circle to any 
point in the circumference of the circle is a quadrant {a quarter of a 
circumference), 

fiince the fKdes are 180'* apart (Injing the extremities of a diameter), PAQP' = 
PELP r: a Hemleircnimferem^e. But. in ease of a git;al <*ircle, cliortl PL chord 
P'L (= chord PQ *-= elu»nl P'Q), whence nn‘ PEL = arc P'L = arc PAQ = arc 
P'Q, Hence, each of thest; art:s is a quadrant. 

t%47* — By means of the facts demonstrated in 

this proposition and corollary, we arc enuhh‘d to ilraw 
art's of small and gmil circU's, in the surface of a spluTe, 
with nearly the same facility as we draw an.» and 
lines in a plane. Thus, to dmw the small circle AEB, 
wc take an arc equal to PE, and placing one end of it 
at P, cause a pencil held at the other end to trace the 
an' AEB, etc. To describe the circumference of a great 
circle, a quadrant must he used for Uie arc. By bend- 
ing a wire into an arc of the circle, and making a kK>p 
in each end, a wooden pin can be put through one loop and a crayon through 
the other, and an arc drawn as represented in the figure. 



Fie. 815. 
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FBOPOSmOX T* 

S48* JPrablenu — 7b pass a circumfermes pf a f/rmt mrcU 
through my two points on the surface of a sphere. 


DLSTANOtS OK THE SCHFACK OF A HTHKIlK. 


US 


SotmoK. — L<?t A and B \w two ixnnta on the wir* 
lace of ft sphere, thnntch which U in pn^Mmed to pasi* n 
cinnimfert*iM't* of a irrcat circle Fr«»m B ns h with 
an air i*<)ual to a quadmnl, litrikc an air oa, nM nearly 
where the pole «)f the circle {auMiittg thttonfh A and B 
Ill's*, ftii may tn* de(crmine«l hy itis|>«nioii. Then, fVom 
A, with the same arc, strike an me Mi inters<N‘iifij» on at 
P. \ow, P Is the |v>le of the cr»'ii! Hrelc ptutaintr thnm^th 
A and B. Hentr, from P aa a t'<»h\ with a epmdrant arc. 
draw a circle; it will paw throiifsh A and 0, and will 
be a jrn al cin le, since its |wile Is a qimilmnl’s di»»tftnce 
from Its rin'umh'rence. [The stiidenl fthottid make the construnion otj the 
•pheriea! blftcklxtard ] 

rM4u. CotL 1. — Thrnutjh afUf ftnt pitinfs on thr snrforr of a sphrtY^ 
on* prrni rirrh* tan nhraps ht tmn/t tit pttsu, tnul ontp vta\ r.rrrpt 
V'hnt thf ttra pnintA are at the t rtrofaitioM of the same dtttmett in 
triii' h ease an injimte uumher if t/rtat tiri Ics am he passni through 
the two jHtinis, 

Since the nres on and »f ar<‘ ftr< s of rreai clrt les. the ciretimfen nces of which 
they form jnirta will Intersi-ct uKo on the op|wmtte side of the sphere, at ii dU. 
taiu'«‘ f*f 11 senticircumfers'rire from P, Hot ihene two points are poien of tl»e 
ikurw ^'r«fit ein le, Now, aa the two threat eir«rles c an intersei i at nootln r |K»lnts, 
there can Ih' only one /fr<»Ht cin h* pasM d thronprh A and B, lint it the two 
yivin points* ueir at the c xtrerniiies of the -^anie dtariK'ter, cts at D and C. the 
arcs* HZ’ and on wotild coincide, and o**j/ puirct iti this * ff< umlen tn c Is iiij^ taken 
as ft |a>le, jirreat circh's can he drawn fiiioM;;h 0 and C. [The Htndcnt shouhl 
trace the work on the m»hciical hlac klH»ard | 

iiHO, Hni, — The truth *if the eoroliaiy is hImi < vident from the fiic:! that 
Utrt*s' iftiintH not in the ajune stntti;ht line dc ic-rmine the {toNiilon of it pitwict. 
Th tm A, B, and l4ie tmlrv? of the nfdiere, fix the j»<«*ition of <»ne, and only cine, 
|rr%*al circle paaidnf^ thniufrli A and B. M«»reover, if the two p^lv*m points are at 
the extn»miUf!« of Uic same diameter, they art* In the Mime slral^(lit lino 
with the centre of the upliere, whence an infrnile uiindM-r of pUncsi can lie 
pasf»cd through them and Uie cenlrcr. The rtu'iidians on th<* l arlira surface.; af* 
ford an example, the |¥iles (of the equator) Indiig Ui*' given indnu. 

Mlm Cor. 2. — If itra fmntit in the rirrum ferenre of a great cireh 
of a sphere^ not at the eiiremitun of the $ame diarnHer^ are at a 
quadranCn dielatice from a pmnt oh the surface, that point m the 
pole of the circle. 


• Tk« wofd drela muf b* aadartliMM} to refrr dthssr to th« drrfa prftptfr, /sr to tt# df^ 

f — * atm, Tb« word 1« ia iwwttaiit im la tba blgliar Baa t h w a a tte*!, In tlw kaitor $m»e. 
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PROPOSITION TL 



Fi« an. 


SS2. Theorem. — The shortest distaiwe on the surface of a 
^here, betioeen any two joints in that surface^ is measured on the are 
less than a semicircumference of the great circle which joins them, 

Dem.— L et A and B be any two points in the 8ur> 
face of a sphere, AB the arc of a great circle joining 
them, and AmCnB any other path in the surface be- 
tween A and B; then is arc AB less than AmCnB. 

Let C l)e any point in AmC7iB, and pass the arcs of 
great circles through A and C, and B and C. Join A, 
B, and C with tlie centre of the sphere. The angles 
AOB, AOC, and COB form the facial angles of a trie- 
dral, of which angles the arcs AB, AC, and CB are the 
measures. Now, angle AOB < AOC -e COB (4*^4); 
whence arc AB < arc AC -f arc CB, and the path fn)ni 
A to B bless on arc AB than on arcs AC, CB. In like manner, joining any point 
in AmC with A and C by arcs of great circles, their sum would be great<T than 
AC. Ho, also, Jidning any point in CaB with C and B, the sum of the arcs 
would be greater than CB. As this proces.<» is indtdlnittdy rei>caled, the path 
from A to B on tin? arcs of Uie great circles will continually increase, and al.so 
coniinuttlly appro.\iniale the path AmCnB. Hence, arc AB is less than tho 
path AmCnB. q. e. d. 

-The least arc of a circle of a sphere joining any 
two points in the surface, is (he arc less than 
a setnicirrumferefur of (he great circle pass- 
ing through the points ; and the greatest are 
is the circumference minus this least arc. 

Pem.— L et AmBn bo toky small circle passing 
tlmnigh A and B, and ABOoC tho great ciirle. As 
shown above, ApB < AmB. Now, circumfercnco 
ABOc^C > circumforeuce AmBii(^l!^^>. Subtrac'ting 
the former inequality from the latter, ire havo 
BDoCA > BnA. q. s. D. 


SS3. Cou.- 



pROPasmaN til 

SS4. Thoorenu — Tlie shortest paih on the surface of a kmi^ 
sphere^ from any point therein to the circumfersnes of the great circle 
forming its base, is ths arc less than u quadrant cf a great cirds per- 
pendicular to the basey and the longest pathy on amg are of d greed 
dreky is the supplement of this ehoriest path. 



fiPHXBlCiJL ANaUES. 


ai6 



rw. 


P be & j>olnt In Uie »nHkc<* of the hmU* 
sphere wluMe base is ACBC\ and DPiaO* an arc 4 »f a 
cin h* imasing Ihrough P and {K»i|M*ftdicttlar u» 

A0C8C' ; then U PO the shortiwt path on the surfact^ 

Oom P to ciienmference ADBC, and PmO" is the 
longeat path (Vom P to the circutufercnct\ mesasureti 
on the art* of a great circle. 

Ft>r, the shoru*8t path from P to any point in dr- 
ciimferenot* ADBC' measuri'd on the arc t>( a great 
circle Xow, let PC Ik* any oidh|uc an* of a 

gri'at circle We will show that arc PD <. an* PC, Pro- 
duce PD until DP' *r PD ; aiul pa>iH a great circU- through P' am! C. Draw the 
nulii OP, OD, OC, and OP'. The tried nils OPOC and OP'DC have the failal angle 
POO P'00, Uu'V lueuMurtnl by eipiul arc*, ami the fneial angle DOC com* 
inou. Hiucc, os the inchultHl diedruln are ctpial. IxUh lK*iiig right, the tt iialrals are 
equal or symmetrical {440). In Uua cjno* tin y art- symmctrirnl, and tlo* facial 
angle POC - POC ; wliemv the arc PC - arc P'C. Finally, since PC f P'C > 
PP, PC, the half of PC + P'C, is greater than PO, the half td' PP'. 

Secondly, PmO' is llie supplcimnU of PO, nml we are to k1u»w* that it l« gn^atnr 
than any other arc of a great <*ircle fr«nn P to the dn nmierenee AOBC'. Is»t 
PnC' hi* any arc of a great circle (ddhpie to ADCBC'. Froilnee C'nP h» C. Now 
CPwC' ih a scmicirtmmfemice and conseqtnnitly ccpml to DPraO'. Ibit we hae© 
befort; shown that PD < PC, and suhtrueting these from the etpmlM CPnC' and 
OPmO', we have PmO' > PnC'. 


('OJb — From tun/ point in the surf tor of a hnnisphrre (hsrn 
are two perjtrndirutarM tit t/tr cirrntnft n ntr tf t/tc f/rntt virvle which 
forms th‘ buss of thv httni.'*phvrv ; tmr tf which perpendiculars 
virasurts the least distance to that circutnfen nc(\, and the other the 
greatest, on the arc of ant/ great circle of the sphere. 

Thus PO and PmO' ore two |>cri»endieulars from P ujwin Uie dreumferencs 
AOBC'. 


SPHERICAL ANOLKH. 


5R0* Th« angle formed by two arcs of 
circlca of a «|)here ia conceivcnl an tlie fiaine 
aa the angle inclnded by the tangenU to 
the arc6 at the oonunon point 

AB md AC be two arcs of circles of 
the meeting at A; then the angle BAC Is 

otmeelfiect ee the seine ee the angle B'AC', B'A 
being tangent to the dide BAOsi« and CA to the 
circle CACa. 
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Ii51. A Spherical Angle is the 
angle included by two arcs of yreat drcles. 

III.— B AC, Fig. ?521, is ii spherical angle, and is 
conmred as the same as the angle B'AC, B'Aand 
C'A lieiiig tangents to the grmt circles BADF and 
CAEF. {The student should not confound such an 
angle as BAC, Fig. 320, with a spherical angle.] 


PROPOSITION VIII. 

Theorem* — A spherical nugh is equal to (he measure of 
the (liedral inrlniUul by the great cirrhs trhosc arcs form the sides of 
the nnyk. 

Df.m.— L et BAC he any spherical angle, and 
BADF and CAEF the great circles whose arcs BA 
and CA include the angle ; then is BAC equal to 
Die measure of the diedrtil C*AF B. For, since two 
great cirt'IcH intersect in a dianu ter {(*42), AF is 
a tliameter. Now BA is a tangent to the circle 
BADF, that is. it lit^s in the same plane and is per- 
pemlicular to AO at A. In like manner C'A lit‘s 
in the plane CAEF and U ixirpendiciilar to AO. 
lienee B AC' Is the measure of the diedral C-AF B 
Therefort' the spln'rieut angle BAC, which Is the Sfune as tlic plmote angle 
B'AC', is cijiial to the measure of the diedral C*AF'B> q. s. D. 

S5U. To It. 1, — If one of two great circles passes through the pole 
of the othcCf their circumferences intersect at right angles. 

Dkm. — T hus, P being the pole of the great circle 
CABm, PO is its axis, and any plane passing through 
PO is iH>rpendicular to Uie plane CABm (4^7). 
Hence, the dkalral 8*AO*P is right, and the spheri- 
cal angle PAB, which ia equal to measure of the 
dieilml, is also right 

MiO* CoH. 2 . — A spherical angle i> 
ured by the are of a grmt circle intargci^^ 
between its sides^ and at a guadran^o dis* 
tance frmn Us pertex. 

Thus, the spherical angle CPA U meamred by CA, PC and PA behqi quad- 
rants. For, since PC is a quadnml, CO k perpendiouhir to PO» the e^ of the 
diedral C-PO^A, and a like reason AO is perpmdkniiar to PO. Eettde, COA 
Is the measure of the diedral, and oonseqiiaiOy OA, Ik meaiqie, is the keitm e 
of the SDheilcal anele CPA. 
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SGI* Cor, 3 . — The angle included hy firo atrs of small circks is 
the same as the angle invlnded hy two arcs of great circles passing 
through the vertex and having the same tangents, 

Tliufl BAC = B "AC". For ibe angle BAC l«» by 
definition, the tiiaine as B"AC", B'A and C A being 
tangents to BA and CA. Now, passing plaiit\s 
through C'A, B'A, and the centrt> of Uie sphere, 
we have the ares B''A, C"A, ami B'A. C'A langt nis 
to them. lienee, B"AC" is the same as B'AC', and 
consequently the stime us BAC. 

S62» Scir. — 7e (Inite an are of a great eitrle 
fohich shall be perjKndienlar to another ; er, tehaf 
is the same thinf/^ bt eonstrurt a right spherieal angle 
an arc of a great eirele perpeirdieular to CAB at A, Fig. l/iy olf Itoin A, on 
the arc CAB, a tpiadratit's <lisla!iee, as AP", ami I'naji P jih :» poll-, itti a 
rant describe an are passing through A. I'liiH will hr die perpriidi* ulur required. 

In a similar manner wc may let fall a perpemlimhir Iroin unv point In the 
surface, uiK)n any arc of a gff?at circle. Tc» let fsll n p^ rpendirttlar from P" ujam 
the arc CAB, from P'" ns a jKde, with a quadrant d» tv rjU* un ur« rulting CAB, 
as at P". Then fnim P' as a t>ole, with a quadrant tloni-ribo un nrv |»asidrig 
through P " and cutting CAB. and it will l*e |M*r|H*mli« ular to CAB. |The stu* 
dent should have practice in making these conatructloufi or» tin? spluTe | 



I iu. rrjl 

Let it bt* n *p>irrd to creel 


PROPONITIO.V IX. 

S63. Probl4*m*-^7o pass the rirrfnn/crcnre of a small circle 
through any three points on the surface oj a sphere. 

B*>LTmoN.— Ut A, B, and C I>c the three points in the surface of tlio sphere 
through which we profKwe to pnsa the rlrcufiifcn nee <»f 
a circle. Paaa arcs of great cireb'S lhit»uch the jMdnts^ 
forming Uie spherical triangle ABC. Thus, to pass an 
arc of a great ditde through B and C, from B a« a fsdfr, 
with a qTiadmnl atrlke an arc aa near aa may Ik* to tin* 
pole of the required drek ; and from C aii a i^de, with 
the quadrant alrikc an arc inieraecting the fiimier, as at 
P ; then la P the pole of a gntat circle |ia##ing thfi>ngh 
B and C (?). Hence, from P aa a faile. with a qiiadranl 
im throdgli B and C, and It will be the arc re* 

C, A and B. Kow, blaecl two of these area, aa BC and AC, by area of great 
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drclcft perpendicular to each. [Tlie student will readily perceive how this is 
done.] The intersection of these perpendiculars, o,will be Uie pole of Uie small 
circle requirtnl (V). Then from o, as a pole, with an arc oB draw the circum- 
ference of a small circle : it will pass through A, B, and C (?), and hence is the 
drcumfcrcuce retjuired. 


OF TANGENT PLANES. 

G4» A Tiinffent Plane to u curved surface at a given point 
is the j)lttiie of tw<» lines re8[)ectively tangent to two plane 8C‘ctions 
through the j)oint 

Ii.L.— Let P he a point in the curved 
surface at wliicli we wish a tangent 
])lane. Pass any two planes through 
the surface ami the point P, and let OPQ 
and MPN n‘i)resent the intersections of 
these plains with the curved surface. 
Dmw UV and ST in the planes of the 
sections, and tangent to OPQ and MPN, 
at P. Then i.s the plane of UV and ST 
the tangent plane at P. 



Ft(i. 396. 


PROPOSITION X. 


turn. Theorem. — A tamjent plane to a sphere is perpendicular 
to the radius at the point of (un^ency. 



A 

Fio. svr. 


Dicm.— L et P be any iMdiit in the surface 
of u sphere ; pars tw'o great clntles, as PaA, 
etc., and P#i»AR, Uiroogh P, and draw ST 
tangent to Uic arc mP, and UV tangent to the 
arc (iP ; then is the |>lanc SVTU a tangent 
plane at P, and perpendicular to the radius 
OP. For, a tangent (as ST) to the arc f»tP is 
))crpendicular to the radius of the circle, t*. e., 
to OP, and also a tangent (as VU) to the arc oP 
is pcTpendlcular to the radius of tkk circle, 
i, ui OF. Hencse, OP is |ierpeodiealar to 
two Uoea of the plane SVTU. and conse- 
quent^ to the plane of tlieee lines (?). 
q. B.P. 


Coil 1 . — £rery point in a tangent plane to a 
Am point of iangeney^ is wiihtnU the sphere. 
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For,OP,Uie pcriwndicolar, is shorter Uisn any lino whuh o.m In- drawn 
from 0 to any other point in the plane (?). hence any other |H>int in Uu> plane 
than P lies farther from tlie centre of the 8i>here than the length of il»e radius 
and is, therefore, without the sphere. * 


Coit. A iaugenf throuijh P io any circle of the sphere 
passinff through this j)oint, tics in the tangent plane, 

l)EM.~TIms MN. tangent to the small circle PwRft through P, lieH in the 
tangent plane. For, conceive the plane of the small circlt* extended till it in* 
torsects the tangent plane. This intersection is tangent to the small rinde, 
since it touches it at one i>oinl, but cannot eiii it ; otherwin* liie tangent plane 
would have {mother j>olm than P comnioii with tlie Hurla<-e <*i' the spheii?. Ihtl 
Iheiecau be only one tangent lo a circle at a givi-n point, lienee this inleriHH;;* 
lion is MN, which is couseiiueully in the tangent plane. 


OF NPflEIlK AL TUlAMiLES. 

SG 8 * A Sphcvicxtl Tl*iuhffle is a portnm of l)ic Ktirfnce of a 
epherc houudcil by tlircc arcs of great circles, la ihr prcHctil. treatise 
ihcfw* arcs will be <'oiiHi<lcri‘<l a.s each less than a s< inicircti infer* 
envv. 

The terms scalene, isofsceles. cfjtnlateral, right augltMb and oidiijuc 
angled, are ajiidied Uj B])herieal triangIcH in the huine nmniier an lo 
plane triangleij. 


PROPOHITIOX XL 

SGG* Theoretn^—Thc sum (f any t wo sides of a spherical tri- 
angle is greater than the third side^ and their difference is less than 
(he third side. 

DKM.<~Let ABC be any «phcric4il triangle ; then U 
BC < BA 4 AC, and BC — AC < BA ; and the same is 
true of the stdea ID any order. For, join the vert ice* A, 

B, and C, with the centre of the aphere, hy drawing AO, 

BO, and CO. There is thua a tricdral 0*ABC, 

whose ikctal angles are measured by Oie of 

the triangle ( Now. angle BOC < BOA AOC 
whence BC < BA + AC ; and auhtracUng AC 
from both meinbers, we have BC — AC < BA. 
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PBOPOSITIOJS XIL 

S 7 O 0 Theorem* — The mrn of the sides of a spherical triangle 
may he anything between 0 and a ^Arcuniference. 

Difif .—Tlic niiUij of tt Hphorical triangle are measures of the facial angles of a 
tricdnil wlioHi? Vfrriex Is at the e«ntr<‘ of the spbtirc. Hence their sum may he 
anythiftg between 0 and the uieanure of 4 right angles, as tlieso are the limits 
of the sum of the facial angh^s of u triednil {4ti0), 

/i7 1* S<'ii.~As theii<l<‘S of a spherical triangle are arcs, they can bo meas- 
ure(*. in fb^grecs. Hen(»% wo s|X‘ak of the side of a spherical triangle as 30"^, 
57 , 1 1 5' 10', etc. In lu^cordance with this, we say that the limit of the sum of 
tl4C sides of a spherical triangle is 300 ’. 


PHHPOSITIOX XIII. 

/$72* Theorem* — The Hum rf the angles of a spherical triangle 
may be anything betawcu two and six right angles, 

Dkm. — T he sum of the angles of u spherical triangle is the same «s the sum 
of the measureH of the di<‘drals of a triedrul having its vertex at ih«‘ centre <if 
the sjdicn*, as in iHOU), N(»w' the limits of the sum of the meaHme> of these 
dledrnls are ii uiid 0 right angles Hence the sum of the angles of any 

•]ih(*ricHl triiingh' nmy he anything between 2 and 0 right angles, k. d. 

OJli* will hr observed, that the sum of the angles of a spherical 

triangle is not constant, as h the sum of the angles of a plane triangle. Thus, 
the sum of the angles of a spherical triangle may he 2(X) , 21K) , iJ.>0 , 500*, any- 
thing between ISO uml 540 , 

J!f74* ^>i:v,Spherieal Kret^m is the amount by which the 
sum of the ungle.s of a spherical triangle exceeds the aum of the 
aiigleg of a plane triangle ; t. it is the 8um of the spherical angles 
— 180 or ir. 

Ii«L.~‘It i« not difllcult toobsenre the occaaion of tills In the case of the 

equilateral spherical triangle. Thus,let ABC be such a triangle. Cemeewe the plane 

triangle formed by the chords AB, AC, and CB. 
The sum of the angles of this plane triangle is 
180"'. lint each angle of the spherical triangle 
is larger tliaa the corresfiondlag angle of the 
plane triangle. Tbos, the spherical angle BAC ii 
the same as the plane angle C'AB', Incloded be* 
tween the tangents C"A and B^A, which are per* 
pendiealarto theedgeof thedie^l OAtHI,«id 
iadade its mmmaing angle. Knw^CAand BA 




OY 0PHEBIGAL TBlAl^QLSa. 


221 


yeing different liner frowi C'A and B'A are oblique to tljo AO, and in- 
dude an angle Im than its measure, and consequently less than CAB. For 
a like reason the plane angle ACB < the spherical angle ACB, aiul plane angle 
ABC < spherical angle ABC. Moreover, it is easy to see that the inetiualitv 
between any plane angle and the corresponding spluTieal anirh* inrroas<-s as Iho 
chords BA and CA deviate more from the tangents. Wlu nri- \vt‘ see why the 
sum of the angles of the spherical triangle is not a fixed quantity. 

(' OH. — .1 spher}cal tria>ifjh Duitf hare otu\ iinu or rren (hrrf 
right atn/lvs ; amU in furf, it niog haw onr, (u'o, or thnr ohtua^ 
angles ; since^ in the latter case^ the sum of the angles trill not urees^ 
sarilg be greater than i540''. 

Hkf.’— Trireefanfiulat* Spherical Trianyle in 

a spherical triangle which ha8 three right anglea. 


PROPOSITION XIV. 

ii77» Theorem* — The trireciangular triangle is onv-eighth of 
the surface of a sphere* 

I>KM. — Puss three planes through the centre of a sphen*, respect I vriy jier* 
pendiculur to eaeli other. They will divide the 
surface into H trirtfclangular triangles, any one of 
which may lie applied to any other. Thus, let 
ABA'B\ ACA'C', and CBC'B' Ik? the great < irel* H 
formed by the tJiree planes, mutually perpeinlic u- 
lar to each other. The planes lM*iiig p«T|M‘inIj< ular 
lf> each other the diedrals, as A-CO-B, C BO A, 

C*A0*8, etc,, are right, and hence tlu? angles of 
the 8 trianglea formed are all right Alw*, as AOB 
is a right angle, AB is a quadrant ; as BOC is a 
right angle, CB is a quadrant, etc. lli'nec. each 
aide of every triangle is a quadrant N<»w any one triangle may Is* appllwJ to 
any other. (Let the student make the appln alion ) Hence the trinjciangiilar 
triangle is one-eighih of the surfiiai of a sphere, q. K. D. 

S78. trireciangular triangle is seiuilalsral and Us 

sides are quadrants. 


A 



PROPOHinOX XT. 

379* Thearemrn — In an isosceles spherical triangle the angles 
9pp0tiU tk* equal eidee are equal; and, cortcTnely, If two atujle* of 
m epkarieal triangle are equal, the triangle it iewcelee. 
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Dem.— L ot ABC l)C an i^osrelca spherical triani^le in which AB = AC ; then 
an^rle ABC = ACB. For, draw the radii AO, CO, and 
BO, forming the edges of the triedral O ABC. Now, 
since AB AC, the fadal angles AOC and AOB arc 
<'(|ual, and the triedral is isosceles. Hence the dic- 
druls A-OB*C and A-OC-B are equal {44-2)^ and con- 
8((juenlly the spherical angles ABC and ACB are 
f <jual {MS). Again, if angle ABC = angle ACB, side 
AC = side AB. For in the triedral 0-ABC, the die- 
drals A-OB-C and A -OC-B are equal, whcMice the facial 
ainrles AOB and AOC are equal and conse- 

quently the sides AB and AC which measure thm‘ angles. 

r,HiK Cor. — An equilateral spherical trianyle is also equiangular ; 
and, conversely, If the angles of a spherical triangle are equal the 
triangle is equilateral 



PROPOSITION XTI. 

t$H /. Theorem^ — On the same or on equal spheres t?ro isosceles 
triangles having two sides and the included angle of the one equal to 
two sides and the included angle of the other ^ each to each, can tn 
superimposed, and are consequently equal 

Dbm.— I n the trianglfs ABC and AB C'. h t AB = AC, AB' - AC'; and let 
AB r. AB', BC =■ B'C', and angle ABC = ABC ; then 
ran the triangle AB'C' be superlmposetl upon ABC. 
For, since the triangles arc isosceles, we have angle ABC 
- ACB, AB'C' = AC'B', and, as by hytx>thesis ABC = 
AB C', tlK^se four angles arc equal each to each. For a 
like reasoti AB AC = AB' = AC'. Now, applying 
AC' to its equal AB, the extremity A at A and C' at B, 
with the angle B' on the same side of AB as C, the con- 
vexities of the arcs AC' and AB being the same, and in 
Uic same direction, the arcs will coincide. Then, as 
angle AC'B' = ABC, C'B' will take the direction BC, and since these arcs arc 
equal by bypoUicsis, B' will fall at C. Hence B'A will fall in CA, as only one 
arc of a great circle can paas between C and A, and the triangle ABX' is super- 
imposed upon ABC; wherefore are equal. [Let the student give the 
application when other parts are assumed equal.] 


/f 82 * SymnwtHefA Spherical THungleti are inch ac 
have the parts (sides and angles) of the one mpectiTcly equal to the 
parts of the oiher^ but arranged in a diflhrent order, so that tlie tri- 
angles are not callable of sujM^rpositioiL 
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III.— In /%?. ABC nnd A B C' rt’piwtnl #yiimuMiiral xph^'rlokl Id* 
auglfti. In Uujse triau|;U*» A A , B -r B', C =^^5 C\ 

AC =: A'C', AB = A'B’, and BC B C’ . 

Usfwii wc cannot conceive one trian>;le HUpt»riin|a>>4*Hl 
upon the other. wert^ we to iiiake liie a! 

tempt by pl.wrin^ A'B' in its < <iual AB, A' at A. and 
B' at B, the anirle C' would fall on the €»pja»Mte sell* 
of AB from C, Now, wt? cannot re\i*lve ACB on 
AB ior its cljord). ami thus make the two c<»im ide. 
for this \v<mld l»rin^ tht ir convex iih'H toueiln i 
Nor can we make tliein coinchle by reversini; ABC, 
and placin>f B' at A, anti A' at B. For, tiUlnauh 
thcM* two nn'H will tluin eoim*i«le, tus the am;le B i' 
not equal to A, B'C' will not fall in AC; and. nji^on. 
if it did, C' wuubl not fiUl at C, since B C and AC ho* 
not e<|ual. 

Ibir, considerintj the trianjijh's ABC and A B C in 
f’V dd4, in which A A', B “ B . C C , AC 
A C . AB A'B', and BC ~~ B'C , wt* can readily 
( cnn cive tlie latter tut stqH*rini{ii»sed upon the fortm i. 

I The htiidenl should nnike tin- application] Ntov, 
the two triangles are equal in each ease, m w ill 
sulMHfqitently apjwarof Uic fonner. Sneh trianj^des a-* 
thosa.! in /^i^. .‘Wd arc called nymtuttriritUy ry'oi/, while 
the latter are said to Im* equal hy 

Fig, .T15 rej>resents the wime triafn:les as Fig. JWI, 
and exhihifs a complete projK tlon* of (he seinicir- 
cumfcn‘nc<*s <>f which the sidea of the trlan^lea are 
area. The student should iKronie (wfecily fuiiiiliar 
with it, and Iw able to draw it rea<Hly. Thus, akB’t 
is the projection of the scinicirciiiiiference of whi< h 

AB is an arc, nACc of Uic semkirctimferenn* of which AC is an arc, ».ic., etc. 




PROPOSITION XVII. 

•W*?. Tfl^Oirenu — Symmctriml ftpheriail (rinitff/f v ar^ rquim- 
knf. 


• To oiKtrrMUiul whst t« bjr thf |»r»»j*'cnwj «»f ih««« s 

»tth its ttase on pmpet, aiid rvf»rMitft)t<(wl bjr tli« circle a6<r. sud sH :b«>src« rsUnl up tnm tiMi 
paper M thty woold be on ibe snrfMie of to* b a bemUpbere. Tbas. fotoideriii,; th<} arc 
the eiMls a aod b wornW be In the paper jsrt where they are, hat ifae re«i of the sre woold ba 
off the paper, at thottd) yon cooM take bn)4 <4 B ami raise it from th<* paper MrbU<it a ami 6 
remain Axed. The Unee in the Agnre are repre«entalim>a of llmr* mi ihc i»«flare of such a 
htmii|iiie«w, m they wonld appear to an eye tintirted la the axis of the rirrfir abc, and at an 
(nAnite distance horn It; that ls,jtist as If each point In toe limrsdrrrpted/Mrrp«i»dto«Airfp 
doam apon the paper. Arcs of crent cirtJea perpendkatar to the base are t»r«ij«;cted la siraliiht 
Hoes paMdnf throofh tha OMtra, and obtlqae area iia projected in eillpaee. hee 
rHpoaoewfrp 



224 


ELEMEKTABT SOLID OEOMETHY. 


Dbm.— L ftl ABC nnd A'B'C' Imj two symmetrical spherical triangU^s, with AB 
= A'B', AC = A'C'. BC - B'C', A = A', B = B\ and C = C' ; then are they 
equivalent. 


For, pass circumferences of small circh*s through the 
veriices A, B, C and A', B', C', as afjc and «7>V', of which 
o and o arc the poles. (Tlie student should execute this 
on the spherical blackboard.] Now, by reason of the 
mutual equality of the sides, the chord AC = choi'd A'C\ 
chord AB r: cJuml A'B', and ehonl BC = chord B'C, and 
as llio small circles are circumHcrihed about tin; equal 
phme triangles ABC and A'B'C', these cinrles are equal. 
Hence, ^A = ok‘ = oB =r e'B' = oC = o'C\ The tri- 
angle A«B is therefore eipial to A7/B', BoC = B VC', and 
AeC “ A'e’C'. (The Htudeiil should make the apjiUcution of these equal tri- 
anglcK,] Hence, ABC is ettiii valent to A'B'C\ os tlie two are compo.sed of equal 
ports. 

If the poll's of the small circh*8 fell without the given triangles, ABC would 
be equivalent to the sum of two of the partial triangles minus the third. 



Fw. m. 



PltOPOSITlON XVIII. 

S84, Theorem . — On the same or equal spheres, ftro spherical 
triangles haviatj two side.^ amt the iarladcd anple 
of the one equal to two sides aud the included 
an pie of the othcr^ each to i achy are equal, or sqm- 
metrical and equivalent. 

Hicm.— L et ABC and A'BX', F\’g. J137, be tw'o sphoHcal 
triangles having AB = A'B', AC =r A C', and A rr A'. In 
this case,a« the parts are similarly arrangi'd, by placing AC 
in its iHjual A'C', AB will fall in its equal A B' (as A - A'^), 
and the two triangles will wdnclde. Hence. tln*y ait* ccjual. 
Again, let the two triangU« be ABC and A'B'C', fSg. 3118, 
in which AB = A'B', AC = A'C', and A r: A', the parts 
not Ix’ing similarly arranged, st) that the triangles are 
iiutq>able of superposition. Thus, If AB is plac^ed in its 
equal A'B\ A at A', and B at B', C and C' wilt fall on 
opptmUi sides of AB. W e may, however, construct ABC , 
Fig. 887, symmetrical with A'B'C' in this figure, and ap- 
ply ABC otFSg. 88$ to it, and find that tliey coincide. 
Now, ABC, 887, and A3'C\ Fig. 88$, are cquiralent 
hence ABC, Fig. 38$, la equiralent to A3X\ 
i^.asa 


Fim. »r7. 



Pis. m 


Ben.— This propositioii to jiftmStf the same aa { 44 ^ eonoemiiig trie* 
draU. Thus, in Fig. 887, drawing the radii AO, BO, CO, A'O, B*0, and C'O, two 
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trittlraU art' formal, harinsr the ani^lo A08 r: A*OB , AOC A'OC*. 
the imJuilrtl lUe^lrats I'cjunl. nn*! the jwm »hi)ihir1y %% hence the Irje* 

dnil« are In like nmniier the trirdml O ABC. n:iH, i» Hyiniiietrh'nl 

and cquU’alent to O A B C . Ikt8. IKitce, in either enjie, nil the jmrta of 
one ipherical truuit;le an* equal to nil the partn of the other, ench t<* eneh. 


rRorosiTioN xix. 

SSG* — On mmr, or on ftptoJ sfthnrs, two s/>hfr** 

cal iriattfjUs hovimj two anfflnt and thf iurludtd Sid* ttf the one eifval 
to frro unolcs and the inrlndrd »idr of the othei\ emh to each, are 
Hfual, or sijmou t viral and tupacalenl, 

Pkm -~r>tlng the Willie trianirh^H nn in the pree**<line^ |»ro|wHilUni, the ntmlent 
nhittild U* uhi«* to nifike the applh athm dtre<‘Uy, when the leiriM tire Hiinilarly 
dt«twiwi*il . find whi n not niinihirly di»»t»oH*<d, he »sln»ulil Im^ nhle to kIiow' that 
ABC. of Foj ’Sa\h, vikU he iqiplievt to ABC. Foj d:ir, hv mint trieui with A BC, 
Fig .TiH 

S< It.— TI iIh protKwithm in iil»o ?lrtun11y the name an { 447 } eoneeniliiK 
irit^tralii. Lei the student jKilnl out the identity. 


PR0in)HIT10X XX. 

SHH* TlieOFem* — On the mme^ or on eijual nphere*^ if two 
fpheriad triafif/len ham two Miden of (he one equal to two nidcn of 
the other ^ each to earhf and the included anplen nnequaU the third 
eiden arc unequaf and the greater third nide hehmge to the triangle 
having the greater indudeil angle, (’onverKely, If the two niden are 
equal, cftf Jt to eachy and the third eiders unequal, the anghn inrluded 
by the equal eidcjs are unequal, and the greater Ulonge to the triangle 
having the greater third side, 

]>£M.— In tin* tthuifWii ABC/aad A'B'C^ kt AB - A'B\ 

AC =: AC, and k> k* \ tb«o U BC > B'C'. For, join the 
verUcm with the centre, fisrmliix the two trtedrak O ABC 
and CAC C in thcM titodnUn AOB ^ A OB'. AOC 
= A'OC', beliiit tnewittred hy eifiial area ; and C AO*B 
> C'*ACB\ having the MiMn mnaanrea m k and A' (MS), 

Hence COB >C W (440). Thmknw CB, the metanre 
[>r COB, h graier than C'T, the lOMMtra of C'OB', 

InJBienmtimr,tbemmaMmafthetrlmtglm,Mnd^^ Fm m 

leqncttBjr the amiia fiidcl anglM of the trtcdimla, being granted equal, and 




ELdfEKTABT BOUO OSOmSTST. 


SC > B'C\ A > A'. For, BC greater iJian B'C\ COB > C'OB' ; whence 
B«AO'C > B^'A'O'C' {MO), or A is greater than A'. 


PROPOSmOS XXL 

SSO* Tfieorem* — On the mine, or on equal spheres, two spheri- 
cal trianykti haviiuj the sides of the one respectirelt/ equal to the sides 
of the other, or the nnyhs of the one respectively equal to the angles 
of the other, are equal, or symmetrical and equivalent, 

T)km*— T he Hides of ilie lriangh*H being equal, the facial angles of the triedrala 
at the centre are equal, whence the triedruls are eciual or symnietrical {Ml), 
ConRequenlly the nnglcH of the triangles arc equal, and the triangU*^ are equal, 
or Hynimetrieal and ecjuivalent , 

Again, the trianglcK being mutually equiangular, tlic triedrals have their 
diedmls mutually equal ; whence tlie triedrals are equal or symmetrical {M2), 
Therefore, tl»e Hides of the triangles are mutually equal, and the triangles are 
iK|ttul, or symmetrical and equivalent (See Fig$, 3ii3, U34.) 


PROPOSITION XXIL 

SOO. Thenrem* — On spheres of different radii, mutually equi- 
mgnUtr triangles are similar (not ecjiial). 

Dem. — Let 0 be the common centre of two un- 
equal spheres ; and let ABC be a spherical triangle 
on the surface of the outer. Draw the radii AO, BO. 
and CO, constructing the Uiedral 0-ABC. Now, 
the intersections of these faces with the surface of 
the inner sphere will constitute a triangle which Is 
mutually equiangular with ABC. Thus, A = a, 
B rs 6, and C := e, since in each case the correspon- 
ding diedrals are the same. Prom the similar sec- 
tors aOb, AOB, we have afr : AB ; : aO : AO ; and, 
in like manner, ac : AC ; : oO : AO. Whence, od : 
AB ; : tfe : AC. So, also, ab : kB : : bO : BO, and 
be:BCi: ^«0 : BO ; whence . cb :AB :: be: BC* Thus we see that ABC and 
obe, having tlieir anglra equal each to each, have abo their iddea proportional : 
therefore they are aimilar. 



POLAR OR SUPPLEMENTAL TSIAIKQLn. 

sot* One triangle is polar to another when die Tovlices of tme 
Aupe the poles of the sicles of the otfa^* Sndi triangka are also 



POUB OB m^riMMSSTJO, TBUHOISS. ^ 32? 

rnlltHi nupphmmhK since the angles of one arc the supplctuonis of 
the sides op|K>site in the oUier, as will appear hereafter. 


PROPOSITION XXIII. 

JS 02 * ProNem. — I/ftritiff a Kphrriral 
iritnujh given, fo dnnr ifs polar. 

S<»iJ Tiox - T.c*t ABC Im* \h(‘ nivcn tHiiii*:!*- • Fmm 
A ns n wjtli a ((|tut4)rttt)t •iinkr nn art\ hh C B . 

Fn»in B hh a |hiU-, with n i{ii»clrnftt Htrikr ih*‘ nrv 
C'A' ; Jifwt frtmi C, the an* A 8\ Then lit A B C 
I>olar to ABC. 

Jifhl. Colu — ff Of If triangle i> polar to 
(mother, wiiversely, the latter m polar to the 
former ; i. e., the relation is rrriprovaL 

Thtis, A’B'C' jHilur to ABC; rf< i|*r«K*Hlly, ABC }«* pohir U» A'B'C'; thnl 
U, A' h the (Mth- of CB, B' of AC, ami C' of AB. F»»r every \Ht^n hi A'B' In 
at a qniwlrant'# ihiitatux* from C, nml i very jioitit in A C' in ai a ({nmlrant** illn 
tance from B. Hence, A' is nt a (luieirant'a iliatarice from the iivo Cutid 

B of CB, and b tliertToir its pole, (In like niaiiner lliti atuderit hIioiiM show 
dint B' U the pole of AC, and C' of AB.| 

Sen. — By producing each of the area 
atruck from the verlii’ca of the ifiven trianglea 
tufficieiit]y,/t»ar near trlaoglef will he firmed, viau, 

A'BX\ QC B', PC'A\ and RA'B', Only the flmt 
of ihete ia called polar to the given triangle. 

It la Cfiay to obaenre the relation of any of the 
parts of any ope of Uie other three frianghw to 
the |iart* of the polar* Thne, OC' =: 

OB' r. ISO* s', QC m « 100* - BX'A , G0 Q' 

= 100*- ci^A\ and a » » tsr - wUt 

appear lienBaller. 

• Thi* ahoald ba «aMt«4 ea a vfilier«. Fw utadMita get ehar i4«M of polar trlaa«t«i 
wtihoat tt. Cate aheall ie Ufkm to eonstraat a vmrtaty of tiiaagfaa a» tlie ^vea tHaagfe, 
vine* iha polar i riaag i t 4eai not aHvafi fio to ibo puatitim tMiteiaod fo il»« ftjroei boro gfim 

L«i die gfv«n trbinfh* bavt oao aldo cKWnddombljr gfoator ttiao ae*, aixaber aocaewbat Itm, 
aatf tbo ttM fntli fiMll. AJm, tot mek of ibo ehtoa of tbo gtroa iHongto bo gmarrf 
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PROPOSmOxX XXIT. 


SOS* Theorem*— Any angle a spherical triangle is the 
eupplenient of (he side opposile in its polar triangle ; and any side 
is the supplement of the angle opposite in the polar triangle. 


Dkm . — Let ABC nnd A'B'C be two splicrical tri- 
anglea polar to each otlier ; and let the sides of 
each be designated as a, c, a\ b\ c\ a being 
opposite A, «' opposite b opposite B, etc. Then 
A =r 180" - fl', B = ISO" -^b\C = 180" - c\ a=z 
180’ - A\ & = 180" - B', and c -- 180" - C'. 

For, Join the Tertices of the triangles with the 
c<Milre of the sphere, thus forming the triedrals 
0-ABC, and 0-A'B'C'. These triedrals are sup- 
plemental ; for, A b(;ing the pole of C'B\ AO is the 
axis of the great circle of which C'B' is an ^rc (?), 
Pio. S4S. hence is perpendicular to the plane C'OB', and 

conm»quently to OB' and OC' (?). In like manner, 
BO is perpendicular to the plane A'OC', and hence to OA' and OC'. So, also, 
CO Is perpendicular to OA' ami OB'. Now, these triedrals be ing supplement- 
aty, the diedrni B*AO-C is the supplement of tlie facial angle C'OB' (4^5); or, 
since the dieilral B-AO C is the same as the spherical angle A, and the facial 
angle COB' is measured by a\ A is the supplement of a', t. s., A = 180" — a . 
For like reasons, B r: 180" — b\ and C = 180" — c'. [Let the student give them 
in full] Again, the dio<]rHl B'-A'O-C' is the supplement of the facial angle 
COB (^0); whence A' = ISO" — a. In like manner B' =: 180" — b, and C' =: 

leo" - a. 




Pin. 914. 


Bsookd Dkmonbtiution.— Let ABC and A'B'C' be two 
polar triangles. Let CB, CA, and AB be represented by a, 
b, and e respectively, and C'B', C'A', and A'B' by o', y, and e\ 
To show that A = 180* — o', produce b and c, if necessary, till 
they meet the side o', of Uie triangle polar to ABC, In e and 
d Now A is measure<i by ed {MO}, But, since C'd = 90", 
and B> = 90", C*d + BV, or C'B' + ad =s 180" ; whence trans- 
posing, and putting o* fbr C'B*, we have ad =r A sr 180" — a\ 


In like manner C*g + A'/ = C'A' ^fg :s 180* ; whence ^ =r B = 180" - C'A', 


or 180" — y. So, also, C = 180'' — d. To ahow that A' rs 180" -- a, consider 


that A' being the pole of CB,/r b the memiire of A'. Kow P)* ^ 

Ct* = 90"; whence B/ 4- Cl r; But 4 * Ci* s/I -f wherefore /« o ~ 
180", and triiispQilng,aiid patting A' for Jl, we Imve A" » 189* — a. In like man- 
ner we may show that B* = 189" - 9, and O' ss ^9" — a. {The atndent •boitid 
fhre the detaBa.] 



or softrAOt Of sraxMu 


qTAJDRATlTRE Of TRS HUiUPACC OF THE gPH£R£. 

I%U0* The Qaa^nUure^ of a ^urhioe is (ho 4«amo as (tiuUttg itn 
ait'a. The term is applitnl umler the eotuH^ption that the ]*roiv»« 
consists in hnUing a jffjfuare whieh ts iMpiivalent to the given surfuee. 


PROroSlTIO!^ XXT. 

/SOT* — Tht MirUnr tj^ntratal hij the rrvuluti^n of a 

regular urtni-pnhjgm of an even uutahr tg' >o// y, ahaut the diameter 
of the ri ream iter that cirele as aa is r<pnraltat to the rirthtn^ 

fen are of the imcriM rivcle tuulftplud hif tht' axis, 

Dkh ABCOE Im' one lialf <>f n n^jul.u ortntr<»n, AE ^ 

the <Uuinet<T of the eireiini»< rit»ii»ir rin ie If th»' M inl- 
jHThuc'ier ABODE he r»*voIv<Ml iiIhhii AE hm tin iiviit. the •»nrfmH‘ ‘V je 
jreruTatiil a ill lK t*!rr x AE, rMn#( the rntliiifi of the inHcrihetl ^4 j,* 

drrh\ ha (iO. or hO. 

This Aiirfiiirff is c<»nipf»s<Ht of the eon%ex siirfHei’a of rones 
And fhisfitmA of eone*, Thn» AB |»i*nerHieai il»e Kurfure i>f n 
eirtie, BC the frimtum of a rone, ei<\ a itnd A he the nihl 
die tMthits of AB and 6C, niid drua' am. Be, tm, nnd CO per 
{HMidienlar to the axis, and Bd pandtel to ti. AIm 4» draw the 
radii of the Insorified citTle, aO and M5. Iinlicute the 
fncwi penerated by Uie Aide*, m Surf. AB, Surf BC, tte. 

The an^aaof th«i<?iwrfae«^ are : 

Surf AB . U ^ am - AB U% fH), (1) 

.Si4rf BC in » fm x BC itHHu etc. (8) 

Now, from the simitar than^ief* 0am and BAe, 

We have aO : AB ;; am : A«, or 2n x aO AB ■ 2ir x am : Ae ; 

Whence 2r x am k AB ~ 2nt x Ar, putting r foraO. 

Also, fhmi the aimilar trianKicn O^a and CBr/, 

Wc have : BC : : bn : Bd ( rO), or x /X) : BC : : 2)r x : eO ; 

WlMjnce 2xr X X BC sr 2jrr x cO, putting r for bO. 

Subaiilatittg tliM failles io (I) and (2), we obtain 
$Uff, AB - 2rr x Ac, 

Bw/, BC ~ twr X cO, 

And, io Utce niaiiiMf; Bntf. CO - 2wr x Op, 

Aad, Sittf. OE 2er x pi. 


B. " 

A 

■ 

\ 

O' • V 

rta. m 


AiSMag, mrf, A8C0E z:: Ur {Ae ^ rO ^ Op ^ pB) ^ 2nr m AC 

Ffntt^, since Uie asiae eottne of reasoning hi apptiesfde to itie irmi-fiolygoiis 
of 16, 8C Mt de., sides, Cbe troth of the propcwltion i« eatabiiahed. 


* Latin fuminUm. wtaared. 




XLEICENTABY SOLID OEOMETBZ 


598* 6ck— Tb'm proposition is only a particular case of surfaces generated 
by any btoken line revolv'tng abont an axis ; and the general pro|x>sition can be 
established in a manner altogether similar to the method given above. But this 
Is all that we need for our present purpose. 


PBOPOSITJON XXVL 

599* Theorem* — The mrface of a sphere is equivalent to four 
great circles ; that is, to 4nrli*, It being the radius of the sphere, 

Drm. — I iiit tlic Hemidrcumfer(;n(^e ABODE revolve upon 
the (Uiimeler AE, and thus geufrule the surface of a sphere. 
Conceive tlie half of a regular octagon inscribed in the 
semicircle. Call the radius of the inscrilxxl circ*le, ns aO, r, 
and let AO = It. Tlie surface generated by the broken line 
ABODE i.s, by the last proposition, 2«'r x 2 It = 4a’7*lt. Now, 
conceive the arcs AB, BC, etc., bi8t*c‘ted, and the chords dtawn, 
and let /•' b<i the radius c»f the circle inscribed in the regular 
polyj;on thus b»rmcd. The surface g^'iierated by this sc*ini' 
polygon will be 4irr'!l. By repeating the bi»»‘ctions, tlm 
broken line approximates to the semicircumferencc, tl»e raditts 
of the in-scribed circle to U, and the surface generateil to the surface of the 
sphere, tlie thrae quantities reaeliing their limits at the same time. Hence at 
tlio limit we liave 

Surf, of sphere = 2xrU x 2H = 4xrIP, q. e. a 

COO* Cou. 1. — 'Fhe area of the surface of a sphere i$ equivalent to 
the circumference of a great circle multiplied by the diameter, that is, 
2jrR X 211, as above, 

cot. 2 . — The surfaces of spheres are to each other as the 
squares of their radii. 

Thus, if U and U' art' the radii of two spheres, the sur&ces are 4xrR* and 
4aR'». Now,4jrlP : 4xK * :: U* i R^ 


A 



PiO. 34«. 


C09* Drf . — A Zone is the portion of the snrfiice of a sphere 
included betw'een tlie eircumferenoes of tw'o parallel circles of a 
sphem The otHinde of a xone is the distance between the parallel 
circles forming its bases. 

III.— TImi surlsoe genmted by am OB» or any am of tba dsds ABODE, 
Fiy. R4<1, In Its mvolutloa, ooitfonits to doflaitioo, aad Is a sows. Bach a 
portion of the siurfbeo ss is geneimted AB Is eslled a soaa wHb owe base, the 
elmle wbosa would form tba upper beae bavlag besona tangent 

lo the 8plii|m. 
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PRorosmox xxyil 

603* Thearem. — The area of a zone i> io (he area of the enrfam 
of the fiphere as the altitude of the tone is to the diameter of the 
sphere ; which gives for the arm of a zone a indug the aliituds 

of the zune^ atui ll the radius of tlw sphere. 

Dkm.—Ii ifl evident that in jiaaainf: the limit the imrfnre j^etterattMl hy aiirh 
a portion of the broken line M would lie IwnwtH'n C and B, FS*;, would 
be ineasiiml by the eircumferenc'e of the iiiMTibed eirelf mnlUtdietl by rO 
Hence, at the limit, tin? xone generated by are BC l« mejwun d by 2»rU ^ eO, Uial 
i», it is stich a part of the surface of the s|dii‘n* ns rO Is of AE. (kr 211. l^idtlng a 

represent the aJdtode eO, Uie fraction represimto the |mrt of the surface of 

the sphen* constituting Uie area of the zone. Henct% 4ff It* x w bit'll (npinla 
2jraH, is tiie area of the zone. 

004. — Oil iJic same or on equal sphens^ iaias ure to each 

other as their altitudes. 


OF Lrxix 

603* A Lune is n portitm td’ Ho* hurfutre of li H]diore iueluilcd 
by two .Si inicircuinfifreiices of great l in lt H. 

The surface AmBa is a lune. 

600. The Angle of the Lune i« th<‘ angle in- 
eluded by the area which fonii its Kith s ; <»»•, what 
is the saine thing, the niettsure of the dietlrul in- 
cluded lietween the great cirtdes. 

Thus, the spliericsal angle mAn, or the meahurc of Uic 
diediwl m-AB-n, is the angle of Uie luuc A/«Ba. 



PROPOBinOX XXYIIL 

907 . 17l«oreUU—The area of a June w to Ihe area of the eurfae. 
of the sphere on whiA it it eituated, a» the angle of the lune i$ to 
four righi angles. 

ACEB he a mne whose angle is the splferieal angle CAB, or what 
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It the flame thing, the plane angle BOC measnred 
by the arc CB, of which A is the pole ; then is 

lune ACEB : tuff ace ofiphere : : CAB : 4 righi anglet. 

For, suppose the arc CB commensurable with the 
circumference BC?nDn, and suppose that they are 
trieacU other as 5 : 24. Dividing BC into 5 equal 
arcs, and the entire circumference BCmDn into 24 
arcs of the same length, and passing arcs of great 
circltrs through A and these points of division, the 
lune will lie divided into 6 equal lunes, and the 
entire surface into 24 equal lunes of the same size. 
Thai these lunes are equal to each other is evident from the fact that they are 
composed of equal isoMccles triangles. Hence, 

lune ACEB : nurfare of sphere : : 5 : 24. 

Now, antjlr BOC : 4 Hfjht antjlfs :: BCt— /i) : (= 21). 

Therefore, h/ nr ACEB ; tmrfnec of apfu re :: BOC (or CAB) : A right anrjlee^ 
hince the circuinferem'o mcusurcH 4 right angles. 

If BC has no tinile common nu'asure with the circutnfercn(M‘, wc may divide 
it into any number of e((ual arcs, bisect tlicsc arcs, then bisect tin* last formed, 
and continne the process of bisection (in conception) to any napiired extent ; 
and as, when any (»ne of the arcs thus obtain<*d is u|>plicd to the circumference, 
if it is not an exact measure, llie remainder is less than the an*, wc* ean continue 
the subdivision of BC (in concc*plion) unti! this remainder is less than any 
iissignahlf (piantity. Ilcaicc, >vo may alwny.s consider the arc BC as com* 
iiienKurahlc with the circumference by making the measure infinitesimal. 

(tOH. (Jou. — Tito stfut of no veral htttoH on the tame sphere in equal 
h a lune wltoeo nnijle i.s the tnim (f (he anf/les of (he lunoH ; and (he 
difference of (wo lunes is a lune whose angle is the difference of (heir 
angles. 

OOiK Bril, 1.— The case in which the arc moaBuring the angle of the lune 
is iucommeiisumbh* with the citx'umicprence, may lie treated as in (20€), by the 
mcUiod of nMisoning called the Itoduetio ad alttutdum, t. e., by allowing a thing 
U) h© true, since it woedd be ulisurd to suppose it untrue. 

Thus, there is some arc to which the circum- 
ference bears the same ratio as the surface of the 
sphere does to Uie surihee of the lone. If that arc 
be not BC let U be BL, an arc to than BC, so that 

tuffaee tf sphere : lum ACEB ; : BCinDa ; BL. (1) 

Conceive the eircnmlhrence BCmOn divided Into 
equal parts, each of which is less than Ct, the as- 
sumetl dtiferenoe between BC and BL. Tlien con- 
ceive one Ilf these equal parte applied to BC as a 
measure, beginning at B. Since the measure is less 


A 
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m 

than LC, me point of diyision, at least, will All between L and C. Let I be 
such a point, and pass tlie arc of a great circle threugh A and I 

Now, tutfaee of tphere ; {une AIEB : : BCmOn : Bl. (2) 

since Ae tm Bl is commensurable with the circumfereno.. In (i) hd.I (ji m. 
Mtewdents being equal, the consequents should bo pro{K>iilonal. hence we 
sboula iiave 

luM ACEB : lam AIEB : : BL ; Bl. 


But this is absurd, since lune ACEB > luue AIEB, whereas BL < Bl. \n 
a similai* manner we can show that 


iuffdcc of 9fph€T0 is not to luuc ACEB ; : BC?aD;i : any arc greater tiiaii BC. 

Hence, as the fourth term can neither be less nor greater tlmu BC, it must 
be equal to BC, and we have 


surfiice of HpJiere : Zm/icACEB :: BCmDa : BC, 
i. e,, as 4 right angles, to the angle of the Iiuk?. 

mOe Sen. 2. To obtain the area of a lune vZ/fi/r an*fe kiuuen^ on ti ^rivrH 
find the aiea of the sphere, and multiply it by llie rtUio ihe angle 
of the lune (in degreen) to Jldfr. Thus, U iM-ing the nuUufi of the wplurre, 
4;rH* is the surface of the sphere; and lie* lune wluise angle is JIU‘ U or 
i^i llic surface of the sphere, i . of Mi- lt^ 


PROPOSITION XXIX* 

fiJle Theore^n.-—If two itevnein uinferenirH of f/rmt rirelon 
inieraect oti the surface of a hemispheric the sum of the tiro opposite 
frianefle/t thus formed is equivalent to a lune whim mujis U that 
included by the semicircumferences, 

Dejc.— L et tlic senilrircuinferenccfl CEB and 
DEA iDterseet at E on the Hurfnee of the hemi- 
sphere whose base is CABO; Ihen the aiim of the 
triangles CEO and AEB is equivalent Ui a luno 
whose angle is AEB, 

For, let the semidrcumferences CEB and OEA 
be produced around the sphere, intersec ting on 
the opposite hemisphere, at the esfreniUy F ol 
the diameter tbroogb E. Kow, FBEA is a lune 
whose angle is AEB. Minreover, the triangle AFB 
is equivalent to the triaiigle DEC : since angle 
AFB = AEB DEC, M&fif ^ skle EO, each Uliig 
the supplement of A£; and BF = CC, eac:h Ijeing tlie supplement of EB. 
Hence, sum of the triangies CEO and AEB U equivalent to the lune FBC^ 

UrSLtk 
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FBOPOSmOK XXX. 


y 012^ Theorem. — The area of a epherical triangle is to (he area 
if the surface of the hemisphere in which it is situated^ as its spheri- 
cal excess is to four right angles^ or 360®. 


I>EM.--L(!t ABC be a eplicrical triangle whose angles are represented by A, 
B, and C ; Uien is 

area ABC : iturf. of tumUjiJirre : : A + B + C — 180* : 4 ridht angles^ or 360'. 

Let luM A represent the lune whose angle is the an- 
gle A of the triangle, i. e., angle CAB, and in like man- 
ner understand lune B and lune C. * 

Now, triangle AHC4 AED = lune A {01 
BHI -f BEF =::: luioi B, 

CCF + CDI _= lune C. 

Adding, 2ABC + hetnuphere — lune {A + B -f C)*, (1) 
since the six triangles AHC, AED, BHI, BEF, CCF, and 
CDI, make the whole hemisphere and 2ABC be- 
sides, ABC iK'ing n‘ckoned three linusi. From (1), we 
have by transposing and renjemhering that a hemi- 
sphere Is a lune whose angle is IBO’, and dividing 
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by 2, 

ABC = i (A 4 B 4- C - 180*). 

But, by {007). 

4 lum (A 4- B 4- C — 180 ) : surf, of hetrwtph. :;A 4- B 4-C — 180:4 right angles. 
Therefore, ABC : surf, of Iteinisph. : : A 4 - B + C — 180" : 4 right angles, 

OlH. Bcii. 1.— 7(# find the area of a sfpturical triangle on a given sphere, 
the angles of the triangle being given, W’c have simply to multiply the 
area of Uie hemisphere, 1 . «., 2aR*, by the ratio of the spherical excess 
to 360*. Thus, If the nngU« are A = 110% B = 80*, and C = iK)*, we have 


arm ABC = 2jrU» 


A + B 4- C ~180* 


= 2jrR» 


60 

at$o 


= itrU*. 


014. Sen. 2.— This proposition is usually stated thus: The atm of a 
StpAerkfud triangle is equal to its spherieai excess multiplied hg the trireeiangular 
triangle. When so stated the spherical excess is to be estimated in terms of 
the right angle; C «., having subtracted 180* fh>m Uie sum of its angles, we are 
to dli^de the remainder by 90*, thus getting the spherical excess in right angles. 
In the example in the preceiUng sciioUum, the spherical excess estimated In this 

wty wooMbe = |; and t&e area dw triangle would 


^ This riRoiSes ths tone whot* sagle It A 4- B ^ C* whkh Is ef eeerts the twa of the 
thfss lanes whose sagles sre A. Bi tad C- 



be t of the trirectangular triangle. Now* the 
the surfcce of the sphere ( 577 ) is t of 4^8* 
gives the same as above. 

The proportion, 

ABC : mTf, of Tiemiaph . : : A + B + C — 180^ : 
is readily put into a form which agrees with the enunciatton as given in this 
schntt'im. Thus, surf, ofkmisph. = whence 


trireetangnlae t 


ABC = 8jrR’ x 


A + B + C-180° 


= i7rR* X 


A+B+C-180’ 


TOLUME OF SPHERE. 


PROPOSITION XXXL 

Theovem* — The volume of a ftphere is etpial 1o fhe arm 
of its surf arc mulfiplied ht/ ] of Ihe radius, lhal is, U hruaj 

(he radius, 

I>KM — OL “ R !m* Iho rriiliiiK <»f ii uplMTi* q ^ 

ii cirniinhcrilMHl nilx*, that l»t*a ciiIm* hIhiro _ y | 

fatTn nn tuiiiftMit plnai^H to llu- ftphi ri* I>iiiw linm p y fT' j 
from tin* \ t rti< <’*» of t»f iIh* jmiUmIihI of ' I • ,» » i 

till' cuIm . to II. f ( I iiirr of Uif i*pln'U , ii» BO. CO, DO, » *Q 
AO* «•!< Tilt wt* hn< t an* tiu* i.»\ pu.tiiiiiiH, ' ‘■''"r 

for tlinr l»a*w* tin* fiwm <il tin rnlw , iifitl for p’. ' ' 

a mimiion altitinlo tin* nuUiiH <>f Ihn ttplirn* {"*). 

H<*nn' tin* vohimf* tif the < imimM’Hlird nila* la A B 

c'ipml to iH atirftut* rnnltiphtMl hy ^ 

Agnin, (ornrive mm Ii of the tHilyt’dml ftiiifh** of 
the cube tninf Mt<*d hy (thinpyi Utugtnt to thf A new clrcfimariihcil af4hl 

will thuw In* funiMMl, wliiPM* volutiin will la* ni'iinr that of tin* Hplnri’ thati ^ that 
of tlif Hrruru'wrrilwd ('iiIk*. \aA oAr r«*pri*ei<*i*t on#* of thnae taiijii;t'fit pltt}u*H Dmir 
from the |>o!y<*dml nti:*}«*a of UiU new Milhl, Iiw*a to the feturi* of th#* »»phere, ai 
«0, AO, and <0, etr, ; ih<*«e Ua<w will h'riii ihe I'djtea of « w*t of ti)rHiiiidii whuae 
ba^tta roQ>»ttUite Bm* aulfare of the iMrlhl, atnl whoM* rontinon altitude in the 
ratiiua of the sphere (T). Hence the Tohiim* of thhi Mdid la to the |irtHlucl 
of Ita surface (the »um <»f the laiaei of the pymmhU) Into 
Now, thb proem , 4 >f tinncating the Bng\f% hy lantp'nt planeamay lie 
ocived as cvmtintied Inddliiitely ; end, to whetercr exh*nt it la rarn««d, it will 
alvNtg$ be true thet the volume of the aolfcl la cqfiel to lia atirfacc muhipth*«J hy 
i R Therefore, ea the efihere la the limit of thU rirniniarrilatl a/dld, we have 
the Tolome of the ephere equal hi the* euriaoe of the »i»hcn!, which fii AirR*, 
multipUed hy ^R, i, e,, to |wR*. <;t> ^ 



09 VUatSXPtAXI SOLID OBOXHTBY. 

0t6, Cob. — The surface of the sphere may he conceived as con- 
mstiny of an infinite number of infinitely mall plane faces, and the 
volume as composed of an infinite number of pyramids having these 
facAis for their hasesy and their vertices at the centre of the sphere, the 
common altitude of the pyramids being the radius of the sphere. 

017m A Spherical Hector is a portion of a spliere generated 
by the revolutioii of a circular mndor about tlie diameter around 
wliich the seinicirtle which generates the sphere is conc(nv<‘d to 
rtivolve. It has a zone for its base; and it may have as its other sur- 
faces one, or two, conical surfaces, or one conical and one plane 
surface*. 

lot ah bo the diameter around which 
the semicirch; aCh revolves to ^jenerate liie spliere. 
The Kolid j^enerated by the circular sector AOa will 
be n H{)lieri(*nl sector liavlng a zone (AB) lor its base ; 
and for its other surface, the conical surface gene- 
rated by AO. The 8t>herical sector generatc^d by 
COO, has the zont* geucriitcd by CD for its base ; and 
for its other surfaces, the concave conical surface 
generated by DO, and the convex conical surfat'e 
generated by CO. The splierical sector genemled 
by EOF, has the zone generated by EF for its base, 
the piano generaUal by EO for one surfutx*, and the concave conietd suxiace 
gencraual by FO for the oUjcr. 

018m A Spherical Scffment is a portion of the sphoro in- 
cluded by two ])amlK‘l planes, it l>eing understood that one of the 
planes may bi’coine a tangent plane. In the latter case, the seg- 
ment has but one base; in other cases, it bos two. A spherical 
segment is bounded by a zone and one, or two, plane surfaces. 



PROPOSITION XXXII. 

019m Theorem^ — The volume of a spherical sector is equal to 
the product of the zone which fonns its base into one-third the radius 
of the sphere. 

A spherical fM^etor, like the sphere ItasU; may be ooncelred as con- 
ilstlng of an infinite nombor of pyramids whose bases inake up Its surface, and 
whoseoommoD altitude is the radius of the sphere, .Hence, the volume of the 
•oetor is^equal to the sum of the bssra of these pyramids, that is, the spheriotf 
aurfhee of the sector, multiplied oiie4!iinl their commoik altitade, wkldi is 
one-third the ladlus of the a^ere. q. a, D. 
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630. Cor.— T fte volumes of spherical sectors of the same or rqvol 
spheres are to each other as the zoms which form their hmn : ami, 
since these zones are to each other as their allihuies {(i04)^ the 
tors are to each other as the altitudes of the zoues which form (Heir 

hn eflo 


\ 


PBOPOSITIOX XXXIll. 

Theoretn.-n« voluixi' «/<i .^pkeriral fritmfnt »f me ■ 
u a-A’{U - iA). A being the olliinde of the eegment, ami U the ra- 
' of the sphere, 

CO r= «, nniJ CD = A ; then i» th.- vnl.ime ..f tlm .|.lirrti-*l 
mcnl (rcm ruipil l>y lUc revolution of CAD CO C 

cqurI to ?r.V^(H — ^A). . [ 

^ For, tlic volume of tho «plrerio»l WH ior piwmi -*! & 

bv AOC l 9 tlic Mine gencmieil l>.v AC. hiii1ui>1h-. 1 >y 
iR. or 2»AR X iU = i»AU<. Fnm. U"* 
luhtract the cone, the nuliu. of win.*- 
whoxc altitude i» DO. To obtain ^ 

= R - A • wlirnce, from tlie ri^lit aiittl.-d tnam,le 

ADO, AD = A)* = V-AH - A'. N»w. 

the volume of this cone la 4 . » . A*t 

X tvAO'.orWR- A) CMH - A') - .«A U . A > 

Subtmetins till, from the volume of ll*e H|.l.en.a! ih 

lor, we have a i, _ 

_ 1 «<8AR* - SA'R + A » 

*(A*R-4A») = 'A'lK-iA). tue-D. 

SCH-The volume of a .pheri. al reero^t 
with two bawi to obwlo«al by •»•*»« 

dlffcrcoee lattween tovo ^ 

bv the revolution of aiHim 
So. of the repnenu wUowt dliu.de. are 0 . and «A, 


Kio. 



Wh.. » .K o' • 

diameter is 10, the circle Unngftt 3 from ecen . 


% 


Con«trtict on 
OfOO“. 


the ipherica! blackboutd u «phericJ wgto of W. 
Ofl20‘. Of 250". 
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ELEMENTABY SOUP GEOMETBY. 


8uo* 8.— Let P be the point where the vertex of the required angle is to be 
situated. With a quadrant strike an arc from P, which shall represent one side 
of tlie required angle. From P as a pole, with a quadrant, strike an arc from 
the side before drawn, wliicli shall measure the required angle. On this last arc 
lay off from tlie first side the measure of the required angle,* as 00% 45®, etc. 
Through the extremity of this arc and P pass a great circle [The stu- 

dent should not fail to give the reasons, as well as da the work.] 

3. On the si)h rical blackboard construct a spherical triangle ABC, 
having ab = 100°, AC = 80°, and a = 58°. 

4. Consfrnct as above a spherical triangle ABC, having AB = 75°, 
A = 110°, and B = 87°. 

5. Construct as above, having AB = 150°, BC = 80°, and AC = 100°* 
Also having AB = 160°, AC = 50°, and BC = 85®. 

6. Construct as above, having A = 52°, AC = 47°, and CB = 40°. 

Sun’s. — Construct the angle A as before tanght, and lay off AC from A eqnal 
to 47% witli tlic Uipe. This determines the vertex C. From C, as a pole, w'ith 
an arc of 40®, describe an arc of a small circle; in this case this arc will cut the 
opposite side of the angk? A in two places. Cull these points B and B'. Pass 
olrcumfcronces of groat circles through C, and B, and B'. There arc two tri- 
angles, ACS and ApB'. 

None. — The teacher can multiply examples like the three preceding at pleas- 
ure. This exercise should he continued till the pupil can draw a spherical tri- 
angle as readily as a jdane triangle. 

7. What is the area of a spherical triangle on the surface of a 

sphere whose radius is 10, the angles of the triangle being 85®, 
18^)^160“? ^ns., 305.4 +. 

, 8. tfiint is tho area of a spherical triangle on a sphere whose 
diameter is 12, the angles of the triangle being 82°, 98®, and 100° ? 

9. A sphere is cut by 5 parallel planes at 7 from each other. What 
are the relative areas of the zones ? What of the segments ? 

10. Go4sidoring the earth as a sphere, its radius would be 3958 
miles, and the altitudes of the zones. North torrid = 1578, North 
temperate = 2052, and North frigid = 328 miles. What are the 
relative areas of the several zones ? 

8uo.— The student should be careftil to discriminate between the mdth of a 
zone, and its altitude. The altitudes are found from thtir wklths, as usually 
given in degrees, by means of trigonometry. 


* purpoe« s tape eqoil In leagtii to a Mmlclrcamfoiwico of a great diele of the 

»phoro aoed, aaS uarked off Into ISO oqnal parts, wUl bo eonvoBkot A strip of papw ma^' 
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11. The earth being regarded as a sphere whoso radius is 3958 
miles, what is the area of a spherical triangle on its surface, the 
angles being 120% 130% and 150®? What is the area of a trirectiui- 
gular triangle on the earth’s surface ? 

12. Construct on tlio spherical blackboard a spherical triangle 
ABC, having A = 50®, AC = 120®, and AB = 88®. Then construct the 
triangle polar to ABC. 

13. Construct triangles polar to each of those in Examples 3, 4, 
and 5. 

14. In the spherical triangle ABC given A = 58®, B = 07®, and 
AC = 81® ; what can you aflirm of the polar triangle ? 

15. What is the volume of a globe which is 2 feet in diamotor ? What 
of a segment of the same globe included by two parallel planes, one 
at 3 and the other at 9 indies from the centre ? 

IG. Compare the convex surfaces of a sphere and its circumscribed 
cylinder and cone, the vertical angle of the cone being GO®. 

17. Compare the volumes of a sphere and its circumscribed cube^ 
cylinder, and cone, the vertical angle of the cone being 00®, 

18. If a and h represent the distances from the centre of a sphere 

whose radius is r, to the bases of a spherical segment, show that the 
volume of the segment is ;r[r* — <r) — — a*)]. See {021$ 




PART III. 


AN ADVANCED COURSE 
IN GEOMETRY. 

CHAPTER I. 

EXEnCJfiES IX OEOM ETHICAL IXt EXTIOX. 


SECTION I. 

THEOREMS IN SPECIAL OR ELEMENTARY GEO.METRY. 

G23* This chapior will afford a review of Parts I. and II., while 
it will greatly extend the student's knowledge of geometrical facta 
Great pains should he taken to secure good habits as to neatness of 
execution in the construction of figures, orderly and proper arrange- 
ment of thought, and in style of expres-sion. The practice of con- 
structing every figure upon geometrical principles — guessing at 
nothing — cannot be too strongly commended. As to the form of a 
geometrical argument, observe the following order: 

1st. The enunciation of the theorem or problem in general terma 

2d. The elucidation of the general statement, by rclerenoe to the 
particular figure which it is propf)8cd to use. 

3d. A description of the figure, with reference to any auxiliary 
construction which h U8c*d in the demonstration or solution. 

4th. The demonstration proper. 

G24» If two adjacent sides of a quadrilateral are equal each to 
each, and the other two adjacent sides equal each to each, the diago- 
nals intersect at right angles. 

SfTo’s. — Ist. Draw a quadrilateral having anch aides as the data recinire, and 
draw its diagonals. 2<l. State the proposUlon with rc'ercnce to tlie figure. 
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3d. [In tlii« case the regular third step is not required, as no auxiliai*}' lines are 
necessary.] 4th. Prove that the diagonals are at right angles to e»ich other. 
The demonstration is based upon a condlary in Section I., Part II., CliapU r I. 

02^^ (v’OH. — One of tlie diagonals is bisected. [State which one, 
and show why.] ^ 


02(1- If a panillelogram has one oblique angfe, all its angles are 
obli(|H(‘; and if it has one right angle, all its angles are right angles. 

Suo’a — L(?t the student l»c careful to follow the order as heretofore given. 
No auxiliary construction is needed. The demonstration is based upon the 
doctrine of parallels. 


027^ The sum of tlireo straight lines drawn from any ))()int 
wilbin a triangle to the' vertices is less than tlie sum, and greater 
than the half sum of the tliree sides of tlie triangle. 

8ug'b. — T lie first statement is proved from {* 470 ) and the second from {* 47 ^-) 


(i28> A line drawn from any angle of a triangle to tlie middle 
of the opposite side, is les.s than the half sum of the 
adjacent sides, and greater than the dilfereiice between 
this half sum and half the third side. 

Hro’s.— 1st. Draw a triangle, as ABC, bisect one side, as AC, 
and draw BD. ‘bl. Make the statement w'illi reference to the 
figure. 3d. Produce BD until DE ~ BD, and dniw AE and EC. 
4th. The first step in the proof is to show the triangle ADE ei|ual 
to CBD, and ADB equal to DCE ; whence AE = BC, and EC = AB. 



Fig. SS6. 



Fig. m 


02i)» If lines be drawn from the extremities of 
either of the uon-i>arallel sides of a trapezoid to the mid- 
dle of the opposite side, the triangle thus 
formed is half the trapezoid. 

gi 7 Q*s. — The third step, or construction, consists in 
drawing HE parallel to AD and hence to BC (?), and 
FC through E parallel to AB. 


630* Any line drawn through the centre of the diagon^ of a 
parallelogram bisects the figure. 
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G3 t- Prove that the sum of the angles of a 
triangle is two right angles, by producing two 
of the sides about an angle and through this 
angle drawing a line paniliel to the thix^l side- 
Prove the same by j>roducing one side of the 
triangle and drawing a line tlirough the ex- 
terior angle parallel to the non-juljaceiit side. 


032* If any point, not the centre, be taken 
in a diainett‘r of a circle, of all the chords 
which can passthrough that ]>oint, that one is 
the least w'hich is at right angles to the dianudcr. 




Kiu. m 


033. If from any p<unt there extt‘!\d two line's tai^gent (o a cir- 
cumferen(H% the angle contained by llie tangeiils is (U)iibh‘ llie angle 
contained by the line joining the jujints of tangeiiey and the. radius 
extending to one of them. 

034. The angle included by two lines drawn from any angle of a 
triangle, the one bisecting the angle and tlie 
other pertx'iulicnlar to the opposite sidt*. is 
half the difference of the other two angles 
of the triangle. 

Sen's. ABD Tzr OO’’ — A, wlirnce ABD — EBD =:= 

90 ^ - A - EBD. Also. DBC = tK) - C, whence EBC - 00' -C + 
rtr 90" - A - EBD, etc. 


B 



Tie. ilWI. 


033. If three lines be drawn from tlie acute angles of a riglit 
augled triangle — two bisecting these angles, 
and a third a perjtendiculur to one of the 
bisecting lines — the triangle included by 
these lines will be isosceles. 

8co’& — It is to be prfiv«*d that OD ~ CD. 

COD = OAC + ACO = 45\ etc. 


030* If one circumference be descriln il 
on the radius of another as a diameter. 

any straight line extending from their point of contact to the outer 
circumference is bisected by the inner. 

Sco.— The derormstration ia lia»e<l upon { 139 ^ 211 ). 
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037 * Prove that the sum of the an^es of a regular five point star 
(Fig. 101) is two right angles. Show, also, that the figure formed by 
the intercepted portions of the lines is a regular pentagon. 

638 . If the sides of a regular hexagon are produced till they 
meet, show that the exterior figures will be equilateral triangles. 

639 . If from two given points on the same 
side of a given line, two lines be drawn meet- 
ing in the line, their sum is least when they 
make equal angles with the line. 


640 . If from two given points without a 
circumference, two lines l)e drawn meeting in the circumference, 
their sum is least when they make equal angles with a tangent at 
the common point, the points being on the opposite side of the tan- 
gent from the circle. 

641 . The side of an equilateral triangle inscribed in a circle is 
equal to the diagonal of a rlioinbus, whose other diagonal and each 
of whoso sides are eijual to the radius. 

642 . If two circumferences iiiUn-seet each other, and from either 
point of intersection a diameter be drawn in each, the other ex- 
tremities of these diameters and the other point of intersection are 
in the eame straight line. 

643 . If any straight line joining two parallels be bisected, any 
other lino through tlie j)oint of bisection and included by the par- 
allels, is bisected at the same point. 

644 . If the sides of any quadrilateral are bisected, the quadri- 
lateral formed by joining the adjacent points of bisection is a jiar- 
allelogram. 

Bug’s. — 1st. Draw a quadrilateral, bisect its 
sides, and join the adjacent points of bisection. 
2d. State the proposition, with reference to the 
figure. 3<l. Draw the diagonals. 4th- Give tlie 
proof. It is based on the similarity of triangles. 

643 . Cor. 1. — The parallelogram is one- 
half the trapezium. Prove it What figure 
is formed by joining the centres of Ef. FC, 
and FC. HC, etc. ? 




Fio. m 
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e46. Coil 2. — Lines joining the middle points of the opposite 
sides of any traiK?zium bisect each other (?). 


647. If two straight lines join the alternate ends of two paralli‘ls, 
the line joining their centres is half the dif- 
ference of tlie parallels. 


Suo*s. — We are to prove that EF = ^ (CD — AB). 
CH = EF = i (CD - AB). 



-vO 


Fio. a08. 


646. In any right-angled triangh* the line drawn from the right 
angle to the middle of the hypohmuse is e(pi:il to one-half the 
liypotenuse. 


646. The ]KTpendiculars whUdi bisect the three sides of a triangle 
meet in a common point. 

Sro*8. — First show that the intcrHection of two of llie perpendiculars is 
equally distant from the three vertices of the triangle. Thiui that a line 
drawn from this point to the middle of the thinl side is ]>t;rpendieular to it 


6rT6. The three perpend ienlars drawn from tin 
angle upon the opposite sides intersect 
in a common point. 


Sug’s. — Draw througli the vertices of tlie 
triangle lines parallel to the opjKisite sid<?8. 
The proposition may then be brought under 
the preceding. 

6.T7. Coil — The following triangles 
are similar— *viz., BOE, BDC, ADD, and 
AEC» each to each ; also BOF, BDA, DOC, 
and CFA. Prove it. 


angles of a tri- 



Fio. m. 


0S2» If from a point without a circle two secants be drawn, mak- 
ing equal angles with a third secant passing through the same point 
and the centre of the circle, the intercepted chords of the first two 
are equal. 

Suo. ^Prove by revolving one part of the figeura 
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0S3» The 8dm of the alternate angles of a7iy hexagon inscribed 
in a circle is four right angles. 



6S4. If two circles intersect in A and B, 
and from P, any point in one circumference, 
the chords PA and PB be drawn to cut the 
other in c and D, CD is parallel to a tangent 
at P. 


6S3- If two lines intersect, two lines 
which bisect the opposite angles are per- 


pend i(;ular to each other. 


030- The angle included by two lines drawn from a point within 
a triangle to the vertices of two of the angles, is greater than the third 
angle. 

Sug's.— T he demonstration may be founded (»n {2 JO) or {231), 


637 • In a triangle whose angles are 00”, CO”, and 30”, show that 
the longest side is twice the shortest. 


63H. Lines which bisect the adjacent angles of a parallelogram 
are mutually peqtendicular. 


639> If from any point in the base of an isosceles triangle lines 
are drawn parallel to the sides, a panillelogram is formed whose peri- 
meter is constant and equal to the sum of the two equal sides of the 
triangle. 


A 660. If from any point in the base of an isosceles 
triangle perj^endiculars be drawn to the sides of the 
triangle, their sum is cotisfanf and equal to the per- 
pendicular from one of the equal angles of the triangle 
Fw. 866. upon the opposite side. 


A 661. If from any point wdthin an equilateral tri- 
angle, three perpendiculars be let fall upon the sides, 
their sum is constant and equal to the altitude of the 
Pio. 867 . triangle. 
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662. If from a fixed point without a circle two 
tangents be drawn terminating in the circumfer- 
ence, the triangle formed by them and any tan- 
gent to the included arc has a constant perimeter 
equal to the sum of the first two tangents. 



G03- The sum of two opposite siclc‘s of a (|na(lrilali*ral circum- 
scribed about a circle, is equal lo the sum of the other two. 


GG4- If two opj>osite angles of a quadrilateral are snpplemen 
tary, it may be circumscribed by a circumhavnce. 


003* The square described on the sum of two 
lines is equivalent to tin* sum of th(‘ H(|uar(‘S on 
the lines, jiluff twice the rectangle of tlie lines. 

Siio’s.— Be careful to pjivc tlie construction fully, and 
show that the parts arc recUinglefl, etc. 

a + . ^ 
Ftu. m 



06G. The square described on the difference of 
two lines is equivalent to the sum of the s<|uares 
on the lines, minvs twice the rectangle of the 
lines. 

Ffo. 870. 








^ — 


a 


GG7- The rectangle of the sum and difference 
of two lines is equivalent U) the difference of the 
squares described on the lines. 

ScH. — ^Tlie three preceding propositions are but geo- 
metrical conceptions and demonstrations of the algebraic 
formulas^ {a + h)* = o* 2<tb + (« — by =:«*-- 2ab 

+ and (a + (a — 



Fi«. 871. 
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VARIOUS DEMONSTRATIONS OF THE PrTHAOOREAN PROPOSITION. 
008 . The square described on the liypotenuse of a right-angled 
triangle is equivalent to the sum of tlie squares 
descriljed on the other two sides. 


iBt Method. — Let ABC be the given triangle, and 
ACED the square dciscribcd on the hypotenuse. Complete 
the construction. Show that the four triangles are equal. 
The square HF Is (AB - BC)’*. The student can complete 
the demonstration. 



Fig. 378. 



2d Method. — Let ACED be the square on the 
liypotenuse. Let fall the perpendiculars EF, DC, 
etc. Show that the three triangles are equal, and 
that FD and LB are the squares of the two sides AB 
and BC. 



Jld Method.— L et BL and BH be the 
squares on tlie sides. Produce FL and 
HC till they meet in K. Draw DA and EC 
perpendicular to AC, and draw DE and 
KB. Prove that ACED is a square, and also 
that the triangles ABC. CLE, BFK, KBCi 
DKE, and AHD are all equal to each other. 
The demonstration is then readily maile. 



4th Method. — This is the demonstration 
usually given in our te.\t>book3. Drawing the 
squares on the three sides, let fkll B1 pen>en- 
dicular to AC and produce it to K. Draw 6D. 
BE, HC and AF. Show that the triangle HAC 
= BAD, and that the fonner is half the square 
AC, and the latter half the rectangle AK. 
Hence AC= AK. In like manner show that 
LC = CK. 
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We will now j^ive a few^ other figures by moans of which the demonstration 
can be effected, and leave the student to his own resources in effecting it 



0th Metiiop. — The tnitli of tlie iheoroiii appears also 
as a direct consequence of (/i6*0). 


6YA9. In an oblifjiio angled Irian^^le the square 
of a «ide o])i)osite an acute an;^ie irf e(|uivuK‘nt to tlu^ sum of the 
squares of the otlier two sid(*s diniinislicd by twice tlic/ rectangle of 
tlie base, and the distaiute from the acute angle to the foot of the 
perpendicular let fall upon the base from the angle opposite. 

SuG*8.--lt is to be shown that AB’ — BC* 4- AC* — 2AC x DC. 

Observe that AD* = (AC - DO* := AO ^ DC* - 2AC x DC. 

Whence, by a simple application of the preceding theorem, 
the ti-uth of this becomes apparent 

670. In an obtuse angled triangle the Bf|uare of the side opposite 
the obtu8(3 angle is equivalent to the sum of the scpiares on the other 
two sides, increased by twice the rectangle contained by the base and 
I the distance from the obtuse angle to the foot of the perfKjndicular 
let fall from the angle opposite upon the base {jroduccd. 

Suo.—The demonstration is analogous to the preceding, C l)elng made obtuse 
in this case ; whence AO = AC + DC, etc. 


B 



Pio. 8t8. 






252 


EXEBOISES IN GEOMETRICAL INTENTION. 


671. The following is an outline of a general demonstration cov- 
ering the three preceding propositions: 

Letting AE, BD, and CF be the three perpendiculars from 
the angles upon the opposite sides, and observing that a 
circumference described on any side as a diameter passes 
through the feet of two of tlie perpendiculars, (35G) and 
readily give the following : 

AB X AF = AC X AD = AC* ± AC X CD. 
and AB x BF r= B C x B E = BC* ± BC x CE ; 

adding, /TB* = AC* + BC* ± 2AC x CD (or 2BC x CE), 
the + sign being taken when C is obtuse, and the — sign 
when C is acute. If C is right CE and CD become 0, whence AB* = AC* + BC*- 

072 . J)ef. — The line drawn from any angle of a triangle to the 
middle of the opposite side is culled a medial line. 

073 . The sum of the squares of any two sid<‘s of a triangle is 
equivalent to twiee the scpiare of the m(*dial line drawn from their 
included angle, plus twiee the square of lialf the tliird side. 

SiKi.— Proved by applying (i70). 

074 . Tlie three medial lines of a triangle mutually trisect each 
otlier, and hence intersect in a common })oint 

Suo’s. — To prove that OE = ^BE, draw FC parallel to 
AD until it meets BE prf)duce(l. Then the triangles 
AEO and FEC arc equal (?); whence EF = OE. Also, 
BO = OF (?). 

Having shotvn that OE = ^,BE, by a similar construc- 
tion we can show that OD r= i AD- 

Finally, we ma}^ show that the medial line from C to AB cuts off i of BE, and 
hence cuts BE at the same jwint as docs AD* 

AifOTiiER Dkm. — L ines through 0 parallel to the sides trisect tlie sides, etc. 

In any quadrilateral the sum of the squares of the sides is 
equivalent to the sum of the squares of the diagon- 
als, plus four times the square of the line joining the 
centres of the diagonals. 

670 . Cor, — The sum of the squares of the sides 
of a parallelogram is equivalent to the sum of the 
38 ]. squares of the diagonals. 





Fkj. Ti9. 
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677 . In any quadrilateral which may be inscribed in a circle, 
the product of the diagonals is equal to the sum of the products of 
the opposite sides. 

678 . In any triangle the rectangle of two sides is equivalent to 
the rectangle of tlie perp(*ndicular let fall from their 
included angle upon tlie thirtl side, into the diameter 
of the circumscribed circle. 

Suo.— This proposition is an iintnediute consequence of the 
similarity of two triangles in the figure. 



670 . Cou. — Th(‘ area of a triangle is equivalent the product 
of its sides divided by twice the diameter of the circumscribed circle. 


680 . If there be an isosceles and an e(iuilateral triangle on the 
same luise, and if the vertex of the inner triangle is eijually dis- 
tant from the vertex of the outer one and from the ends of the base, 
then, according as the isosceles triangh^ is the inner or tlie outer 
one, its base angle will be | of, or times the vertical angle. 

681 * Of all triangles on the same base, and having the same 
vertical angh*, the isosceles has the greatest area. 

Stjo's.— Describe a segment on the given Imsc*, which shall contain llio given 
angle. The triangle on this base and having iu vertex In the arc of the seg- 
ment is the triangle to be considered. 

682 . Two triangles are similar, wiien two sides of one are pro- 
]>ortional to two sides of the other, and the angle opfxisite to that 
side which is equal lo or greater than the other given side in one, is 
equal to the homologous angle in the other. 


ALGEBRAIC PEMOXSTBATIONS. 

_ , The difference of the Sf|uarc8 on any side of a regular 
pentagon and any side of regular decagon, inscribed in the same 
circle, is etjui valent to the square of the radius. 

SCO's.— We will give the outline of what may be termed an Algefjraie Demon- 
ttraiion of this proposition. This mctlKid is often the most convenient and ex- 
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pedilious. Letting p represent a side of the pentagon, d a side of the decagon, 
and r the radius, the student should be able to discover the following relations : 
(1) r : d ; : d : r — d, or r* — dr = d* ; 

(^) y/d* — ip* — ip* ~ 

From (2), 2rv/r* — ip* = 2r* — d* = r* + dr, by substituting for d* its value 
from (1). Hence 4r* ~ p* = r* -f 2dr + d*, or 3r* ~ 2dr = p; + d*. In this, 
substituting the value of dr as found in (1), we readily obtain ?** = p* — d*. 

Q. E. D. 


6^*/. Demonstrate dlgehraicalhj that the square on the sum of 
two lines, together with the square on the difference, is double the 
sum of the squares on the lines separately. 


The sum of the sfiuares of the three medial lines of a tri- 
angle is three-fourths of the sum of the squares of the sides. 


dHQ. The square of any side of a triangl(3 is equivalent to twice 
the sum of the squares of the segments of the mt dial lines twljacent 
to its extremities, minus the square of the non-adjacent segment of 
the third medial line. 

Deduced algebraically from tbe preceding. 


QS7* The sum of the squares of the three greater segments of 
the medial lines of a triangle is equivalent to one-third the sum of 
the squares of the sides of a triangle. 

Deduced algebiaically from tbe preceding. 


GHH* The lines from the vertices of a triangle to the points of 
tangency of the inscribed circle intersect in a common point 

SCO’s. DC is parallel to AF, BD = BF = h, CF = CP 
= c. AO = AP = a, DC = d, FC = f. OF = 



dt 


^ Af>ch 
d = r. ^ = 


ab 


. . OF = AF X 


a + 6 * ' a + ft* ’ ‘ a (ft -f c) -f- fttf* 

In like manner we may find where PB intersects AF, by 
drawing through p a parallel to AF. This distance is 

be 


(bund to be OF ss AF x 


a (ft + c) -f ftc' 

might have been anticipated, since ft and r are similarly im’olved. 


a result which 
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689> The area of a triaugle, as expressiHi in terms of its sides, is 
Area = the square root of the continued product of half the sum of 
the sides into this half sum minus eadi side separately. 


Bug’s,— We will give the outlines of both the Oi'oinctrlc and Algebniic ile- 
moDStratioiis : 


1st Gkometuic Dkmonstiiation. CD =: CB, CE =r CA. and 
centre of DA, HC is drawn parallel to AB. With F as a centre, 
and FH as a ratlins, a eir<*umference passes through C (?). CN 
is i)erpendicular to AE and passes through H (?). 

Now CF = ^ (AC e CB), and FL - ^AB (.). 

Hence CL r- J(AC CB + AB) = iS, S being the sum of \ 
llie sides ; 

Hence, also, DL •=: Al = JS — CB, Cl =r — AB, and AL = 

- AC. 


Uirough F, the 
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Again, CN x AN :r: area ACE; 
and HN x AN = area ABE; 

Subtracting, AN (CN — HN) = AN x CH = area ACB (1). 
Once more, CH x DH ™ area CDB; 
and HN x DH = area ADB. 

Adding, DH (CH ^ HN) =r CA x CN = area ACB (2). 
Mullijilylug (I) ami (2), we have 
CA X AN X CH X CN r- (area ACB)*. 

But CN X CH = CL X Cl, and CA x AN AL x Al = AL x OL 
Therefore, rtm/ ACB =:v/CL x Cl ^ AL x OL = 

~ AC) (iS - CB). 


2d. Algebraic Demonstration. From the right angled triangles BCD and 

ACD, we find m . 

2c 

Wlionce p = |/^- and 

area ABC = ^ 

= \ •r r) (a -h ^ — c) (a — 6 4- c) (-* a 6 0 



= - CK1« - *) (*» - «). 





EXEBCISSS IN GEOMETBIOAL INTENTION. 


6*90. From any i>oint in the plane of a circle the greatest and 
least distances to the circumference are measured on 
the line passing through the centre. 


Bug’s.— There are three cases Ist. When the point is with- 
out the circle. 2d. When the point is within. 8d. When the 
point is in the circumference. 




Gi)l^ From any point except the centre of a circle, 
two, and only two, equal lines can be drawn to the cir- 
cumference. 


Fio. 386. 


Suo. — This is a direct consequence of {ISl^ 182), 


(iU2» If ttvo op)K)8ite sides of a parallelogram be bisected, straight 
lines from the points of bisection to the oj)posite vertices will trisect 
the diagonal. 


G03^ The feet of two perpendiculars let fall from two given points 
upon a given line are equally distant from the middle of the line 
joining the points. 


G»4, T'wo quadrilaterals are equivalent when 
their diagonals are respectively equal, and form 
equal angles. 

Fio. 887. 

G9S- If, on the hypotenuse and sides of a right 
angled triangle, semicircumferences be described, 
that upon the hypotenuse passing through the ver- 
tex, the sum of the crescents thus formed will be 
equal to the area of the triangle. 
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696^ The bisectors of 
any two exterior angles 
of a triangle meet in a 
point which is the centre 
of a circle, to wliich one 
side of the triangle and 
the other two produced 
are tangents. 

These circles are called 
the escribed circles. 



Fiu. 8B0. 


THE NINE POINTS CIIICLE. 

6,97. In any triangle the centres of 
the THUKK sides, tlie fe(*t (d* the THHKK 
perpendiculars from the vertices ii])on 
the opposite sides or sides produced, 
and the tiiuee middle points of the 
distances from the vertices to the 
common intersection of the perpen- 
diculars, are nine })oint8 in the circum- 
ference of one and the same circle ; the 
centre of this circle is at the middle of 
the line joining the centre of the cir- 



cumscribc^d circle and the common intersec- 
tion of the perpendiculars; and the radius is 
half the radius of the circumscribed circle. 

Suo's. — The student will do well to confine his at- 
tention in the firet instance to the first figure, and 
after he sees the demonstration in this case — i. e,, 
when tlie perpcmdiculars fall within, to trace it in 
the case an ot)tu8e angled triangle, in which the 
perpendiculars fall on the sides produced 

Ist To show that the circle which passes through 
a, 6, and e. also passes through a, we show the fol- 
lowing relations among the angles : cab = eM s 



Fm. mu 
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+ aM = eah. Ilcnre, the vertices a and a are in the same circumference. 
In like manner we show that fi and y are in tlie circumference passing through 
a, ft, and e, 

2d. Considering one of the partial triangles as BHC, or, ft, and are the feet of 
the three perpendiculars from iU vertices upon one of its sides and the prolonga- 
tion of th<* other two. Therefore, by the tirst part r and q are the middle points 
of CH and BH. Considering either of the other partial triangles we find p the 
centre of AH. 

8d. aa and hft being chords of the nine points circle, 0 is its centre, and let- 
ting Q he th<i centre of the cireumscribed circle, wc may readily show that O 
is in QH, and also is at its middle point. 

4tb. Drawing aO, and producing it, we may show that it intersects AH in p, 
and hence pH — Ap = Qa, and AQap is a parallelogram. Therefore Op = {pa = 
iQA. 

0{)8- Con. — The middle points of the three lines joining the cen- 
tres, two and two, of tiie escribed circles of a triangle, and the middle 
points of the* three lines joining tlie centres of the eserili*‘(l circles 
with the centre of the inscribed circle, are six points in the circum- 
ference of the circle circnniseribed about the same triangle. 


090. If one triangle be inscribed in anotluT, the eircnmftTences 
•circumscribing the three exterior triangles thus formed intersect in 
a common jioiiit. 

8mi, — The dcuuonstration is founded on the property of ilu* opp<^sit€ angles 
' of an iuscrihed (juadrilateral. Tlie construction lines extend from the vertices 
• of the inscribed triangle to the intersection to he examined. 


too. Tlie (tlfTcrence between the hypotenuse and the sum of the 
•other two sides of a right angled triangle is equal to the diameter of 
the inscribed circle. 

701, If from tlie extremities of any side of 
a triangle two lines be drawn, one bisecting an 
interior and the other an exterior angle, these 
lines w’ill meet if sufficiently produced, and 
their included angle 'will be half tlie third angle of the triangle. 

702. An inscribed ccpiilateral triangle is one-fourth the circum* 
! scribed equilateral triangle about the same circle. 



Fio. 398. 


703. The three altitudes of a triangle are to each other inversely 
as the sides upon w hich they fall. 
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V04* The bisectors of the angles 
included by the opposite sides of an 
inscribed quadrilateral intersect at 
right angles, 

Sro.— By moans oi{214) show that FC ^ 
CE + HA i AC = Whence FOE = 90\ 


70S- Two triangles Avhich have an 
angle in each equal, are to eai'li other 
as the rectangle of the sides including 



the equal angle. 


Suo’s. A and D Iwini^ equal, we are to show 
Uiat ABC : DEF : : AB x AC : DE > DF. 'Fake AE' 
= DE, AF' = DF, and <1raw E'F'. Now from the 
facts that the triiini^les AE'F' and DEF are e(|ual, and 
tliat triangles of llu; same aliitmles are to (nieh other 
as their buses, tiic proposition is proved. 



70(i- If of the four triangh‘s into wliicdt the diagonaln divide a 
quadrilateral, two oj)posi(e ones are equivalent, the ligure is a 
trapezoid. 


707- The difference between tlie angles which a bisector in a 
triangle makes with the side to which it is drawn, is e(|uul to the 
difference of the angles of the triangle including this side. 


708- If any number of equal right lines radiate from a common 
point, making equal consectUive angles, and 
any line be drawn through the ctnnmon 
point, the sum of the perpendiculars iqwn 
this line from the extre'mifcies of the. radiat- 
ing lines on one side, is equal to the sum of 
those on the other side. 

700- Cor. — In any regular polygon, the 
sum of the jierpendiculars let fall from the 
vertices on the one side of any line passing through the centre, is 
equal to the sum of those let fall &om the vertices on the other 
side. 
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V10» If the sum of two opposite sides of a quadrilateral is equal 
to the sum of the other two opposite sides, a circle may be inscribed 
in it 

Sno*8. —Bisect any two adjacent angles, as A and B. 
Then are the perpendiculars r, r, r, equal (?); and it 
remains to be shown that tlie perpendicular p = r. 
Take AD' = AD, and BC' = BC, and dniw OD' and DC'. 
Since a + 6 = c + d, and C'D' = — (6 — r) — (& — rf), 

C'D' = a, and the triangles DOC and D'OC' arc equal. 
Hence p = r. 

711* If two planes are parallel, any right line which pierces one, 
pierces the other also. 

Suo. — Proof based on (410). 

712, If two planes are parallel, any plane which intersects one, 
intersects the other also, and the lines of intersection art parallel. 

71*2* Coil. — Two planes w'hich are ])aral]el to a third, are parallt l 
to each other. 

714. A plane which is ]H*rpcn(licuhir to a line of another plane, 
or to a line ]nirallel to that ])lane, is itself i)erj)endiculur to the 
latter plane. 

7 1/i. If a straiglit line is perpeiidioiilar to a ])lane, any line par- 
allel to the ])lane is jxTpendicuIar to the first line. 

Suo. — Two lines in space wliicli are not in the same plane, are said to make 
the same angle with each other as two lines respectively parallel to them and 
both lying in one plane. 

716. In order that a straight line be perpendicular to a plane, it 
is sufficient that it be })erpendieuhir to two lines not parallel to each 
other, and situated in the plane or pamllol to it 

717. If tw’o right lines in space are perpendicular to each other 
(not necessarily intersecting), their projections on a plane parallel 
to either line are perpendicular to each other. 

Suo. — The PrqjeeUon here referred to is that which is called tlie Ortho- 
prapMe IVqfeeiidn. The proposition is not generally true of the Btr^pectite 
Pr^ceUmy i e., the spaces which the lines (considered as material) would appear 
to occupy if they were placed between the eye and the plane. (See £x. 8, 
page 174, Part II.) 
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V18. The angle of inclination (392^ Part II.) of a line oblique 
to a plane, is less than the angle includc^d be- 
tween this line and any line of the plane, 
except its projection, which passes through the 
point in which the first line pierces the plane. 



SuG. BD being Uie projection of AB, ABD < / 
ABD', BD' being any line other than BD, passing ^ — 
through B. 


Flu. 3117. 


719* Between any tAvo lines nut in tin* same plane, one line, and 
only one, can be drawn, Avhich shall be iierpentlicular to both the 
given lines. 

Bug’s. — Pas-s a plane 111 rough one of the lines parallel to the other; and 
through the other line pass a plane perpeiulieular to the first plane. 

720- In a warped (|uadrilatt‘ral, /. e., one whose sides do not all 
lie in the same jdaiie, the midtlh* points of the sides are in one 
plane, and are the vertices of the angles of a parallelogram. 

Bug. — Conceive the planes of two opposite angles of the. (piadriluterul, the 
intersection of Avhicli will be a diagonal of the given (piudrilalenil. 


721. A line being given in a plain*, oiu* plant* can be drawn in- 
cluditig the given line and }>erpemlit*iilar to the first jdane, and only 
one. Hence all right diedrals are etjiial. 

Bug. — Demonstration similar to 


722. The plane angle formed by drawing two lines in 
of a diedral, from a common |K)int in the edge, is less 
measure of the diednil 
if the angle U acute, 
and lines lie on the 
same side of the plane 
of the measure and 
are eciually inclined to 
it, and greater if they 
lie on opposite sides. 

In general^ if the 
diedral is acute, the 
limits of the vaiying 
angle are 0 and 90^ 
when both the lines lie 


the faces 
tlmii the 
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on the same side of the plane of the measuring angle, and 180^ when 
they lie on opposite sides. If the diedral is obtuse the limits are 0 
and the angle itself when the lines lie on the same side of the 
measure, and 90"" and ISC’ when they lie on opposite sides. 

723. If the projections of a line in the two faces of a diedral are 
straight, the line is a straight line. 

Buo.—Procif based on { 380 ). 

724. If from the vertex of a triedral a line be drawn at pleasure 
within tli(! triedral, tlie sum of tlie jdane angles formed by this line 
and any t wo edges is less than the sum of the facial angles formed 
by the other edge and these two. 

72^. If through a point in s}>aee two lines be drawn parallel to a 
given ])lane, and througli the same point two jdanes be passed re- 
spectively ]H‘rj)endieular to the two lin(*s, the intersection of these 
two planes will be ])erpeiidicular to tlie given })lane. 


720. The three })lanes which bisect, the three diedrals of a trio- 
dral intersect in a common line. 

727. In any convex polycdral, the sum of the diedrals is greater 
than the sum of the angles of a polygon having the same number 
of sides that the polyedral has faces. 

Bug. — P roof based upon { 722 ). 


728. T)kf . — A Pohfedvon is a solid bouiuh^d by plane sur- 
faces. A Regiihir Convex Polyedron is a jxilyedron wliose faces are 
all equal regular polygons, and each of whose solid angles is con- 
vex outward, and is enclosed by the same number of faces. 

729. There are five and only five regular convex polyedrons — viz. : 
The Tetraedron, whose faces are four equal equilateral triangles ; The 
HexaedroUf or Cube^ whose faces are six equal squares; The Octaedron. 
whose faces are eight equal equilateral triangles ; The Dodecaedron, 
whose faces are twelve equal regular pentagons ; and 77ie Icosaedron, 
whose faces are twenty equal equilateral triangles. 
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Dem,— W e demonstrate this proposition by showing^lst, that such solids 
can be constructed ; and 2d, tliat no others ore possible. 



T}it Regular Taking three cHtual equilateral triangles, as ASB, ASC« 

and BSCf it is t^ssible to enclose a solid angle, as S, with 
tliem, since the sum of tlie three facial angles is (what ?) 

(Part II., 43n\ Then, since AC = AB = CB (V), consid- 
ering ACB the fourth face, we have a regular polyedron 
whose four laces are Kpiiluteral triangles. 

The lieguhtr Ilemedron or Cn}>e . — This is a familiar 
solid, hut for puriv)ses of uniformity and c<nnpleteness we 
may conceive it constructed as follows : TjiUing three 
ecpial squares, as ASCB, CSED, and ASEF, we ean en- 
close a solid angle, as S, with them (V), Now, eoneeive 
the jdanes of CB and CD, AB and AF, EF and ED pro- 
duced. Th(! jdaue of CB ami CD being t>arallel to ASEF (?) 
will int(‘rseet the ])lane of EF and ED in HD parallel to 
FE (V). In like manner FH can he shown parallel t(> ED, 

BH to CD, and HD to BC. lleiicc the solid has for its 
faees six equal scpiares. 

Kid. 400. 


Fto. 809. 



F 

/ 


1 

i 

ri 



The llegular Oetardron . — At the intersection P, of tie* 
diagonals of ascpiare, ABCD, <*reet a perpemlic tdar SP to 
the plane of the sipiiin*, and imiking SP ~ AP (half of one 
of the diagonals) draw SA, SD, SC, and SB. Making a 
similar construction on the otluff side of the plane ABCD, 
W(r have ti solid having for faces eight equal equilateral 
triangles. 



The Regular Thnlefneift'on . — Taking tw'clvo <qual regu- ® 

lar ])entagons, it is evident that we may group llnan in Kia. 4t)l. 

two sets of six each, us in the figure. Tims, around 0 we 

may place live, forming 5 trietlrals at the vertices f*f O, These triedral.s are 
possible, since the sum of the facrial ungl<‘s enclosing each is lijl right angles (?) 

between 0 and 4 right angles (Part II., 4:Ut). In like manner the other 
6 may be grouped by placing 5 of them about O', Now, conceiving the convexity 
of the group O in front and tlic con- 
cavity of group O', we may place 
the two together so as to inclose a 
solid. Thus, placing A at b, the 
three facets /5, 6, 1, will enclose a Iri- 
edral, since the diedral inc1ud<;d by 
5 and 1 is tJie diednil of sucli a tri- 
edral. Then will vertex B fall at 
r, and a like tnedral will be formed 
at that point, and so of all the other 
vertices. Ileuce we have a jiolyedron having for faces 12 equal regular pentar 

gOQS. 
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T7is Begulur leosaedron . — ^Taking 
20 equal equilateral triangles, they 
can be grouped in two sets, as in 
the hgure, in a manner altogether 
similar to the preceding case. The 
solid angles in this case are included 
by 5 facial angles whose sum is 3^ 
right angles (?), which is a possible 
case (Part II., As before, 

conceiving the convexity of group 
0 in front, and the concavity of O', we can place them together by placing A at 
a, thus encloHing a solid angle with 5 faces, w’hence B will fall at 6, etc. Thus 
wc obtain a solid with 20 equal equilateral triangles for its faces. 

That there can be no other regular polyedrons than these 5 is evident, since we 
can form no other convex solid angles by means of regular polygons. Thus, with 
equilateral triangles (the simplest polygon) wo have formed solid angles wdlli 3 
faces (the letust number possible), as in the tetraedron ; with 4, as in the octaedron ; 
and with 5, as in the icosaedron. Six such facial angles cannot enclose a solid 
angle, since their sum is four right angles (V), and much less any greater num- 
ber. Again, with squares (the next most simple polygon) we have formed solid 
angUis with 3 faces us in Uie hexaedron, and can form no other, for the same 
rea.son as alM»ve. With regular pentagons we can only enclose a triedral, as in 
the dodecaedron, for a like reason. With regular hexagons we cannot enclose 
a solid angle (?), and much less with any regular polygon of more than six 
sides. 

Sen. — Models of the regular polyedrons are easily formed by cutting the fol- 
lowing figur(‘8 from cardboard, cutting half-way through the board in the dotted 
lines, and bringing the edges together as the forms will readily suggest. 
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730. Any regular polyedrou is iiiscriptible aiul eircumscriptiblo 
by a sphere, 

Sua’s.— From the centres of any two adjacent faces^ as c and <*', let fall per- 
pendiculars upon the common edge, and they will meet it in 
llie same i>oiut o (?). The plane of these lines will be per- 
pendicular to this edge (?), and periH'iulieulars to tlicse faces 
from their centies, ns rS, r'S, will lie in this plane (?), and hence 
will intersect at a point equally distant frtJin these faces. 

In like manner r "S = r S, and the point S can he shown to 
be equally distant from all of the faces, and is therefore the 
centre of the inscribed sphere. 

Joining S with the vertices, we ran mulily show that S is 
also the centre of the circumscribed 8i)here. 



731, Show tluit being the edge of a regular tctriU‘dron, its 
volume IS 

1 V 


73^. Def.— J Truuvnied l^rism ia one whose*, upper and 
lower bases are not parallel. 

733. The volume of a truncated triangular ju'ism is ('(jual to the 
sum of the volumes of thr(‘e py nun ids 
whose coinnion base is the lower base of 
the prism, and whose vertice.s an; the / \ 

angles of the upper base. / i// 

Suo’s.— Let &D, cD', and aD" be perpendicn- / j / :! / 

lar to the lower l)a.se. Volume of //-ABC is i bO 

X ABC. Volume : volume //-ABC : : rbC ‘O' 

: 6BC : : cC : bB i : cD' : bD. /. Volume ff~bCc \ 

- X ABC. In a similar manner volume L 

: iaO" X ABC. ® ° 

Flu. m. 

73^. Cor.— T he volume of a prism, 
one of whose bases is a right se(?tion and the other an ohlitpie 
section, is the product of the right section into the arithmetical 
mean of its edges. 

^ 1 . Aon Ad eO' 4- a0"\ 

Sue's.— The volume of <i6c-ABC is m ahowii above ABC ^ ^ J- 

But if ABC is a right section, hO = &B, cD' = cC, and aO * = aA. Hence the 

1 • Anr A® + cC + aA\ 

volume 18 ABC * ^ y. 



EXEBOISES IN GEOMETRICAL INVENTION. 


73S* The volume of any polyedron having for its bases any 
two polygons whatever, situated in parallel planes, and for lateral 
faces traf)ezoids, is tlie product of | the distance between the bases 
into tlie sum of the two bases plus 4 times a section midway be- 
tween the bases; or V = - (B 4- B' + 4b"), in which H is the dis- 

tanc<* between the bases, B and b' the bases, and b" a section mid- 
way between tlie bases. 



Dem. — Let Li Ml Ni Pi Qi be the section of such a 
polyedron midway ludween its bases, and S any point 
in this section. Joining; S with the vertices of the 
polyedron, we divide the solid into as. many pyramids 
as it ha.s faee.s. The volumes of the two which have 
B and B' for their bases are evidently x B, and 
X B'. It remains to find the volume of the others. 

Let LML'M' be a lateral facje corresponding to LiMi 
and SO a perpendicular from S upon this face. Draw 
I'l through 0 perpendicular to LM, and (;onse(|uently to L'M'. Take I'Ki per- 
pendicular to the plain* section, wliciice I'Ki = AH. Now the volume of the 
pyramid having L'M’LM for its bas<? and S for its vertex i.s LiMi x 2rh x \SO. 
But rii x SO = SI) X I'Ki (V); whence tlie volume of this pyramid is LiMi x 
Sh X I'K, = I X 2SLiM, X I'K, rr: i TK, X 4SLiMi ~ iH x 4SL,Mi. In like 
maimer the volunu^ of the pynunid having for its base the face in which M, N, 
is situated, can he shown to he x 4SM, Ni and similarly of all the 
others. AVlieucc tlie wliole volume is t H (B + B ' + 4B "). 


730* Cou. — Tlio ])r(>])ositiou is etiually true when some or all of 
the lateral laces are triangles ; /. e., Avhen one base has more sides 
than the other. 


Sen. — The preceding propositions arc of much value in calculating earth- 
work. 


737* If we cut a pyramid by a plane paralhd to its base, a second 
pynunid is formed similar to the fii-sU 


738* Two triangular pyramids are similar wdienever they have 
an etpial diedral angle contained between faces, similar each to each, 
and similarly placed. 


739* Two polyedrons comix)sed of the same number of tetrae- 
drons, similar each to each, aud similarly disposed, are similar. 
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740. All regular polyedrons of the same number of faces are 
similar solids. 


741. The intersection of the surfaces of two spheres is the cir- 
cumference of a circle whose plane is perpendicular to the line which 
joins their centres. 

742 * Throiigli any four points not in the same ])hine one sphere 
may be made to pass, and only one. 

Bug’s. — The four points may bo eonaidered as the vortices of a totniodron^ 
Conceive perpendioulam draw ii to the triangular faces from* tlie iiilcrsoi'tions 
of lines drawn in these faces perpendicular to the sides at thc*ir middle points. 
These perpendiculars will meet at a common point fO, which is the centre of 
the circumscribed sphere (V). 

[The studeul should show why only one splicn* can ho circninscrihed.] 

743 . Cor. 1. — Tbo four ja'rpcndicniars I'rccicd at tin* (‘cntr(‘S of 
tlie circles circumscril)ing the faces of a tctrai'ilron intersect at a 
common j>oint. 

744 . (k)U. 2. — Tlu* six jdancs, ]»crpcndicular to the six edges of 
a tetraedron at their middle jxdnts, intersect at tlu* centre of tho 
circumscribed sphere. 

743 . One sphere and only one may be inscribed in any tetraedron. 

Suo. — Bisect the diedrals with planes. 

746*. The angle included by any two curves int(*rs(*cting on the 
surface of a sphere, is equal to the angle in(diuh*d i>y tin* ares of two 
great circles passing through tin? point of intersection, and whose 
planes produced include the tangents to the curves at their inter- 
section. 


SECTION II. 


PROBLEMS IN SPECIAL OB ELEMENTARY GEOMETRY. 


747. To bisect the angle formed 
by two lines whose intersection is 
inaccessible. 



Buo. — M and H are points in the bisector. 


Fio.406. 



EX£BCI8£8 IN GBOMETBIOAL INYBNnON. 


748. To pass a circumference through three points, not in the 
same straight line, when the radius is so long as to render the ordi- 
nary method impracticable. 

Bug. — L et A, B, and C lie the three points ; then are M and N other points in 
the same circumference. 



Flo. 409. 





! /•' 

i 

!/' 

F' 

Fio. 410. 


74f). V rom two given points on the same 
side of a line given in position, to draw two 
lines which sliall meet in that line and make 
equal angles with it. 

Sro. — If«iind/^arc equal, what is the relation of 
ME to EF? 


7SO. To construct an isosceles triangle >vith a given base and 
vertical angle. 

Bug. — B ee Prob. 4, p. 103. 

t. To trisect a right angle. 

Bug. — W hat is Uie value of an angle of an equilateral triangle ? 


7S2. Given the perjx'udicular of an equilateral triangle, to con- 
struct the triangle. 


7S3. Given the diagonal of a square, to construct it 


7S4. To construct an isosceles triangle, so that the base shall be 
a given line, and the vertical angle a right angle. 
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7SS* Given the sum of the diagonal and a side 
of the squai-e, to construct it, 

SuG.— What are the values of a and fi respectively? 


7SG. To eonstruot a triangle wlien the altitude, 
the vertical angle, and one of the sides are given. 



Fio. 411. 


7^7 • To construct a triangle when the sum of the three sides 
and the angles at the base are given. 



.. 

Suo’s. — MN the sum of u.A, and a 

c, what are the angles M and N ns eom- ^ 

pared with the given angles a and /i? 

7GH. In a right angled triangle the ]>eriin(‘t<‘r, and the perpen- 
dicular from the riglit angle upon the hypotenuse being given, to 
construct the triangle. 

Suo’8. — DE is equal to the perimeter, 

DBE is an angle of UW’, and FE is (he 

perpendicular on the hypotenuse. ABC ^ ' 

is tlie required triangle. Let (he student d a C \ 

give the solution in full, and the proof. Fio. 418. 



7d>.9. From two given points on the same side 
of a given line, to draw two equal straight lines 
which shall meet in the same point of the line. 



p 

Fio. 414. 


790. To pass a circumference through two 
given points, which shall liave its centre in a given line. 


701. To construct a quadrilateral when three sides, one angle, 
and the sum of two other angles are given. 

8uo* 8.— What is the fourth angle ? When two sides and their included angle 
are known, there will be two cases, according as the two angles whose sum is 
known are adjacent to each other or opposite. In the latter case we have to 
describe a segment on a diagonal, which will contain the fourth angle. For the 
third case see £x. 1;], page KKl. 
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EXEBaSES IN OEOHETBICAL INTENTION. 


76*^. To construct a quadrilateral when three 
angles and two opposite sides are given. 


a 

Fio. 41ft. 

76*.?. To bisect a trapezoid by a line 
drawn from one of its angles. 


rwi. 4i(i. 

76*-/. In a given circle, to inscribe a triangle equiangular with a 
given triangle. 

Sro. — How does an angle at the centre compare with one inscribed in 
tlie Slum* segment ? 

76*.7. To describe three circles of equal diameters which shall 
touch each other. 

766. In an equilateral triangle, to inscribe three etpial circles 
which shall touch each other and the three sides of the triangle. 




767. To il escribe a circle of given radius toucliing the two sides 
of a given angle. 

8ug. — H ow far is the centre from each line V 

70H. To describe a circumference which shall he embraced be- 
tween two parallels and pass through a given point within the par- 
allels. 

Bug. — I n what line is the centre? IIow far from the given point? 

766. To describe a circle with a given nidius. which shall pass 
through a given point and be tangent to a given line. 

770. To find in one side of a triangle the centre of a circle which 
shall touch the other two sides. 


771* Through a given point on a circamference^ and another 
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given point without, to describe a circle touching the given circum- 
ference. 

8uo. — Consider in what two lines tlie centre must lie. 

772. In the diameter of a circle j^roduced, to determirio the point 
from which a tangent drawn to the eircnniference shall be equal to 
the diameter. 

SuG.—tVIiat is the relation betwt*(‘n the radius, the ^‘(luireil Ititii^eui, and the 
distance Iroin tlie centre to the intersection of the produced diameter and the 
required tangent ? 


773. To describe a circle of given radius, touching two given 
circles. 

77-1. In a given circle, to inscribe a right angle, oiuj siile of which 
is given. 

773. In a given circle, to construct an inscriluid triangle of given 
altitude and vertical angle. 

770. To inscribe a square in a gnvt'n right- 
angled i.so.sceles triangle, one side being in tlie 
hypotenuse. 


777. To in-scrihe a 8(|uare in a given quadrant of a circle, tho 
vertex of an angle being at the centre. 

77H. IV) find the centre of a circle in which two given linea 
meeting in a point shall be a tangent and a chord. 

770. To describe a circumference which shall pas.s tlirongli a 
given j)oint and be tangent to a given line at a given point. 

7SO. To bisect a qinidri lateral by a line 
dniwn from one of its angles. 

SuG. — The demonstration is bascMl upon the prin- 
ciple that triangles having equal bases and equal 
altitudes are equivalent. 



Fio. 41S. 



^2 msBcam m oBoxKmoAL tsmmm. 

781 . Through a given point situated between the sides of an 
augle^ to draw a line terminating at the sides of the angle, and in 
such a manner as to be bisected at the point 

6co.— Conceive the point as situated in the third side of a triangle of which 
the two given lines are the other two. 



Fio. 419. 


782^ To draw a line parallel to the base of 
a triangle so as to divide the triangle into two 
equivalent parts. 

Sue. PB* = DB* = iAi*. See (344,362). 


783. To construct a square when the difference 
between tlie diagonal and a side is given. 

SuG. — Consider the angles. 


r«4. To determine the point in the circumference of a circle 
from wliich chords drawn to two given points shall liave a given 
ratio. 

Suo. — Draw a cljord dividing the chord joining the given points in the re- 
quired ratio, and bisecting one of the subtended arcs. 



Pio. 490. 


78S. To bisect a given triangle by a line drawn from one of its 
angles. 


78(i. To bisect a given triangle by a line drawn 
from a given ])oint in one of its sides. 

Fra. 491 

787. In the base of a triangle find the point from which lines 
extending to the sides, and parallel to them, will be equal. 

788. To construct a parallelogram having the diagonals and one 
side given. 


789. To construct a triangle when the three altitudes are 
given. 




iw>Bixia IN mum. on maoBstTAXi tssouxtKt. Sfl 

8uo.— What It the relation of the perpendionlaii to the tides upon which 
they fall? If a triangle can be formed with the perpendiculars at tides, how 
will it compare with the first triangle? How proc^ when the perpendicnlam 
will not form a triangle ? 


790* What is the area of the sector whose arc is 50®, and whose 
radius is 10 inches ? 


791* To construct a square equivalent to the sum, or to the dif- 
ference of two given squares. 


792* To divide a given straight line in the ratio of the areas of* 
two given squares. 


79*1* To construct a triangle, when the aUitude, the lino bisecting 
the vortical angle, and the line from the vertex to the middle of the 
base are given. 

Suo.— The centre of the circle circumtcriblng the required triangle is In the 
perpendicular to the base at its middle point; and the intersection of this per- 
pendicular and tlie bisectrix is a point in this circumference. 

Show that the bisector always lies between the perpendicular and the medial , 
line. 

794* Through a given point, draw a line such that the parts of 
it, between the given point and peq)eudiculars let fall on it from two 
other given ftoints, shall be equal. 

What would be the result, if the first point were in the straight 
line joining the other tw’o ? 

79JS. From a point without two given lines, to draw a lino such 
that the part interc<?pted between the given lines shall be equal to 
the part between the given point and the nearest line. 

Seo. — PnKluce the lines till they meet, if necessary. Draw a line through the? 
given point parallel to one of the lines, and produce it till it meets the otiier. 

796* Given one angle, a side adjacent to it, and the difference of' 
the other two sides, to construct the triangle. 

Queries .--How if ^ > a? How if B is obtuse? 


797* To pass a circumference through two given 
points, having its centre in a given line. 

18 
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T98- To draw a line parallel to a given line and tangent to a 
given circumference. 

gx}o.>~Draw a diameter perpendicular to the given line. 



Fio. 438, 


799> To draw a common 
tangent to two given circles. 

SuG.— I bt Method. — There are 
two sets of tangents, AC» BD, and 
A'D', B'C'. For the first, observe 
that if PE = AP — OC» OE is parallel 
to AC, etc. 


2d Method. pO, p'O' 
being parallel to each other, 
pp'T gives the intersection 
of the tangent with the line 
passing through the centres, 
since 

pO : p'O' : : OT : O'T, or pO — p'O' : p'O' : : 00' : O'T. 

Also, PO - P'O' : P'O' : : 00' : O'T. 

Hence O'T is constant f»)r all positions of the parallel radii. Prove that if 
llie parallel radii are on different sides of the line joining tlic centres, T' is 
the point where the internal tangent cuts 00'. 

Qukkies. — IT ow many tangents can he drawn — Ist When the circles are ex- 
ternal one to the other; 2d. When they are tangent externally; 3d. When 
they intersect each other ; 4tU. When tangent internally ; 5lh. When one lies 
within the oilier ? 




800. To describe a circle tan- 
gent to a given circumference 
and also to a given line at a given 
point 

8uo'8.—There may be two cases— 
Ist When the given circle is exterior 
to the one sought ; and 2d. When it 
is interior. In either case the centre 
of the required circle is in the perpen- 
dicular AO'. In the former case, O, the 
centre of the required circle, is at 
r + r' firom C ; and in the latter O' is 


at r — firom C. AO = r, and CO = AB = AB' = 
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801- To construct a trapezoid when the 
four sides are given. 

Sua. — Knowing the clifrei*onoe between the two 
parallel sides, we may construct the triangle AEC, 
and hence the trapezoid. 


r A _B 

- 1 r 


C “ 0 

Fu». m 


802- On ii given liu(‘, to conslnict, n polygon sirnilnr to » given 
polygon. 

SCO’s.— One method mil)’ be learned from 
(. 90 ). Ex. H, page 15i3, funiishe.s another 
nietliod. The following is an elegant method : 

To construct fui A' hoinologou.s with A, a 
pol3’gon similar to P. Plac«* A' parallel to A, 
and the figure will suggest the et>iistructi<in. 


808- To pass a plane through a given line and tangenl (o agiven 
sphere. 

Sen’s. — Pas.s a plane through the centre of the sphere and perj)endi(Mjlnr to 
the given line. Through tlie point of intersection and in this secant plane draw 
tangents to the great circle in which the secauit plane intersects the surface of 
the spliere. The points of tangeiuy will he the points of tangeney of the re- 
quired planes (V), of which there are thu.s seen to be IW(>. 

804. Def . — A Tanff(*ut Vlnne io a oyrntdrioal or conical 
Burface is a jdanc which contuin.s an element of lh(‘ surface, hut 
docs not cut the surface. Tlie elennmt which is common to the 
surface and the plane is called the Element of (JonlacL 

805. To pass a plane through a given point and tangent to a 
given cylinder of revolution. 

Suo’s. — l.st. When the point is in the surface of the cylinder. Through fh« 
point draw’ an dement of the cylinder, hy passing a line parallel to the uxis, 
or to any given dement. 'Flirotigh the same point pass a plane; perpimdicular 
to this element, making a right section (a circle). To this circle draw a tan- 
gent The plane of the dement and tangent is the tangent jdanc required. 
[The student should prove that any pf>int in the plane nMrmed to be tangent, 
not in the clement passing through the given point, is without the cylinder.] 

2d. When the given jxiint is without the cylinder. Pass a plane through 
the given point j[>erpendicalar to the axis of the cylinder, thus making a right 
section of the cylinder (a circle). In this secant plane draw tangents to the 
section. Through the jxdnts of contact of these tangents draw dements of 
the cylinder. These elements are the elements of contact of the tangent 
planes. Hence planes passing through them and the given j^oint are the tan* 



„ 


Pu». 197. 
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gent planes required. [The student should remember that this is but an ouU 
line^ and be careful to fill it up, giving the proof.] 

800. To ^ass a plane through a given point and tangent to a 
conical surface of revolution. 


807 . To find, with the compasses and ruler, the radius of a ma- 
terial sphere whose centre is inaccessible. 

Suo’b. — With one point of the compasses at any point 
in the surface, as A, tnice a circle of the sphere, as acb. 
The chord Aa is measured by the distance between Uie 
compass points. In like manner measure tlirec other 
chords, as ae^ ab, and he. Draw a plane triangle having 
the.se chords for its sitles, and (rircumscribe a circle about 
it. Thus aO is found. Knowing «A, and (/D, and remem- 
bering that A<{B is right angled at a, the triangle 
ArtB can be drawn in a plane (?), whence AO becomes 
Fig. 428. known. 



SECTION III. 

APPLICATIOXS OF AUjEBRA TO GEOMETRY. 

SOS. Tin- lujitheniaticiil juelhod whicli is culled toclinically Aii- 
plications of Algebra to Geometry consists in lindijig, by means of 
equations, the nuinerieal values of the unknown parts of a geomet- 
rical figure, when a sufficient numlier of the parts are given numeri- 
cally. 

809 . By reference to the Complete School Algebra, page 

238, it will be seen that the algebraic solution of a problem ’consists 
of two parts : 1st, The Statement, wbicli is tlie e.xpressing by one 
or more equations of the conditions of tlie problem, u c., the rela- 
tions between the known and uukntnvn quantities (parts of the 
figure) to be compared; and 2d. The of these equations, 

so as to find the values of the unknown quantities in known ones. 

810 . In applying the equation for the solution of such problems 
as are now pro}K)sed, we have to dei^end upon our previously ac- 
quired knowledge of the properties of geometrical figures for the 
relations bet’ween the known and unknowm quantities, which will 
enable us to form the necessary equations, i. e., to make the State- 
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tneni. The resolution of the equations thus arising is effected ill 
the ordinary ways. [See Note, page 239 of The Complete 
School Aloebba.] 

811^ The details of this method will be most readily obtained 
from a careful study of examples. 

EXAMPLES. 

812. In a right angled triangle, given the hypotenuse and the 
sum of the other tAvo sides, to find these sides se})araiely. 

Solution. — Let ABC be a triangle, right angb;tl 
at B. Let (he knotrn bypotenuHt* be /<, llie vnknmtti. 
base,?/; (lie ynkuoirn altitude, :r; and tbe^•/ie^^J/^ sinn 
of the base and altitude, a. 

We liave here two unknown quantities, and lienee 
must liave two ecpmlions, in <)rd<‘r to find their ^ ^ 

values. One of these e(iuations i.s furnished directly ‘*’**^’ 

by the statenient of the problem, which .says that the sum of llie base and per* 
pcndioulur is to be given, lienee — 

Equation 1 is a* + ^ j?. 

A second relation between ;r and ;/ and the known quantity h is furnished by 
the relation given in Paut II. Wlieneii— 

Equation 2 is a-* + y* == 7P. 

Solving these equations we find — 

y z=: ± and a* = T 

If 7? = 10 and h = 14, we find x 0, and // rr H ; <»r x ” 8, and y rr 0. 

Geometrical Solution— I t is excei*<liiigly inten^sting and instructive to 
compare the algebraic, solution of such i>roblems with their geoimMrii'al solution, 
when the problem can he .solved in both way.s. The geometrical solution of 
this problem is as follows ; 

Take DC = the sum of the two sides, 
and make ODC = 40 ’. Frmn C as a centre, 
with a radius A, the liypolemise, describe an 
arc cutting DO, iw in A and A . Draw AC and 
the perpiiiidiculur AB, also A C and the per- 
pendicular A B'. Both the triangles ABC and 
A'B'C fulfil the condition**. For AB = DB (?), 
whence AB + BC = ir, and AC ~ A, by con- 
struction. So, also, A'B'= DB' f?), whence A'B' 

+ B'C = #, and A'C = h, by construction. ^ 

A 

Comparisons of these Boi.r ticks. — 1st. 

We find in the algelfraie solutiuo, that, in Fio. 4SQ, 
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general, y may have two values— viz., \8 + and \ 

and that when y^\% ^ - s’, a? = is - - «* ; but, when y = 

i« — — s®, « = i# + — «*. Correspondingly, we find in the 

geometrical solution that the base (y) may have two values— viz., BC, and B'C ; 
and that when the base is BC, the altitude (a;)isAB; but, when the base is 
B'C, the altitude is A'B'. 

2d, From the algebraic solution, we observe that the base y = i» ± i>y/2/t® — «*, 
may be considered as made up of two parts— viz., a rational part, i«, and a 
radical part, — s* ; and that the altitude, « = T i\/2A* — ~?,i8 made 

up of the mme parts, only observing that, if the base is considered as the mm 
of these parts— viz., i« + i/y/2/t* — the altitude is their difference 
i« — If, however, the base is is — iy®^ — ?, the altitude is 

is + iy'2A* -"li®. Now, we can discover exactly the same things geometricaUy^ 
and can show exactly what is the geometrical meaning of each of the parts of 
the values of y and x. To do this, draw C/* bisecting AA' ; let fall the perpen- 
dicular /<?, and draw Afc and fg parallel to DC. C/ is perpendicular to DO (?), 
and hence equal to D/ (?). Also, Dd = eC =/e = (?). From tlie right angled 

1 8 

isosceles triangle DfC^fC = — ^ DC = '—jz (?). Hence, from A/C, A/ = 


AC’ — yC’ 5= — iV = Again, from the right angled 

y2 


isosceles triangle kkf, wc have AA; = A/(?) = ly/W — tiK But PJc^fkzz 

V- 


fg = A'g = Bd = dB'. Hence we see ihni the rational part of the value of y (id) 
is dC, and that the radical part (iy^2/t^ — d'O i» Bd, or dB', In the tjiangle ABC 
the 8vm of these parts is the bas; ; and in the triangle A B C, their difference is 
tlie base. In like manner fe represeu: the rational part of the value of x, and 
fk = A y, the radical part. 


8d. From the algebraic solution wc see that if = 2/t*, y = and x = i«. 

The same thing is seen in the geometrical solution, for if = 2A®, h = — 

y2 

or/C ; whence the arc struck from C tis a centre, with A as a radius, would be 
tangent to DO, instead of intersecting it in itto jx>iut8. Again, if > 2A*, the 
quantity under the i*adical sign is negative, and the radical becomes imaginary. 
This means, tliat no triangle can be formed under these circumstances. This 


case appears in the geometrical solution also, for then h < — or less than 

V2 

/C, and consequently the arc struck from C as a centre, "with radius h, will not 
touch DO, and we get no triangle. 


* Tlila i>art of the construction should not bo allowed on the figure till it to wanted-4.d., till 
this stage of the dtocuselon. 
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813. ScH. — This problem is discussed thus at length as an illustration of 
what ?na^ be done by such methods. Of course, all problems are not equally 
fruitlul ; but the student should not rest satisfied with a mei’e determination of 
the values of the unknown parts in known terms, when anything farther is 
revealed either by the process or result of the algebraic solution. Especially 
should he desire to become expert in seeing what geometrical relations are 
indicated by the/om of the answer obtained. 


814. Given the lengths of the medial lines from the acute angles 
of a right angled triangle^ to determine the triangle^ i. e.^ to find the 
base and perpendicular. 

SuQ'8.— Let AD = a. CE = 6, AB = and CB = 2^; then 

4a!» + y* = a»,8nd4if« + a!»=6«(r). 2a! = ABaSi/l"*. 

f 15 

and 2y = CB =2i/l^-~.£ 

T 15 


The form of these results indicates that CB sustains the 
same relation to CE and AD that AB does to AD and CE-— a Fra. 481. 

fact v^hich is evident from the nature of the case. 

Again, if < b'\2x is imaginary; and if 4A* < «*, 2y is imaginary. In 
either case the triangle cannot exist. So also if =0/ and if 45’^ 

= a®, 2y = 0, and there can be no triangle. This may Ihj seen from the figure 
by conceiving AB, for example, to diminish. As A approaches B, AD ap- 
proaches equality with DB, aiul CE with CB. Hence the lirniC is AD =r ^CE, 
Thus we see that either medial line must be more than hstlf the other^-^o, propo* 
silion which is proved by this solution. 



813. The hypotenuse and radius of the inscribed circle of a 
right angled triangle being given, to determine the triangle. 

Calling the hypotenuse A, the radius r, the base a?, and tlie per- 

. 2r + A ± a/~A* 4Ar — 4r* | 

pendicular y, we have, z = ^ ~r 

2r + A T ^IF'^Ahr "^^ 

y 2 ‘ 

The results being the same in other respects, the double sign licforc Ibe radical 
indicates that the base and perpendicular are Interchangeable — a fact which Is 
evident from the nature of the case. 

If the radical is 0, i. if A* •— 4Ar — 4r® = 0, » = r + 4A, and p =: r -f iA, 
and the base and perpendicular are equal Let the student show the same thing 
geometrically (from a figure). 

Also, if A* - 4Ar - 4i^ = 0. A = 2r (I ± v^). In this result the negative 
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sign is to be rejected, since it would make h negative, a6 
■\/2 > 1 . 

The value /i = 2r (1 + ■\/2) is readily seen from the figure 
when AB = CB. Thus AC = 2DB = 2 (DO + OB) = 2 (r + 
r v^) = 2r (1 + v^) (»). 


tree of known height standing perpen- 
dicular on a horizontal plane, breaks so that its top strikes the 
ground at a given distance from the foot, while the other end hangs 
on the stump. How high is the stump ? That is, given the base 
and the sum of the perpendicular and hypotenuse of a right angled 
triangle, to determine the perpendicular. 


-Let a be the height of the tree, b the distance from the foot to the 
point where the top strikes, and x the height of the stump ; then x = 

2a * 

a* — b* b^ 

Since — — - = ^ ^ iB the distance below the middle, at which 

the tree breaks. 


817* In a rectangle, knowing the diagonal and perimeter, to find 
the sides. 


818* Knowing the base, A, and altitude, a, of any triangle, to 
find the side of the inscribed square, x. 

Result , X = - 

a + ^ 


819* In an equilateral triangle, given the lengths, rr, 5, r, of the 
three ix^rpendiculars from a point within upon the sides, to deter- 
mine the sidea 

Suo’a — Find an expression for tlie altitude in terms of the sides; and then 
get two expressions for the area of the whole triangle. Equate these. 

Result, each side = r . ^ 

V3 


820* In a right angled triangle whose hypotenuse is h, and differ- 
ence betw’een the base and perpendicular d, to find these sides. 

JiesnUs, * = ^ + d = 


d ± VU' - 
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Queries.— Why must the minus sign of the radical be omitted in tlic geo- 
metrical interpretation of these results ? What is the least possible value otdf 
What are the sides of the triangle for these values? What is tlie superior limit 
of the value of df What do the sides become at this limit ? 

821^ In an equilateral triangle given the lines a, 7;, c, drawn to its 
three vertices from a point within or without, to find the sides. 

Result . — Each side = 

I g* + y + c* =*= + by + rV)"- 3 (a' ~l~+7) 

The radical is + when the point is within, and — when it is without. 


822. The perimeter of a right angled triangle and the perpen- 
dicular from the right angle upon the hypotenuse being given, to 
determine the triangle. 

Bug’s.— Let s be the perimeter, p the perpendicular upon the hypotenuse, and 
iT + y, ar — y the two sides about the right angle. Then the hypotenuse = i 
— • 2x, and we readily form the two equations p (s — 2x) = x» — y*, and 

(x + y)* + (x — y)* = (s — 2x)® (?). Hence x = and this value substl- 

tuted in either equation will give y. 

823. The base of a plane triangle is h and its altitude a, required 
the distance from the vertex at which a parallel to tl)e base must cut 
the altitude in order to bisect the triangle. 

Query.— What does the fact that b docs not appear in the result show ? 

824. Having given the area of a rectangle inscribed in a triangle, 
can the triangle be determined ? (’an it, if the rectangle is a 
square ? If the rectangle is a square and the triangle right angled ? 
If the rectangle is a square and the triangle equilateral ? 

825. The sides of a triangle being a, h, c, to find the perpendicu- 
lar upon c from the opposite angle. 

Result y p = — {a* •¥ b*) + — a* — — (f. 

Bug’s. — Observe that a and b are similarly involved in the result, but e is 
differently involved from either. This is evidently as it should i)c, since a and 
b are the sides about the angle from which p is let fall ; and arc thus similarly 
related to p. But c, the side on which p falls, is differently related to p from 
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either of the others. The student should be able to write the value of the per- 
pendiculars upon each of the other sides, from this one. Thus, that on a is 

^ V2a» (c* + 6^) + - a* - d* -c*. 


826. The sides of a triangle are a, b, c, to find the side of an in- 
scribed square one of whose sides falls in c. 


Bug’s. — T lic altitude may be found from the preceding, hence may be as- 

cp 

sumed as known. Call it p. Then the side of the required square is ^ 
What is the side of the square standing on a ? On b ? 


Query. — Will the square lie the same on whichever side it stands ? Observe 
that though the values here found are apparently different, they may not be so 
really, since p is different in each case. But let the student decide. 


827- Having the urea of a rectangle inscribed in a given triangle 
and standing on a specified side, to determine the sides of the 
rectangle. 

Result, h being the base on wdiich the rectangle stands,/? the alti- 
tude from this base, and s the given area, we have for the sides 



Bug’s.— 'flic ± and T signs indicate that, in general, there can be two equal 
rectangles inscribed standing on the same base. The student will do well to 
illustrate it witli definite numerical values, as /> = 10, & = 6, « = 10. 

b^ iib sp 

Again, -- must be greater tlian — , and ^ ^ *• * Jpust be less than ipb. 

That is, the greatest rectangle is half the area of the triangle, since is the 
area of the Uianglc. 


828* The Algebraic solution of a problem often enables us to 
effect a geometrical construction. We will give a few examples. 

Through a given point within a circle, to draw a 
chord of a given length. 

Solution — Let $ be the length of the required chord, and 
P tlio given point Since P is a known point, call AP 
= a, PB = 6, AB being the diameter through P. Let CD 
represent the required chord, and calling CP, a*, PO = s ^ x. 
Then ar — ar* = ; whence ar = ia ± ~ ‘'A 
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I 

To effect the geometrical construction) let a be the length 
of the given chord, and P the point in the given circle. Draw 
the diameter through P, and erect PE perpendicular to it. 

Make EH = ^8; then since P? = oft, PH = -v/i s* - oA 
Now take HI = and from P as a centre, with a radius PI 
= -- ab, strike the arc Dl intersecting the circum- 

ference. DPC is the chord required. ^ 

Fio. 434. 

From the radical — (ib we see that, if a6 > x is 
imaginary, as we say in algebra. In such a case the problem is geometrically 
impossible, as will appear from the construction, for then PE is greater than 
EH, which makes HP, tlie representative of impossible. If = od, 

X has but one value, and the segments are equal. 



829 - To find a point in a tangent to a circle from wliich, if a 
secant be drawn to the extremity of the diameter })assing through the 
point of tangency, the exteruai segment sliall have a given length. 

Solution. — Let AB = d be the diameter of the 
given circle, DX n <i the external aegnn'iit of the re- 
quired secant, and the whole sifcant BX -r. r. Tlieii 
x^ — a,v = and j* — pi ± 

To effect the geometrical construction, (‘oust met 
the radical by taking AC = pi; whence BC = 

Now make CY “ pi, and xvitli B as a 
centre, and BY lus a radius, strike an arc culling the 
tangent, us in X. Then is 

BX = a; - pi + 

The negative value of the radical is inapplicable in this elementary, geomet- 
rical sense, since as W > pi, Ihi.s would make a* a negative quantity. 

Again we sec that no real value of a cun render x imaginary'. 

We can obsiTve the same things from ll»e geometrical construction. Thus, 
if the negative value of the radical w’ere taken, x w’onld be nuvicnrnUy l(»ss 
than BC, by or AC. But BC — AC < BA. Hence an arc struck from B 
with the required radius w'ould not cut the tangent. We sec also that a may 
have any value betw^ecn 0 and ® . 


830 - Given the hypotenuse and area of a right angled triangle, 
to construct the triangle. 


Suo's.— Let A be the h^^potcnusc, the area, and x the 

perpendicular from the right angle upon the hypotenuse. 
Then Ap = 2s*, or iA ar, and A : 2# : : 2« : 2a;. 

The figure will suggest the construction. 



Fio.436. 


X 
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831 . Through a point between two lines which intersect, to draw 
a line which shall cut off a triangle of given area, 

Sug's. — L et AY = x, and the required area = «*. 

hr 

We have A : H : : a; - 6 : ar. H = 

X — b 
2a® 

And Ha; = 2a®. .*. H = — . Thus 

A® 

To construct this, find c = t. e.^ construct 

a third proportional to A and a. Then construct \^c{c — 2/>), L e., find a mean 
proportional between c and e — 2/>; let this be wi. Whence x — c m. In gen- 
eral, there may be two solutions, if any, since there are tw o values of x. [This 

should also be observed from the figure.] But if there is no solution. 

A® 

If ^ 2ft, there is but one solution. In the latter case where is the given point 

ffi 

0? What is the geometrical difficulty when 2ft > V Can m be numerically 
greater than c ? 

832 . To oonsirnct iho four forms of tlio affected or complete 

quadratic equation, viz., (1.) 4- px — = 0, (2.) .i’ — — q = 

0, (3.) — j)x -f q == Of (4.) x^ -f px + q = 0, without solving the 

First Form, a*® -f ^ = 0.— Draw' any 
two liiUM? as LM, NP, intersecting in some point 
O. liesolve q of the e(piation into tw o factoi'S, 
as r and g\ so that we have + px ^ r x q' =. 
0. Take OA = y>, OB = OC = q'. Bisect CB 
and AO hy tierpendieiilars, and from their in- 
tersection F as a eentr(‘, with a radius FB, draw 
a circle. Then DO, or AE, is x, the positive 
root. For x {x ■¥ p) = rq\ or r® 4- jw* -- rq’ = 0. 
The negative root is OE. Thus, let OE = (— .r). 
Then DO = AE = (— a? Hence (~ j*) 

(— ar — p) = J® + px = rg\ or + px ^ rq' 

= 0 . 

This construction is evidently alw'ays possible irrespective of the relative 
magnitudes of p, a fact which agrees with tlie statement in algebra that 
this form always has recU I'ooU. 

Second Form, a;* — pa? ~ r^' = 0.— The construction is the same as for the 
first form ; only, in this case OE is the positive, and DO the negative root. 

Thus for OE = a* (positive), we have DO x OE = (a; — p) x = r^', or a;* — pa? — 


equations. 
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= 0. For DO = (~ j-), we have DO x OE r= DO (OA + AE) DO (OA + DO) 
= (— «) (p ~ ar) = or .r* ~ pr — = 0. 

Observe that in the first case the negative root is numerically greater than 
the positive ; while it is the reverse in this form. This agives with the couclu* 
sions of algebra (See Complete School Alokuua, 104 ). 


Thiud Form, — ;xr + ry' = 0. — 
Draw any two lines, as OM, OP, meet- 
ing at 0. Take OA = p, OB = r or q\ 
and OC = q' or /*. Erect perptMidieulurs 
at the middle point.s of OA, and BC ; 
and from their intc'rseclion F as a cen- 
tre, with a radius FB, strike a cinaun- 
ference. Then OE and 00 are thf» 
values of x. For OE =: OE x OD = 
OE X EA = OE (OA — OE) = ,r ( ;> — .r) 
= rq\ or x'^ — ;«• 4- rtj = 0. For OD 
= A OD X OE = OD (OA - AE) := OD 
— p£ -f rq' = 0. 



(OA — OD) X (/) — x) — rq\ or x"* 


Observe that the former value of x is greater than the iHitt.T, but that neither 
is negative. 


iSo also, we may readily see that the roots may become ecjual, and also, im- 
aginary. Thus if the circle were tangent to OA, the roots would he etpiul, and 
if it did not touch OA they would both bo iumginury. (See Algebra, us 
above.) 


Fourth Form, x'^ + px 4- rq* — O.—Tlie construction is the same us tla? 
last, only both vulu(?s of r arc iiegaliv«r. Thus, (— x) [p — (—4*)) — (— x) 
{p + X) = rq', — px — x^ — rq* ~ 0, or x^ + px 4 ^ rq = 0. 

Scfi. — Thus we see that wo can eon.strncl any crpiation of the wroiul (h*gre<' 
containing hut one unknown quantity, whieli has real rcHils. Hence, if the al- 
gebmic solution of a geometriiral prolilein recpiires only the n‘soluiiou of sucli an 
equation, the algebraic solution will lead to the gixiinetricul construction. 


833. We have iio^v given sufficient illustrations of tliis most in- 
teresting and important subject, so that the student should have 
caught the spirit of this method of using algebra to subsiTve the 
purposes of geometrical investigation. Wc shall 8imi)ly appcmd a 
list of problems, upon which the student can put in exercise >)oth 
his algebraic and geometric knowledge. But we cannot refrain 
from repeating the advice, that the learner should not rest satisfied 
with the mere algebraic resolution of the problem. lie should be 
ambitious to trace, an fully an ponnihUy the wonderful relations which 
exist betw^een the abstract operations of algebra, and zhe more con- 
crete relations of geometry. 
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EXAMPLES. 

834. Given the perimeter of a right angled tri- 
angle and the radius of the inscribed circle, to de- 
termine the triangle. 

835. Given the hypotenuse of a right angled 
triangle and the side of the inscribed square, to de- 
termine the triangle. 


83G. In a right angled triangle, given the radius of the inscribed 
circle, and the side of the inscribed square, the right angle of the 
triangle constituting one angle of the square, to determine the 
triangle. 

Bug’s. — Letting x and y be the sides, * the hypotenuse, r the radius of the 
inscribed circle, and a the side of the inscribed square, we have a = 

X + y 

jty = r (a? + y +2), and a? + y = 2 -f- 2r. Whence z = 2/* ^5“ “ )t etc 


837* In any triangle whose sides are a, by c, to find the radius of 
the inscribed circle. 

838. Show that the area of a regular dodecagon inscribed in a 
circle whose radius is 1, is 3, 

839. Find the area of a regular octagon 
whose side is a. 

Result, 2 (V'^ -h 1) a*. 

840. Find the radii of three equal circles de- 
scribed in a given circle, tangent to the given 
circle and to each other. 




841. Tlie space between three equal circles tangent to each other 
is a \ what is the radius ? 


842. In a triangle, given the ratio of two sides, and the segments 
of the third side made by a perpendicular let fall from the angle 
opposite. 
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843* In a triangle, given the base and and the ratio of 

the other sides, to determine the triangle. 

844* Given the base, the medial line, and the sum of the other 
sides of a triangle, to determine the triaiigle, 

843. To determine a right angled triangle, knowing the jH'rim- 
eter and area. 

Bug’s, a** + y* = j -h y + « = 2/>, and xy = 2»’, give y >f- ;r = 2/) — if, 

+ 2a;y + y« = — 4/w + z*, z* 4^ 4«* = 4;>* — Apz -f e*; whcnco 

X ~ . Now use y 4 0? = 2;> — 2 = ^ , and xy =: 2«*. 

p if i y ’ 

840* To determine a right angled triangle, knowing the perim- 
eter, and the sum of tlie hvpotenuse, and the perpejnli(‘ular upon tho 
hypotenuse from the right angle. 

Bug’s, a*’* + y^ = 2* 4 y 4 z = 2/), z 4 u xy -r. ett, Thc*n 

4 2xy 4 y’ = 4;/^ — 4yz 4 z* ; wliouce 2xy rr 4;/-* — 4y;z, and lieucc 
2z (rt — f) = 4p — ipz, etc. 

847* The volume, the altitmh*, and a sidt^ of one of tlie hastes of 
the frustum of a square pyramid being known, to determine a side 
of the other base. 

848* To determine a right angled triangle, knowing the perim- 
eter, and the perpendicular let fall from the right angle upon tho 
hypotenuse. 

849* To determine a triangle, knowing the base, the altitude, 
and the difference of the other sides. 

8S0. To determine a triangle, knowing the base, the altitude, 
and the rectangle of the other side.s. 

831* To determine a right angled triangle, knowing the hypote- 
nuse and the difference between the lines drawn from the a<jute 
angles to the centre of the inscribed circle. 

Bug's. — Let fall CO a perpendicular upon AO prfKluced. 

Now, since the the angles BAG and AC6 are btiiectcd, 
and COD = OAC 4 OCA, and ICD = lAB, they being 
complements of the equal angles CID, lAB, we hav®, COD 
= OCD, and CD = OD =s <^4 CO. Hence, putting AC 
= A, CO =; zf, and AO = zr 4 d, wc have 

(t 4 d 4 \/i a?)* 4 (\/l zjp = A*. From this x is readily found. 
The student should then be able to complete the solutlou. 



Flo. 441 



288 


INTBODUOTION TO MOOEBN GEOMETBY. 


852. Given two sides of a triangle and the bisector of their in- 
cluded angle, to determine the triangle. 

853* Given the three medial lines, to determine a triangle. 

854* Given the three sides of a triangle, to determine the radius 
of the circumscribed circle. 

855* Four (*qnal halls wdiose radius is r are placed on a plane so 
that each is iaugeut to the other three, thus forming a pyramid; 
what is its altitude ? 


85(i* Given the base of a triangle, the bisector of the opposite 
angle, and the radius of the circumscribing circle, to determine the 
triangle. 



Sun’s. — First to fiiul ED = x. Since 
EM = r — it may l>t! considered known and 

put equal to e. Wc then have DM = -y/c-' + ; and also, 

DM X (I = AD X DB = or DM = 

a 



Whence = , and x is readily found. 

a 

Calling ED = the student will have no difliculty in 
proceeding with the solution. 


OHAPTEB II. 

INTRODUCTION TO MODERN GEOMETRY.* 

SECTION I 

OF LOCI. 

8511* The term Locus t> us used in geometry, is nearly synony- 
mous with geometrical figure^ yet having a latitude in its use whicli 
the other does not possess. The locus of a point is the line (geo- 

• with strict propriety only the latter rectione of this chapter belong to the Modtm Otomt- 
fry, technically so called. But, ae the entire chapter Is composed of matter which has not 
hitherto found place in our common tezt-booka, and the relative Importance of which is be- 
coming more Ihlly appreciated In modem times, the author has ventmed to embrace the w'hole 
under this title, 
t The word locus is the ] 




OF LOCI. 


metrical figure) generated by the motion of the point according to 
some given law. 

In the same manner, a surface is ooneeived as the locus of a line 
moving in some determinate manner. 

Ill’s. — The locus of a point in a plane, which point is always cfiuidlBtaiit 
from the extremities of a ^ivc'ii rii^ht line, is a straiirht 
line perpendicular to the ^^iven lim* at its middh^ point. 

Thus, suppose' AB a line, aiul the Uh'uh nf a point 

equidistant from its extremities is n <|uiretl; that point 
may be anywhere in a perpendicular to AB at its mid- 
dle point, omi amnot he anyirhere eUe in this plane. 

This perpendicular is the locus (place) of a point 
subject to the given law. 

Again, a hoy on the green isre(pure<l to keep at just 
liO feet from a certain stake ; wliere may he In* found? 
i. what is liis locus (phu-e)? Kvidently, the cin'um- 
frrence of a circle whose radius is 20 feet. Thus, the locus of a point in a plane, 
etpiiilistant from a given p<)int, is the circumference of a l irele. Tliis is the 
liloee of such a point, 

VVhal is the locus iu space of a p<»int e(pMdi.slant from a given point? 

What is the locus of a point in space equidisUuit from the extremities of a 
give n line? A plane. 

What is the locus of a line moving po that each point in it traces a right line? 
In general, a ; if it move in the direetion of its length, a straigitt lini'. 

AVliai is the lo<’Us of a right line parallel le> ami ecpiidistant from agiv«*n lim;? 

What is tlx* leKni.s of a right line interseeling a given line at a eonsiant 
amrle ? * A conical surface of revolution. 

What is the locus of u semicircle revolving on its diameter? 


O' 

Fiu. 414. 


PROPOSITIOIVS A9)D PROBLEim i!« DETERIHimCi PLI\E L0€K. 

[Note, — The student should be required to give every demonstration in form,. 
ami in detail. ITequent exercise in writing out deimmstrationH, is almost the 
only method of securing a gomi, indei>eudent style in demonstration. J 

Theo . — The locua of a point in a plauBy equidiatant from 
the extremities of a given Huey is a perpendicular to that lim at its 
middle point* 

Suo.— To prove this we have simply to show that every point In such a per- 
pendicular is equidistant from the extremities of the given line, and that no 
:>iber point has this property (Paut II., 


* That tf , an aagle which remsiot of tb« tame sisc. 

ia 
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8S9. Proh . — Find the locus of a point at any constant distance 
m from a straight line. Of what proposition in Pakt IL is this the 
converse ? 

Bug’s. — To prove tlie proposition which the answer to this question asserts, it 
will he necessary to show that every point in the aflirined locus is at the same 
distance from the given line and that no other point 
is at that distance. We affirm that the locm in two 
right lineH parallel to the given line and at a distance 
m therefrom. The formal demonstration is as follows: 
Let AB he the given line, and OE, OE', perpendiculars 
tlK'ieto, each ecjual to m. Through E and E' draw 
CD and C D' parallel to AB ; then is CD, C'D‘, the 
locus rccpiired.* For, hy Part II. every point 

in CD, C'D', is at the distance m from AB ; and we may 
readily show that any other point, as P or P', is at a distance greater or less than 
m iVom AB. Hence CD, C D', is the locus recpiired. 


A- 

0 ^ 


\m 


— 


-D 

-B 


\Vi 


E 

Fia. 445. 


HiiO, Thio - 



Fio. 44fi. 


~Jn a circle, the locus of the centre of a chord par- 
allel to a giren line is a diameter, 

Dkm. — Let mn be any eirch*, and AB a given lino. 
Then is the locus of the centre of a chord parallel to AB, 
a diameter of the circle. 

For, let DH chord j^arnllel to AB. Through the 

centre of the circle C, and P, the mitldle point of DH, 
draw EL. Now EL is jKriwndirnlar to DH (?), and con- 
sequently to AB (?). Then will EL be perpendicular to 
any and every cliord parallel tc» DH (?), and hence will 
riicrcforc the locus of the centre of a chord parallel to 


bisect such chord (?). 

AB is a diameter. 

Again, any point in the circle and out of the line EL is not the middle point 
of chord parallel to AB. Thus, letting P' Ik? such a point, draw a chord 
through P' parallel to AB. As there can be but one such chord (V), and as EL 
bisects it(?), P' is without the diameter (?). 


801 . Tikeo. — The locus of the centre of a circumference passing 
through ttvo given points is a straight line, 

Suo. — Consult Pakt II. {11S9, 103, 197)* The student should put the 
argument in form. 


862 * Hieo, — The locus of the centre of a circU which is tan- 


* It ie Important that the student think of these two linos as one locos, or as parts of one and 
the same locus, if this will aid the conception. A locos may consist of any niimh<*r of detached 
parts: all that is necessary being that the given conditions l>e fhlllllctl. In tliis re^|HX‘t tliu 
word locus haa a more enlarged meaning than the term geom^riecUJlffure, 
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gent to a given rirrle at a given point, is a straight line passing 
through the ventre of the given virclv. 

Dem, — L et C be tbe centre of the ij:iven rirrle, 
and B the point in the eircnmfereiire !<» whirh 
the rirrle * shall he tani;ent, the locus of whose 
centre is required. Through B draw TL tangent x 
to the given circle. Now. a circle passing ihrough 
B, atul tangt'Ul t<» the given eirel<*, w ill have TL 
for its tangent (V), and as a radius is perpendieti* 
hir to a tangent at its extremity, and onlv one Fi^. 4.47. 

perpendicular ran he drawn t(> TL thr<»ngh B, 

the centre of a circle tangent to the given < ircle at B must he in this straight 
line*. Moreover, as the given circle is lang<*nl to the right line TL at B, ita 
centre is in the perpendicular AX. lienee AX is the hams reipiired. 

« 

Sdtt. — 7V/r lofos of the rrntvv <tf 0 rivvle of given, radius 

R. (Uid tangent to a givrn straight tine, is tirit /nira/lels to this line at 
a distance R there faun , on <ach side, (iive proof in I’orin. 



Hiidt. — Find the lorns of the rent re of a rirele of giren 

radius R, u'hose rirrn mference pusses th rough a giren jntinl, (Jive 
})roof in form. 


HGfi. Thco> — The lorns of the ventre of a line (tf constant length, 
haring its ert remit ies in tiro fixed fines tv hick cut eaefi other at right 
angles, is the cirrtimferenve of a circle. 


J.JS 


dNI 


f 






Sl'o’s. — Let MN he the hng'th of llie 
given line, and CD. arnl AB. tin* two liiH'.s 
intersecting at right angles, in which the 
cxtreniilics of MN are to rfunain. Now’, 
in whatever potiition MN may he placed, frit 
its middle point, P, is at tin' same distance 
(^MN) from O (?). To sliow’ that any point 
not in this circumference, as is not the 
middle tK)int of a line* ecptal to MN passing 
through it, and limited l»y the fixed lines, 
from <?>as a (‘etilre, w’ith a radius ^MN cut 
CO, as in C ; and frcim C as a centre with 
the same radius strike the arc <pP. If tp is without the circle, CB > MN, If 
withiu, less. Hence, tlie required lf)cus is a circumference whose centre is O, 
and whose radius Is jMN. 


c 

10 

Fi«. 44H. 


♦ Observe the form of exf>re»Hlon. We say “the circle.” and not ‘‘the rfr^‘h*»*.” using the 
term In a generic nenm. as InHudlugall which have the n-fjiilrtMl pro|>*‘rty, i.e., all which are 
tang* nt t** the given circle at B. 
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800. JProh. — Find the locus of the centre of a chord of comtani 
lengthy in a given circle. 

Suo. — We say, once again, always ytve tlte proof in form. 


807. — Find the locus of the vertex of the right angle of a 

right angled triangle of a constant hyjwtenuse. 


808. rroh.-- Find the locus of the middle point of the chord in- 
tercepted on a line through a given point, by a given circumference, 
when the given point is without the circumference^ when it is in, 
and tuhen it is within the circumference. 


800. ]*voh. — Find the locus of a ]>oint the sum of whose dis- 
tances from two fixed intersecting lines is constant, i. e., 'is equal to 
a given line. 

Solution.— L et AB and CE be the fixed 
lines, and m tlie constant distance. Draw 
MN parallel to AB, and at a distance m 
from it. Bisect the angle CPN. Th<?u is 
LR (a part of) the locus reciuired. For 
[the student will here show that the sum 
of the distance.^ from any point in LR to 
AB and CE, as PD, P"D'' f P' (/ ', P'D' 
4 - P'd', P'"d’" , P‘’^D”' -f- is con- 

stant and equal to m], observe that when 
one of the perpendiculars measuring the distance from a point in the locus, 
changes from one side to the other of the line on whi(!h it is let fall, its sign 
changes. Thus P"D", P''d ' being coinsidered P'd' and P''D‘'' are to be con- 
sidered — . This is a general principal in mathematics. Sec Pakt II. {215), 
and foot note. 

Finally, LR is only u part of the locus, since there is another Jinc on the op- 
txisite side of AB, obtained by drawing the auxiliary MN on that side, which 
fulfills the same condition. The student should show what the result is when we 
draw the auxiliary parallel to CE, and on either side of it, also that any jwint 
not in one of these lines cannot fulfill the required condition. The complete 
locus is four indefinite right lines intersecting each other at right angles, so as 
to inclose a rectangle. 

870. jProft. — Find the locus of a point such that the sum of 
the squares of its distances from two fi.ved points shall he equivalent 
to the square of the distance between the fixed points. 

871. Proh. — Find the locus of the intersection of two secxtnts 




OT L0C7I. 


2d3 


drawn throxigh Ihc exfremiite,^ of a Jixed 
diameter in a given circle, one of the secants 
being atwags perpend ienhtr to a tangent to 
the circle at the point where the other 
cats it. 

Bug’s. P bnne: llif* point, show that PB rr AB. 
for any position of AP and BP. Hence, any point 
in tlie circn!nfer(‘ne<‘ having B for its centre, ami 
AB for its radius, fulfills the conditions. Show that 
any p<tint out of the circumference d<H‘s n<»t fulfill tlie 
conditions. 



S72. T^i*oh. — Find the locus of the iufe 
drawn fnnn the acute angles of a right 
angled triangh\ through the points where the 
perpendicul((r to the hgpotenuse cuts the op- 
posite sidesj or sides pr(Hluce<l. 

St:(i's. — The locus of P is required. Prove that 
APC is alway*^ a ritrht nuirled triainrh-, wherever the 
perpendicular EF to tin* liypoteuuse AC is drawn. 


r sect ion of t wo lines 



Km. 4.M. 


7^ rob. — Find the locus of a point which divides a line 
drawn fnnn a fired jufint /n a fired line in a fixed rali(t. 


Sr(i’8. — Most prohlcins in flndiinr WmI such as are tre!ilc‘d 
Plane (Jeometry, viz., ri^dit line> and eir< h*>>, an- readily solved 
by construcliufr a few jioints ae<'ordin^ 1<» the driven conditions, 
whence we can determine by inspection whether the rerpiired 
locus is a ri^^lit line or tfie cire ninferenee* i»f a circle ; and, 
havinp;’ discovi'nal this fact by iii'^|M*ctiiin, it will nanain to 
show* irtii/ it should he m. Thus, in the present proldem, 0 
bein*’: liie fixcal jsiint, and AB the fix<*d line, drawint'’ a few 
lines, OC, aceordinir to the. napiireimnts, and dividing: tlieiii 
in the saim? ratio (in tlie fiLoire we find a few points 

P in the Imuis. We then discover at once tbul the locus is 
a right line parallel to AB, and. c-an easily see ir/z// it should 
be so. 


in Klenienlary 

•A 



iB 

Fio. m. 


874 . Prolt.— Two fixed circum ferences interseci : to find the 
locus of the middle point of the line drawn ihrough one of the points 
of intersection and terminal ed hy its other intersections with the cir- 
cumferences. 
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Bug's.— W e will first give an example of the course which the mind of the 
student might take in his efforts to discover the solution. He would naturally 

draw two unequal* circles, as M and N, 
and, through one of the points of intersec- 
tion, as A, draw BC, and bisect it at P. It is 
the locus of P that is desired. Now, sup- 
pose the line BC to revolve about A, B 
passing towards B\ and C towards A. It is 
the path of the middle point that he seeks. 
When C reaches A, the line becomes tangent 
to N, and P is the middle point of the chord 
AB'. In a similar manner, he sees that the 
middle point of the chord AC', tangent to M 



at A, is also a point in the locus. 

Again, lie observes that as B moves towards M, and C towards N, P moves to- 
wards A, and when AC = AB, P is at A. It now appears probable that the locus 
of P is a circumference. Proceeding on this hypothesis, he reasons, that, if this is 
true, AP' and AP" are chords of the locus, and, bisecting them witli perpendicu- 
lars, ho will liave the cenire of the locus. Locating 0 thus, be observes that it 
ivppeuvH to be in the line joining the centr(‘s O' and 0", and about midway be- 
tween them. Tliis leads him to sia*, whether, by assuming the middle jioint of 
0 0" us the centre of a cirel(!, ami OA as a radius, lie can prove that any such 
line as BC drawn through A is biseeled by this circumference, as at P. This 
be can readily prove by menus of llu^ perpendiculars OD, 0 O', and 0"D", 
which bisect the <’bnrds AP, AB, and AC. For, since these peri>endiculars are 
parallel, and O'O • : 00 ', D'D ~ DO”; whence D'P = AD ", and, adding AP 
to each, D'A — PD ", or D B PD Adiling to BD", D P, and D C (= AD'" = 
D'P), tlnu'c results BP rr PC, and tlit* byjiolhesis is true. 

But, in qivinfj thin probfi nt <t recitation^ iht* student w ill tu’oceed us follow^S: 
Letting M and N !»* the two fi.\(*d circumferences, inhaseeiing at A, join their 
centres 0' and 0", and lii.sect 0 O ' as at 0. With 0 as a cimiie and OA as 
a radius, de.scribe u circle. Tlieii is lliis cireiimfeieiKM* the locus reiiuired. 
For, let BC be any si’cant line passing through A, we may show that P is the 
middle point of BC- [ Having done, this, us above, and show n that any point 
not In this cireumferenee is not the middle of the secant line passing through A, 
his solution is complete.] 


87 o* JProb- — //’//zc line AB is divided at Cfjtnd the locus of p, so 
that a ugh aPC = angle BPC. 

Bug’s. — In Hceking for the solution ^ the following would be a natural process. 
Drawing atey line, as AB, in the low’er part of the figure, taking C, any point in 
it, and conceiving BP and AP drawn so as to make with PC, we 

would naturally discover that, if a circle were circumscribed about BPA, PC 
produced would bisect the arc below AB. Tims we discover a ready method 
of locating P; i. r., in the main figure, bisect AB b}- a perpendicular, as ED, and 


* Equal circles would probably have epei.ial relations. 
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with any point on ED as a centre, pass a circamihrence through A and B. Tltrough 
D and C draw a line, and P is a p<iint in the locus (?), Any number of poin*s 
can be found in this way ; and, 
having found a few% as P, P', P'\ 
etc., the situation of these 
will suggest that, probably^ Uie 
locus is the circumference of a 
circle whose centre is in AB pro- 
duced. If thu should be the fact, 

CP is a chord of that circle, and, 
erecting a perpendicular at the 
middle point of CP, its inter- 
section with AB produced, ns 
0, will be tlie centre of the 
locus (V). We will now end<‘avor 
to prove that any point in this 
circumference, as P , is so situated 
that BP'C CP'A, and that no 
point (»ut of tills circumfer- 
ence lias lids pn>pcrty. We can 
readily show that the angle OPB =■ OCP — BPC ~ OCP CPA (?). But 
PAC = OCP — CPA (V). . . Triangle OPB is Hlmilar to OPA (?), and 

OA : OP : : OP : OB, or OA : OC : : OC ; OB. N«>w, U)r any point in this cir- 
cumference. a.s P', we shall have OA : OP' : : OP' : OB, since OP' OC, and OA, 
OC, and OB are constant. Hence, wherever P' i.s taken (in this clrcuinfereiuM*), 
the triangle OPB is siuular to OPA, angle OP B = P'AB, and BP'C ~ CP A. 
Finally, that no point out of this circuniferemre posHcsHes this propiTty is evi- 
dent, since the? tlistance of such a point from O would not eipml OC, and the 
angle OP»B (Pi being such u point) would not cipml PiAB. 

S7(p- I* rob. — In a fi.O'fl rirrh\ a/iy ftro charts inlrrscrj (if j'iyhl 
nnyhs in a fixed jxnnt ; find fhc hn ns of fUv centre (f the chord join- 
iufj their extremities. Give the proof. 

S77. Proh. — Find the lorns of the point in sjmre equidistant 
from three (jiven points. Give the proof, 

H7H. Proh, — Find the toms of the point in space equidistant 
from tiro (jiren points, (iive the jinMif. 

H7iF Prob. — Find the locus of the point in a pdnne such that 
the difference of the squares (f the distances from it to two fixed 
points without the plane shall he co7isfant, 

Bug’s. — CVmceive the tw'o poinis without the plane joined hy a right line, 
and a perpendicular to this line draivn from either extremity of it ; the point 
where this jHTpendicrular pierces the plane is a point in the locus (V). The re- 
quired locus is tw'o parallel straight lines. 
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880* Proh* — Find the locus of the middle pomt of a straight 
line of constant length, whose extremities remain in two lines at 
right angles to each other, hut ichich are not in the same plane. Give 
the proof. 

H81. Proh. — Find the locus of the point equidistant from two 
fixed planes. Give proof. 

Consider, 1st, When the fixed planes are parallel ; and 2d, when they 

intersect. 


882. Prob^ — What locus is the intersection of a plane and the 
surface of a sphere f Give proof. 

883. Proh. — What locus is the intersection of the surfaces of 
two given spheres 9 

884. Proh. — Find the locus of the point in space such that the 
ratio of its distance from a given right line to its distance from a 
fixed point in that line is constant. 


SECTION II. 


OF SYMMETRY. 

88S. Def. — Two point , arc said to be symmetrical toith respect to 
a third, when the ri^ht line joining the two points is bisected by the 
point of reference, ealletl the Centre of Syimnetry. 

88(1. Def. — Two loci, or two parts of the same locus, are sym~ 
metrical with respect to a point, when 
every point in one has its symmetrical point 
in the other. 


In (a) P' is symmetrical with P in re- 
spect to S, it S is the middle point of PP'. In (0) 
wc observe that the semi-circumference Am'B is 
sj'mmetrical with the semi-circumference An?B, 
in respect to the centre S ; for any point P in the 
latter has a symmetrl<‘al point P' in the former. 
In (c) the triangle A'SB' is symmetrical with ASB 
in respect to S (?). 
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SS7‘ T}i^o* — The symmetrical of a 
straight line, with respect to a point, is an 
equal straight line. 

Suq’s. — W« commence by Assuming A S = 
AS, and B'S = BS, and drawing B'A'. We then 
have to show that any point in AB, as P, has its 
symmetrical point P' in B A'. 



'"-A 

Pki. 450. 


8S8. Theo . — The symmetrical of an angle, iviih 
point, is an equal angle. 

Bug’s. — To show the symmetrical of AOB, with respect to 
S, take AS = AS, B'S = BS, OS = OS, and draw OB', O' A'. 
Then show that any point in OA has Its symmetrical in O'A', 
and any jxiint in OB has its symmetrical in O'B . Hence, 
A'O'B' is the symmetrical of AOB, with respect to S. 

Then appl}* AOB to A'O'B' and show that these symmcirioals 
are equal. 


respect to a 


0 



PlO. 457. 


88t}. Pvoh. — Having gitfen a polygon, to 

i i f 

' ■ / 

o 

symmetrical with respect to a given point. 458. 

Bug’s. — Proof by revolving the figure uIkuiI S, keeping it in its own plane, 
each line, Jis AS, ES, etc., piissing through 180 '. 

8fPI. Def. — The line.s aS^ ES, BS, c*le,, arc* jualii of symmetry, 
80^. Def. — 'J'wo points are symmetrical with respect to a strut yht 
line in the same plane, when the straight line* whieh tliein i.s 
bisected at right angles by the line of riTcrenee, cjilh d the Axis of 
Syntmeiry. 

8U8, Def. — T wo loci, or two parts of I lie same loens, ant sym- 
metrical with respect to a straight line when every point in the one 
has it.s symmetrical point in the other. 


drmv its symmetrical with respect to a given 
point. 

800. Tlieo. — Any polygon is equal to Us 



lu/s.— Thus in (a) P and 
P’ are symmetrical points 
■with resix^ct to the right ' 

line X'X, P n =r P« and X'X 

is perpendicular to PP'. Bo 
the part of (6) alwve X'X is ‘ 

symmetrical with the part (®) 
l>elow, i. e., the curve is sym- 
metrical with n-spcci toX X. 





Pio. 459. 
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804:* Theo* — The symmcf rival of a straight linc^ with respect to 
% rectilinear axis of syjnrnetry, is an equal right line* 

Dem. — L et AB be any straight line, and X'X the 
axis. Let fall the peipendiculars A« and and 
produce them till A'« = A^, and B's = B#. Then is 
AB = A'B', the symmetrical of AB. For, taking P, 
any point in AB, letting fall P«, and producing it to 
P', the point P' is symmetrical with P ; since re- 
volving «A'B'« upon X'X, A'B' will coincide with 
AB, and P' will fall at P. Hence A'B' = AB, and 
every point in AB has its symmetrical point in 

son* CoR. 1. — Tf ttoo straight lines inter sect^ their symmetricals 
bitersectf and the points of intersection are symmetrical. 

The student should show how this follows from the proposition. 

8UH. Cor. 2. — Two rectilinear symmetricals meet the axis in the 
mne point, and make equal angles therewith. 

Student give proof 

8f)7» Dkk. — A Trapezoid like abb'a'. having its non -parallel sides 
‘qual, is called Isosceles. 






Fio. 4(il. 


8U8. Theo. — The symmetrical of an angle, 
with respect to a rectilinear axis of symmetry, 
is an equal angle. 


Suo’s. — The student should be able to give the dem- 
onstration t. un the figure, in u manner altogetlier 
similar to the preceding; or, drawing AB and A B', he 
can base it upon the preceding. 



89fK Proh.— Having given a poly- 
gon, to draw its symmetrical with respect 
to a yiren axis. 


000. Theo. — -^ny plane figure is 
equal to its symmetrical, with reference 
to a rectilinear axis. 

Proof by applying one to the other by revo- 
lution. 


Fio. 4es. 
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901* Def. — Two loci in space, or two parts of the same locus 
(planes or solids), are symmetrical with respect to a point, when every 
point ill one has a corresponding point in the other, siicli tliat the lino 
joining them is bisected by the point called the centre of symmetry. 

Ill’s.— Symmetrical triedrals (Part II., 432) atronl an illnatrulion of solUls 
symmetrical with respect to a iw)int— the vertex. The two hemispheres inU> 
which a great circle divides a sphere ore symmetrical parts of the solid (sphere) 
with reference to the centre. 

902» Def. — T wo points in space arc symmetrical with respect to 
a plane called the Plane of Symvietry^ when the line joining the 
points is perpendicular to tlie plane and bisected by it. 

Def. — T wo loci in sjmee (planes or solids), or two parts of 
the same locus, are symmetrical with respect to a plane when every 
point in one has its symmetrical point in the other. 

904:. Dkf. — T he corresponding (symmetrical) ])arts of symmet- 
rical ligures are called IIonwlof/on,s ])arts. 


90S. Th(*o. — 77/ e si/ntnic/riad of a rUjht UnVy with rvspvct to a 
plane y is an eqntd riyhl line. 

Dem. — L et AB Im* any riglil liin*, and MN ihe plane 
of symmetry. Let fall the perpeiidi<-iilar.H Bh, Aa, upon 
tlii* j)lane, ])ro(luce tlu ni, maUiiig B h ~ B/y, A V/ - . A^t, 
and join A' and B'. Then A'B = AB, and its syin- 
rnelrical. For ABB A' being a plane li;4un; (?) .and nb^ 
the* intersection of tliis plane with MN, being a riglO. 
line bisecting AA' and BB' at right angles (?), wir may 
revolve abB'P^' upon nb and bring A'B into e«»iijeidene<! 
with AB. Hence A'B' AB. Again, P being any 
point in AB. draw PP' i>erj>endictdar to nb, and upon 
revolution P' will fall in P.and P'« “ P«. lienee, every 
point in AB has its symmetrical in A B', and the latter 
line is the symmetrical of the former. 

900. ( 'or. 1. — A ri(jht line and its sipnnietricaly tcith respect to a 
jdane, pierce the plane at the same point. 

Student give proof. 


907. TJteo.-- The Hymnu trical of a jtlane angUy with respect to a 
plane, is an equal plane angle. 
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Dem. — L et AOB be any plane angle, and MN the 
plane of symmetry. Let P be any point in AO, and 
Pi any ix)int in OB. Let O' be the symmetrical of O, 
P' of P, and Pi' of Pi ; then is A'O' tlie symmetrical of 
AO, O'B' of OB, and angle A'O'B' of AOB. Now b}’’ 
the preceding propo.sition the two triangles POPi.and 
P'O'P,; are mutually equilateral, whence AOB = its 
symmetrical A'O'B'. 

Qitkuv.— W hen will the triangle pop* exist, and 
when not V 


f)OH. Thro. — Any plane pohjffiai haii for its symmetricaly with 
reference to a planCy an equal plane polytjon, 

StTo’g. — ABODE being any plane poh^gon, and 
MN Ihc jilaiie of syinnictry, by constructing 
A',B',C',D',E' syumictricul with A, B, C, D, E, we 
have by the prccetling ju-oposiliniiK A'B C'CyE' 
etiuilatend ninl ctpiiangular with ABODE ; whence 
it only remains to show that A'B'C'D'E' is a jilane 
(not a warpetl) suiiace. Let F lu‘ any point in the 
angle AED, ilraw HI, ami lei H' and V be the sym- 
inetriealsof H and I Draw H'l', Then is 

the Hviuiuetrieal of F in H'l' (V). as at F'. Now% 
every j>oinl in HF within the angle BAE has its 
S3’mm<*trieal in H’F' Thus, by taking three. 

])oints, not in a straight line, in the angle BAE, we 
can show’ that their symmetrieals are in the plane 
B'A'E', and also in A'E'D'. In like manner, all 
tlie angles of A'B'C'D'E' can be shown to be in the same plane. 

10. Cou . — If tiro planes inferserf. their sym}nefric((ls intersect, 
and the two intersections are synimetrieal riyht lines. 

The student should show how this grow.s out of the protx>sition. 




010. Theo. — The symmetrical of a diedral is 
an equal died rah 

Dem. AOB lieing the measure of the diedral A-OC-B, 
and A'-O'C'-B' the symmetrical diedral, and O' the sym- 
metrical of O, the symmetrical of AO being A'O', the angle 
A'O'C' i.s right, and in like ninnner B'O' lM*ing the symmet- 
rical of BO, B'O'C' is right. But BOA = B'O'A' (?), w'hence 
the diedrals arc equa',. 


Fio. 466. 
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911 . Theo. — Two pohicdrons^ ay nunet rival 
with rea2)ect to a plaav, ttare their favea etjualj 
each to each, and their hontohyoita aolid any lea 
symmetrical. 

Sug’s, — This is an iminudiate eousi*qiu*iu*e of priced* 
injr propositions. Thu.s E' In'infr tin? synunctrical solid 
homologous with E,ihi* homoioLCfais plain* |}u*t*s inrlud- 
iug thfin aro tapial d^OS\. A^ain, tin* lju ial antrlfS 
bfin^; equal, hut not siiiiilarly disiH»sed, thcsolitl angles 
are symmetriejd. 



Fui. U}?. 

912. C'oit. — 7'w() aynnnet rival polycdrons ran 
he decomposed into the same nii other of tetraedrons, symmetrical each 
to each. 


For we ran dero!up<»se one of tin* pol\*rdrons into Irtrardrons having;: for 
their (’oinnioii vc*rtex one of tlie venires of tins polyedron, and each of theso 
tetraedrona will have its symmetriral in the other. 


91^i. Theo. — 7 wo symmetrical jtolyedroos are equiralcnt. 

Dkm — From Iho last rorollary it will appear that it is sulhrient for the da- 
inonstration of this proposition to sliou that two syiniin'triral Irtrardrons are 
rqnivalrnl (?). Let S-ABC, and S ABC hr two tc'tracnirons syinnirlrit'al 
witli n*spe(!t to their rnninnui hasr. 'I'hry have a common hast; and e<iual ulli- 
tu(h?s(?t hence they are equivalent. 


U14. GKNKUAt S< itotiPM. — We may speak cjf Uvo loci, c»r twi) parts of the 
aann* Um-us, as symmetrical with re.s|M*rt to a line or plane, W’henev(*r all the 
points in one have symmetriral jKfmi.s in the 


other, even liiou^^h the line joiniriir the syminet- 
riral points he m>t iHOjxhdicuUir lf» the axis, or 
the plane, of symmetry; ohservin^, however, 
that this line is always hisecled hy the axis or 
plane. Tims, the ellifjse in llit* fitnire is symmet- 
rically divided hy the line X'X, since every |H.>ijit 
in one portion has a symmetriral fwiint in the 
otht*r, a.s P» — P'#, for every j>oini in the curve. 
In such a rase the parts eannot he hrontrht info 



Flu. m. 


coincidence hy simple revoluliou: one part must be reversed. 
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SECTION IIL 

OF MAXIMA AND MINIMA. 

915. Def. — A Maximum value of a magnitude conceived to 
vary continuously in some specified way, is a value 
which is greater than the preceding and succeeding 
values of the magnitude. 


Ill's — Thus, suppose in a given circle, a chord passing 
llirough a fix(*d point, P, revolves so as -to take successively 
the jxjsitions SA, Ac, 53f7,4c,etc. It is at a maximum when 
it i)asses tlirougU the centre, as Ac. The chord is the magni- 
tude which is conceived to vary in the way specified, and Ar 
is a value greater than the preceding and the succeeding 
values. Again, conceive a circle to be compressed or ex- 
tended, ns in the direction mu, so ns to take? the forms in- 
dicated by the d(»tted lines, its nrcd will be diminished, 
the perimeter remaining the same. That is, of all 
ligiir(‘s of a given perimeter, the circle has the maxi- 
mum area. 




Fia. 470. 


Old* Hkf. — A 3ti nimum value of a magnitude conceived to 
vary eontinuonsly in some sptadlied way, is a value 
wliieh is less tlian the itreeeding and succeeding 
values of the magnitude. 

Ill’ss. — T hus, conceive the varjMng magnitude to be a 
straight line from the fixed |x>int P to tin; fixed line X'X ; 
tliat is, suppose such a line to start from some position PI, 
and move through the successive positions P'2, PA, P3, P4. 
PA is 11 miuinxim, since it is less than the preceilinij; ami succeeding values. 



PROPOSITIOXS C0>’€ERSIX« MAXIMA AXD MIXIMA. 

917. Axiom. — The minimum distance betmen two points is a 
straight line. 

918. Theo. — 71ie minimum distance from a point to a line is a 
straight line perpendicular to the given line. 

Student give proof. 

919- Theo. — The maximum line which can he inscribed in a 
given circle is a diameter. 
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Proof btised on tlie fact that the hypotenuse of a right angled triangle is thp 
greatest side. 


020* Theo — The mm of the disianres from 
two point a on the same side of a line, to a point 
in the line, all being in the same plane, is a mini^ 
mum when the lines measuring the distances 
make equal angles with the gitwn line. 

Student prove AP + BP < AP' + BP'. 



021. 77/f*o . — If a triangle hare a constant 
base and altitude, its vertical angle is a maxi- 
7nutn when the triangle is isosceles. 

Suo. — Hy what is the veriioul angle nu'asured ? 



Fai, 




022* TIteo. — The base and a no of a triangle being constant, its 
perimeter is a mini/num when the triangle is isos- 


celes. 


Sro's. — The area and base being < onsfant, the vertex 
n'lnaitis in a line paralhd to llie base, tor all values »)!’ the 
other sides. The figure 'w ill suL^trest the demonstration, 
'tvhieh is based on the l'a(’f that any side of a triangle is 
less than the sum of the other two. 


/ i 



Flu. ■r.4. 


0211. Theo. — 7'he dijl'erencc between the. distaMces from two 
points on opjmsite sides of a fixed line to a point 
in that line, is a inax.itnum. v'hen the lines 
measuring these distances make equal angles 
with the fixed line. 

Sro’s. P'O = AP - AP'; but P'O > A'O (= A'P) 

- A'F. 

Fio. 475. 

Query. — Having the points P. P',and the tlxed line 
given, liow is the |xjint A hiund by geometrical construction ? 



024. Theo. — The lengths of two sides of a 
triangle being mmtant, the area is a maximum 
when the included angle is right. 



V tt. 47W. 
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92o. Theo^ — The sum of ttao adjacent sides of 
a rectangle being constant (AB), the area is a maxi- 
mum when the sides are equal. 


ISOPERIMETRT. 

926* Isoperimetric Figures are such as hare equal perim- 
eters, i e,, bounding lines of equal length. 

Problems in isoperimetry are a species of problems in Maxima and 
Minima. Thus, of all figures whose perimeters are m (say 10 
inches), to find that which has the greatest area, is a problem in 
isoperimetry. Again, what must be the form of a pentagon whose 
perimeter is m, in order tliat its area may be a maximum ? 


927. Then. — Of isoperimetric triangles 7oilh a constant hasCy the 
isosceles is a maximum. 

Huo’s. — liy means of the li^^urc to Tlicorem {02 wc can a'caclily show 
that any trian^jlc having the same base as the isosceles triangle, and its vertex 
either in or beyond the line through tlie vertex of tlie isosceles triangle and par- 
allel to its base, has a greater i)eriineter than the isosceles triangle. Hence, the 
isoperimetric triangle on the given base has its vertex below this parallel, ex- 
cept when isosceles ; and consequently the isosceles is the maxinumi. 

928. Cou. — Of isoperimetric triangles, the equilateral has the 
maximum area (?) 


929. jProh. — Given any triangle with a constant base, to con- 
struct the maximum isoperimetric triangle. 

920. I*roh. — Given any iriangle, to construct the maximum 
isoperimetric triangle. 


92 i. Theo.--Of isoperi metric quadrilaterals, 
the square has the maximum area. 



Fio. 478. 


Dfilf. — Let ABCD be any quadrilateral. If AO is not 
equal to DC, ADC cun be replaced by the isosceles 
isoperimetric triangle AD C, and the area of the quadri- 
lateral increasc*d. So ABC can be replaced by AB C. Therc*- 
fore AB'C'O > ABCD. In like manner if AD' is not equal 
to AB' , O'AB' can l>e replaced by the maximum isoperi- 
metric triangle D'A'B'. So also D'CB' can be replaced by 
D C'B'. Therefore A B C D' > AB'CO' > ABCD. Now, 
A'B'C'O' Is a rhombus (?), and tlie student can show that 
the square on A'B' is greater than any rhombus with the 
same side. 





ISOPERIMETRY. 805 

933. Prob. — Having given a quadrilnteraly to conslruci the 
maximum isoper metric quadrilateral 

933* Theo* — Of isoper i metric quadrilateraU with a constmi 
basCy the maximum has its three remaining sides equal eacl^ to each, 
and the angles ichich they include equal 

Dkm.— L et ABCO be the maximum Isoperimetric quadrilateral on the base 
AD, then A6 = BC ~ CD, and angle ABC = BCD. For, if AB is not equal Uy 
BC, draw AC, and replacing the triangle ABC with 
its isoperimetric isosceles triangle, we shall have a 
quadrilateral isoperimetric with ABCD, and greater 
than ABCD. i. <»., greater than the maximum, which 
is al)siird. 

Again, if angles ABC is not equal to BCD, let ABC 
< BCD, w hence BCE < EBC, and BE < EC. Take 
EF = EC, and EC rr EB, w hence the triangles FEC 
and BEC are equal, and FC = BC. Also, since AB Fio. 479. 

u BC 4- CO - AE + ED - (EB + EC) 4- BC, and 

AF 4 - FC + CD r=: AE -f ED - (FE + EC) 4- FC, it follows that AFCD and ABCD 
are isoperimetrical, and, since ABCD =r AED — BEC, and AFCD -= AED — FEC, 
that AFCD and ABCD arc equal. Therefore, AFCD is a maximum, and by the 
preceding part of the demonstration AF ;= FC = BC = AB, which is absurd; 
and there can he no inecpuUity lictweeu angles ABC and BCD. 

934^ Then- — Of isoperimetric polygons of a given number of 
sides, the regular polygon has the maximum area. 

Dem. — First, the jiolygon must l)e equilateral ; for, 
if any Iw’o adjartmt sides, as AB, BC, are unequal, the 
triangle ABC can be replaced by its isf»periiiu*tric ^ 
isosceles triangle, and thus the area of the iK>lygoii 
be increased. 

Second, the polygon must be equiangular; for, if 
any two adjacent angles, ns B and C, are uricriual, the 
quadrilateral ABCD can l>e replaced by its is<)perirnc- 
tric quadrilateral with B = C, and thus the artai of the polygon be lncrc»a»cd. 

933. Theo . — Of isoperimetric regular polygons^ the one of the 
greater number of .sides is the greater. 

Dem.— L et ABC be an equilateral fregiilar) triangle. 

Join any vertex, as A, with any point, ns 0, in the opiwsite 
side. Replace the triangle AGO with the i8osc.elea isoperb 
metric triangle AED. Then is the quadrilateral ABDE > 
the triangle ABC. / 

But, of isoperimetric quadrilaterals, the regular (the B 
square) ia the greater. Henc€% the regular quadrilateral (the 
square) isoperimetric with the triangle ABC, is greater than 

20 





Flo. 4St. 



Fin. 4H). 
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the triangle. In the same manner the regular pentagon isoperimetric with the 
square can be shown greater than the square ; and thus on, ad libitum. 

030* Cor. — Of jjhme iwjjerimelric figures, the rivcle has the 
maximum area, since it is the limiting form of the regular polygon, 
as the number of its sides is indefinitely increased. 



SECTION IV 

OF TRANSVERSALS. 

937- Def. — A Transversal is a line cutting a system of lines. 
A transversal of a triangle is a line cutting its sides ;* it either cuts 
two sides and the third side produced, or the three 
sides produced. In speaking of the transversal 
of a triangle (or polygon), the distances on any 
side (or side produced) from the intersection of 
the transversal with that side to the angles, are 
Segments, Of these there are six. Adja- 
cent segments are such as have an ex- 
tremity of each at the same point. Non- 
adjacent segments are such as have no 
extremity common. 

Ill’s. TR is a transversal of the triangle 
ABC ; aA, aC, &C, ftB, rA, cB are adjacent seg- 
ments two and two ; aC,6B, cA, and aA, bO, cB 
arc the two groups of non adjacent segments. 

938, The two Fundamental Propositions of the Theory 
OF Transversals. 

939, Theo. — The product of three non-adjacent segments of the 
sides of a triangle cut hy a transversal, is equal to the product of 
the other three, 

Dsm.— ABC being rut by the transversal TR, aA x 6C x rB = aC x &B x cA. 
Draw BD parallel to AC, and from the similar triangles w e have 

^ cA D8 _ aC 
BO~?B’ iQ'^bO' 
whence, multiplying, 

^ _ a C X cA 
bB ~ ~bt X cB* 
or aA X 2>C X cB = 
aC X 6B X cA. 




** Or, Bidet* produced— t hi? exprew^ion beinsr nBiially omitted .n higher Geometry as all linea 
are to be coninidered indeSnite tin1et»A Hinitt>d in the nroblftn. 
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940. Cor. — Coiivorsely, If (hrve points bv falrn in the suivs of 
a triangle (as a, l», c*) snrh that the produrt of three non-adjaeent seg-- 
inenfs equals the prodart of the other three, the points are in the 
same straight line. 

For, passiiiii^ a Hue through a aiul />, It t it eiit ilie third side in c\ Tlien, by 
the proposition, <rA k hO x r B -- <iC x /<B x r A. Hut, by bypotl\cisis 

aA X dC X cB = oC x OB x cA. Wheiua* , and c and e must coincide. 

<* B e A 

Sen. — This theorem is known among m ith»*matieians as The Phlemaie Tims, 
rem, and is nsnally attriliutial to ('iamliiw Ihoremy, an Egyptian matheniatician 
and philosopher \vh<^ tlourished in Alexandria (hiring the first half of the second 
century. But it is thought to be more properly due lo Meniiau«, who lived a 
century before Puileiny. 


041* Tlieo* — The three angled ran ever saU^ of a triangle^ passifig 
through a common point, divide the sides into seg- 
merits such that the product of three non-ad jacent 
segments equals the product of the other three. 

Dem. — Prom the triangle ACc rut l»y the transversal «B, 
we have aA x CO x rB =r AB x aC x Or ; and from CBc 
cut by bA, Oc x bC x AB = CO x bB x cA. Multiplying, 
we obtain aA x bC x c B = aC x bB x cA. 

042* Cou. 1. — (’unversedy, Jf the three angle- 
transversals of a triangle divide the sides into seg- 
ments such that the product of three non-adjacent 
segments equals the product of the other three, the 
transversals pass through a common point. 

For, the sides being divided at a, b, and r, so that a A x bC x cB ^ «C x bB x 
<jA, draw^ Cr, and Ah, and let 0 be tlieir intersection. Now, let a be the point 
in which BO cuts AC. Then, by the proixisiiion, «'A x bO x cB = a'C x bB x ^A. 

Wlicucc and a and a' coincide. 

a A a Q 

043. Con. 2. — If any one of the sides is hiserted, the line joining 
the other points of division is parallel to this side. 

For, let bO = ^B. Then a A x hO x cB = aO x bB x cA, liecotnes 
(tA X rB = aC x rA ; or A/i : nC : : Ac : cB. 

Query. — IIow does this apply to the second figure ? 

044. Cor. 3. — ff the line joining turn points of division is par^ 
allel to the third side, the latter side is bisected. 

* The traa-viiihttl# tUrouj^h the Miglc0. 
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For, if ah is parallel to AB, aC : bC : :aA : bB, 'whence aO x i'B = 5C x aA. 
A.nd, since aA x 6C x cB — aC x &B x cA, cA = cB. 

f)4o» We ivill now give a few problems to illustrate the use of 
the theory of transversals. 

f)40. I^roh. — To show iliat the medial lines of a triangle pass 
through a common point. 

Solution. — Since aA = aC, bO = bB, and cB = cA^ by mul- 
tiplying, we have aA 'x bC x cB = aC x bB x: cA ; whence 
by llie last corollary these transversals pass through a com- 
Fi<i. 485. mon point. 



f)47^ JProh. — To show that the bisectors of the angles of a tri^ 
angle jmss through a common point. 

Solution. — In the last figure let aB, iA, cC be the bisectors. 

aA AB bC AC eB CB , . , . aA x bC x cB . 

«C - CB‘ ii " AB’ ~ "AC ’ aC x x cA “ " 

aA X 6C X rB = aC X 6B x cA. Therefore these transversals pass through a 
common point. 


948, Proh, — To show that the altitudes of a triangle pass 
through n common point, 

Bug’s. — I n the last figure, if aB, bA^ cC, 'were the perpendiculars, there -would 


be three pairs of similar triangles giving 


AO bO 
Bd’ cA 


CO cB __ OB 
Ad' aC "" CO * 


whence, as in the last. 


949, Pvoh. — To shorn that the angle-transversals terminating in 
the points of tangeneg of the sides of the triangle with its inscribed 
circle, pass through a common point, 

Bug’s. — In the last figure, if a, 6, c were the points of tangeney we should 
liave aA = rA, hC = aC, cB =ftB ; whence aA x bO x cB — aC x bB x cA. 
Which shows that the transversals pass through a common point. 


9S0, Theo, — If two sides of a triangle are divided proportion- 



ally, starting from the vertex, the angle-trans- 
versals from the extremities of the other side 
to the corresponding points of division, in- 
tersect in the medial line to this third side, 

Dem. — Since AC and CB are divided proportion- 
alb* ^'w^l ^A X a'C = aC x a'B ; and as 
DB = DA, <iA X aX x DB == aC x a'B x DA, 


Fio. 4Stt. 


the angle-transversals Aa', intersect in CD. 


The same may be sliown of any other angle- transversals from A and B, dividing 


CB and CA proi)ortiouully. 
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03 !• Cor. — In any trapezoid the tranarcnial pa.ssing through 
the intersect wn of the diagonals, and the intersection of the hou- 
pnrallel sides, bisects the parallel sides, 

Suo. — Joining; an' in the la.st CD is such a tnuisversiil. The student 

will readily see the connwtioii with the ]nx>positiou. 


932. Proh.— Through a given point to draw a line which shall 
meet tzeo given lines at their intersection in an invisible, inaccessible 
point. 


Solution.— Let Mm, Na In? the two 
given lines which meet in the invisible, 
inaccessible point S, and P the given 
point through which a line is to lo- 
cated 'Which will meet M;a, Na in S. 
Through P draw any convenient trans- 
versal, as BF, and any other meeting this, 
as AF. No\v, considering MS as u trans- 
versal of the triangle CDF, we have 
AF X BC X SD = AD x BF x SC ; whence 
SD AD X BF _ ^ , . , 

sc = ATx-ic- 



parallel to BF, wc have 


HD SO AD y BF AD v BF x PC 

PC “ sc " AF y BC “ ■ AF < BC 

w’hence HD is known, ns AD, BF, PC, AF, BC can be measured. Tlie |>omtH P 
and H determine the required line. 


033. Def. — The Corn plete Quttdrilafvntl 

formed by four lines meeting in six 
points. Tlie complete (piudri lateral 
lias three diagonals. 

III. — ABCDEF is a complete quadrilat- 
eral, and its diagonals are CF, BD, and AE, 
the latter being spoken of as the third or 
(‘Xterior diagonal. 


the figure 



Fiu. m 


034. Theo. — The m iddlr points of the three diagonals of a compUit 
quadrilateral are in the samr straight line, 

Dem.— wi, n, o being tlie centres of tbe diajronal.s of the complete quadrilat- 
eral, in the preceding figure, are in tlie same straight line. Hisect the siilen of 
the triangle FDE, as at I. N, L, and draw IN, IL, LN. Since IN is parallel to BE, 
and bisects DF and DE, it also liisee.ts DB Vi) and lienee passes tlirougli n. For 
like rea-sons IL passes through m, and LN tlirough o. Now, AC being a trans- 
versal of the triangle FDE gives CD / BE x AF — CE / BF x AD. Therefore, 
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noticing that |iCD - //<!, 4 BE = viN, = oL, |CE — ?y<L, iBF = nl| anti 
^AD = r>N, we have m\ x /iN x oL = 7«L x nl x t>N. Hence these three points 
f?», n, o lie in a transversal to the triangle ILN. 


SECTION K 

HARMONIC PROPORTION AND HARMONIC PENCILS. 

OHS* Def. — Three quantities are in Harmonic P roport mi VfhQJi 
the difference between tlie first and second is to the difference be- 
tween tlie second and tliird, as the first is to the third. 

III. — 0, 4, 8 are in liarmonic proportion, since C--4:4~3::6:3. In gen- 
eral, a, 6, e are in harmonic proportion, \i a — h : h — c \ : a : c. 


9S(i. Theo.—Tf a given line he divided hiicrnally and externally 
in the same geomefric ratio, the distance hehceen the points of divismi 
is a harmonic mean hetioeen the dista7ices of the extremities of the 
given line from the point not included between them. 

Dem. — Let AB he the given line; and let 0 and O' be m Inken that 

AO : BO : : AO' : BO' ; then is 00' a har- 

r g — g — monic mean hetw(‘(‘n AO' and BO'. For 

AO = AO' -00', and BO = 00' - BO'; 
whence AO', 00', and BO' are such that 
AO — 00' : 00' —BO' : : AO': BO', Unit is, they are in harmonic proportion. 


9S7. Con. 1. — AO, AB, and AO' arc in harmonic proportion^ Le.^ 
AB is a harmonic mean between AO and AO'. 

For AB - AO (= BO) ; AO' - AB (= BO') : ; AO : AO'. 

Cor. 2. — When AO, 00', BO' are in harmonic proportion, 

AO X BO' = BO X AO'. 

9^9* Cor. 3. — Conversely, Wien a line is divided info three parts 
such that the rectangle of the extreme parts equals the rectangle of the 
mean part into the whole line, the line is divided harmonically. 

Thus, let AO' be the lino, and AO' x BO' = BO x AO' ; tlicn AO : BO : : AO' : BO', 
whence, by the proposition, 00' is a harmonic mean between AO' and BO'. 

Def, — T he points O and O' are called Harmonic Conjugates. 


HARMONIC PROPORTION AND HARMONIC PENCILS, 
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9(i0» Theo. — If two Unv}< he drawn, one hiHcctiny ihe inferior and 
flip other the adjacent exterior angle 
oj a triangle, and meeting the op- 
posite side* theg diride this line har- 
man i call y, 

Srci.— Hv moaiia of Taut 

II.) tlie Btiidunt will lu* oiiahlcd to (stablish 
the relation AO : BO ; : AO' : BO', whmee, 
by the last projwsilion, AO', 00', BO' are in harmonic proportion. 

the comjdete f/nadrila feral, any diagonal is 
divided harmonically by the other 
two, 

Dkm. — Tluia, ArH is diviihd bannon;- 
rally ul C and H. For, consid<*rini; BH as 
f, transversal of the triangle ACF, we have 

-H HF X DC X BA rr HA X DF x BC. And 

CC, AD, FB bein^^ Hni^le-lransverstilsof the 
game triangle, we have CF x BA x DC = 
CA X BC X DF. Whence, dividing, AH is divided hnrmonlcftlly 

Again, if CH is drawn, CA, CG, CF, CH constitute a harmonic pencil, and BH, a 
transversal of it, is cut harmonically at B, I, D, H. Finally, If F and I la* Joined. 
FH (or FA), FB, FI, FD coustitnte a harmonic pencil, and hence CC is cut har- 
monically at C, I, E, C. 

9(i2> Cor. — A n angle-transversal of a triangle, and a line passing 
through ihe feet of the other ruii.sversjiltj, divide the lliird bide 

harmonically. 

9G3^ jPvob^ — Gitwn a right line to locale two harmonic conjugate 
points. 

Solution. — Let AB be the line. 0 may be taken at pleasure between A and 
B. We are then to find O', so that AO : BO : : AO' : BO'. Taking lliis by di- 
vision, we have AO — BO : BO : : AO' — BO' ( ” ABj ; BO'. Tin* first three terms 
being known, Ihe (»ther can be cmiHtrueU-d. Or, we may first locaU; O' ut 
pleasure, and then find 0. 

iHi4, Theo, If from the given point C in a line the distances 

CO, CB, CO' he taken in the same di- ^ c "o i 

redioii, so that CO x CO' — CB‘ » Fi«. m 

CA = CB be taken in the opposite di- 
rediony AO' will he divided harmonically at O and B 

Dem. — From CO x CO' CB*, we readily write CO : CB : : CB : CO', 
CB -f CO (= AO) : CB ^ CO ( “ BOi ; : CO' CB (=r AO ) : CO'- CB ( - BO^ 

• 'I^bit'morof the cxt*Tlor nii the ^•hlf prinltiCMl ; hut In blj^her im it ts 

always nndersttsxl that lines arc iiiacfinUe unices ihihled by hyrwitheula, such aijeciflcatlooa are 
deemed unnecfa^ary. 


061. Theo.—In 


c 
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00/>. Cor. 1. — Conversely, If a line AO' be cut hannonically at 
0 (uid B, and either of the harmonic means be bisected^ as AB at c. the 
three setjmenlH CO, CB, CO' will he in geometric proportion. 

For, since AO' : BO' : : AO : BO, AO' 4- BO' : AO' - BO' : : AO + BO : AO - BO, 
or 2CO' : 2CB ; : 2CB : 2CO, and CO' : CB : : CB : CO. 

6*6. Cou. 2. — In a given line, as AB, as o approaches the centre 
C» O' recedes, and when 0 is at C, O' is at infinity, since CO' = 

667. Theo. — The geometric mean beixoeen Uoo lines is also the 

geometric mean between their arith- 
metic and harmonic means. 

Dem. — L et AO' and BO' be the two lines. 
On their difference, AB. draw a semicircle, 
draw the tangent O'T and let fall the perpen- 
dicular TO. Then O and O' are harmonic con- 
jugates, since CO x CO' = CB‘^ (?), CO' is the 
arithmetic mean (that is, \ the sum) of AO' and BO' (?) and TO' is tlie geometric 
mean (?). CO' : TO' ; : TO' : 00' (?). 

Queries. — Which is the greatest, in general, the arithmetic, geometric, or har- 
monic mean between two (juantities ? Are they ever ecjual? 

UH8. Sen . — This pro})ositioii afl’ords a ready method of finding either of the 
harmonic conjugates 0 or O', when the other is given. The student will show 
how. 

960. Colt. 1. — The rectangle of the harmonic means and the sum 
of the extremes, is equivalent to twice the rectangle of the extremes. 

For, CO' X 00' =T0'^ = AO' x 30'. whence 2C0' x 00' = 2A0' x BO'; and, 
since 2C0' = AO' + BO', (AO' + BO') x 00' = 2A0' x BO'. 

970. Cou. 2. — ZV/c rectangle of the hannonic mean and the dif- 
ference of the differences of the 1st and '‘Znd, and the "Und aiurdrd, 
is equivalent to twice the rectangle of these differences. 

That is, 00' x [(AO' - 00') - (00' - BO')] = 2 ( AO' - OO') (00' - BO'), 
or 00' X (AO — BO) = 2A0 x BO. Let the student give the proof. 

971. Cor. 3. — Tf three quantities are in harmonic proportion 
their reciprocals are in arithmetic proportion (i.c., the difference be- 
tween the 1st and 2nd equals the difference l^etween the 2nd and 3rd). 

Fi»r, from AO', 00', BO^w’e have the reciprocals Now 

1 1 AO' - 00' _ AO ,1 1 00' - BO' 

00' AO' ~ 00' X AO' “■ 00' X AO' ’ BO' 00' ~ 00' x BO' 



COB 
Fia. 403. 
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BO AO 

- OO'xBO'* OO'xAO' 

_ _1 1 

AO' ” BO' 00'* 


9720 JProb. — Give7i the harmonic mean ajid the difference he- 
tween the extremes^ to find the extremes, 

SuQ’s.— We have 00' and AB, {Fig, 403, Art. 967) given. Then CO x CO' 
= CT* = iAB*, and CO' — CO = 00', whence c6'* — 00' x CO' = ^ AB*. 
From this equation CO' can be constructed {SS/i), and the problem solved. 


B0_ 

OO'xBO' 


AO 

AO' 


BO 

BO' 


CO. 


1 

6 b' 


9730 TheO 0 — When two circles cut each other orthogonally (i. e., 
so that the tangents at the common point are at right angles'), any 
line passing through the centre of oncy 
and cutting the othery is divided har- 
monically by the circumferences, 

Dem.— T he tangents being perpendicular 
to each other pass through the centres, 
hence CO x CO' = CT*. But CB = CT. 

Therefore AO' is cut harmonically. 



Flo. VM. 


974:0 Prolh — To find the altitude of a triaiigle /;/ terms of the 
radii of the escribed circles touching the adjacent sides. 


Solution. — Let r and r' be the radii of the 
escribed circles, and p the altitude. Now RT, 
AT, and QT are in harmonic proportion ; since, 
considering the triangle ACT, CQ bisects its in- 
terior and RC its exterior angle (V), we have 
QT : QA : : RT : RA. But r, p, r\ sustain the 
same relation to each other u.s RT, AT, QT ; 
hence ?*, p, r' are in harmonical proportion. 

Therefore, by (469) p (r+r') =2r;*'; or p- ” 

r-rr 



Kiu. m. 


HARMONIC PENOLS. 

97S0 Def. — A Pencil of lines is a Borio 8 of lines diverging 
from a common point 

Dep. — A Harmonic PmicU is a pencil of font* line.s cutting 
another line harmonically. 

III. — In the following figure OA, OB, OC, OD constitute a IJarmonic Penetl^ 
if they divide the line mn harmonically at A, B, C, D. 
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Tlieo- — A harmonic pencil divides harmonically every 
line which cuts it, 

Dem. — OA, OB, OC, OD being a barmonic pencil, that is, AD, BD, CD, being 
in harmonic proportion, A'D', any other line 
cutting the pencil, is divided harmoiiicully, so 
that A'D', B'D', C'D', are in harmonic propor- 
tion. Through C and C' draw parallels to OA, 
as LK and L'K'. Now, from similar triangles, 
AB : BC : : AO : CK, and AO : CL : : AD : CD. 
But AD : CD : : AB t BC, since AD is liarmoni- 
cally divided. Hence AO : CK : : AO ^ CL, and 
CK ~ CL. Hence from similar triangles 
C'K' - C L'. Again A'B' : B/C' : : A'O : C'K' (?), 
and A D' : C'D' : : A'O : C'L' (= C'K') (?). whence 
A'B' : B'C' : : A'D' : C'D', or A'D', B'D', C'D) 

Ben, — If the line through C' cut the prolongation of AO h(*yoiid O, it is still 
harmonically divided ; and, in fact, it is scarcely ncc(‘ssary to make this state- 
ment, since in all general dis(!ussit»ns lines are to he considered indefinite, un- 
less rmiit<?d hy hypothesis. 

07 7 • Dkf. — leo;s of a luiniumic pencil are called 
conjugate, as OA and OC, OB and OD. 

07H, Theo . — If two ((ntjugale legs of a harmonic pencil he. at 
right angles, one of iltem bisects the angle included by the other jniir, 
and the other the supplement of this angle, 

Bru. — This is the conv(*rse of remembering that the bisectors of two 

adjacent supplemental angles are at right angles. 



are in harmonic proportion. 


SECT/ON VI, 

ANHARMOMC lUTIO. 

970, r>EF. — Tike Anharmotkkc llafio of four points in a 
right line is tite ratio of the rectangle of the distance between the 
first and fourtli into the distance between the second and third to 
the rectangle of the distance between the first and second into the 
distance lietween the second and fourth. 

A B c o 

p III.— The anharmonlc ratio of the four points 

A, B. C, D is ad X BC : AB X CO. 
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080* The relation AD x BC : AB x CD is exjm'ssod for brevity 

[abcd]. 


Iix. — Thus [ABCD] moans AD x BC : AB x CD ; [ADBC] means AC x DB : 
AD X BC ; [BACD] means BD x AC : BA x CD; etc. The ratio [ABCDJ. or 

AD X BC : AB x CD is cvitientl}' the sumo as •' 

dC CD 


OSl. Sen. — The appmju'iutenoss of tin* term tinharmontc (/a/Miarmonie) 

AB AD 

will be seen when we observe that, if AD is /otrmouu-tilh/ i\\\’uWi.\, ^ 

BC CD 

AB AO 

If, therefore, is wot tHpial to whieh is tlie /// ro/ cas*' of division, irre- 

sperfive of the posiliim of tJie points B and C, we may eonsidt’i* tlu^ m^/VM>f 

AB AD 

BC *^*Cb‘ l^eneral ratio, or, what is the sanm tliinj;. AD x BC : AB x CD, 

is allied the anharmonic ratio. 


Thf*o . — 77/e ftHltannonir rtdio of four points is not rhauped 
hif iulerrhaufiiuif tiro of the trftrrs^ proridrd ttir otfivr tiro hr iutrV' 
rhaiKjrd at the siniir tiuir. 

Dkm. [ABCD] ™ (DCBAj jBADC] |CDAB|. /. e., AD > BC : AB >; CD 
r--. DA X CB : DC y BA - BC . AD : BA > DC = CB ... DA : CD • AB. \v)«ieh 
are evidently id«'ntieal. j'Flie student should notice the dillerenl se;;menls <»f 
tile liii(‘ iiidiiaited by the dilfen'ijt form.s. | 

OSf'i. Soil. — Hut {ACBDj is a tt/Jf'i n jil anharmonic ratio from (ABCDj ; since 
AD y CB ; AC X BD is not necessarily c(|ual to AD y CB : AB y CD. Now, as 
tliere can be twenty-fonr permulations of four letters, llien* may be forini'd six 
ditferent aulninnomc ratios from four given {Kiints in a limr. 


!iS4. Theo.—If (1 prnril of futir tiurs is rut tnj nnij truuHvrrsid^ 
the anhnnnouir ratio of the four points of intersect iou ^ 

is constant, / 


Dkm. SL, SM, SN, so, or. ns we may read it, S-L,M,N,0, 
being nuch a p<*n<-il, and AD any tnuisversal, draw through 


C NP parallel to SO. Then 

AD y BCAB 


i BC: AB f .. (CN:ASf .. 
■' AD • CD ( ■ ■ ' AS : CP f '■ 
But CN : CP is constant for all po^ition.s of C on SM 
fore AD X BC-‘ AB y CD is constant for any transvi 



UHSi. Other constant rafms may lie written from the preceding prop- 

osition and scholium. The anharmonic ratio (ABCD) is calh*d the anharmonic 
ratio of the pencil. The angles of the pencil are ilie six angles included by the 

ra)rs. 
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080. — Cor. 1 . — If two pencils are mutually equiangular their 
anliarmonic ratios are equal. 



Fio. 499. 


Queky.—Is the converse of this corollary true ? 

087. ('OR. 2 . — If two pencils have their inter- 
sections in the same right line, their anhanmnic 
ratios are equal. 


088. Dkf. — Tlic anliarmonic ratio of four 
points on tlie circnmfen iicc of a circle is the anluirnionic ratio of 
tlie pencil formed by joining these points with any 
point in the circumference. 



A Li c 

Fio. 500. 


III. — Thus, the anharnionic ratio of the points A, B, C, D is 
the anlmnnonic ratio of the pencil 0-A,B«C,D, it beiuL:: iin- 
inalerial \vh<*re in the circunihrence the point O is taken, 
since by (’ou. 1, preceding, the ratio is the same for any posi- 
tion of 0 (V). 


080. Theo . — Jf four fixed fungenis to a circle are cut hg a fifths 

the anharmoiiic ratio (f the four points 
of intersection^ called the anharnionic 
ratio of the tangents, is constant. 

Dkm. a, B, C, D being the fixed points of 
tangeney, any transversal, as TV, ('ulting the 
tangents, has the anliannonic raiit) [LMNP] 
Fro. .501, constant. For the pencil O L.M.N.R Inis its 

angles constant. Thus LOM is moasurcil hy ^ arc (AX — BX) = ^AB, which is con- 
stanh And in like manner MON is measured by A are BC, and NOP is ineasureil 
by i are CD. Hence, by the first of the preeediug corollaries, the anliarmonic 
ratio [LMNP] is constant. 



000. Tlie theory of anharmoiiic ratio is applied with great facility 
to the demonstration of theorems showing that several points are 
in a right line, and that several lines intersect in a common point 
We giv« tlireo specimens of each class. 

001. Theo. — If two pencils have the same anharnionic ratio 

and a homologous rag common^ the 
intersection of the other homolo- 
gous rays are in the same right 
line. 


Dem.— Let S-A.B.C,D and S'-A,B',C',D' 
be two pencils having the same auharmonic 
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ratio, and the rays SA,S'A coincident; then the intersections E,F. H are in the 
same right line. Let the line passing through E and F intersect SA in K, and sup- 
pose it intei-secL SD in H', and S'D' in H''. Then, since the anlnirmonic ratios 
of the two pencils are equal [KEFH'] = [KEFH"] ; whence H' and H ' arc the 
same point, and must be the intersection of the two lines SD, S'D', that is, H. 

902* Theo, — If in iwo right lines four poifi/s in the one have 
the same anharmonio rath asfour 2 )oiHts in the other, and one ho- 
moJogotis point in common, the three tines jyassing through the other 
pairs of homologous points meet in a common 
point 

Dem. — L et A ])e common, and (ABCD] = [A'B'C’D ). 

Draw SA and SD'. ('all the p<»int in which SD' 
cut.s AL D" (for the time hcinirt. Then (AB C D ] 

= (ABCD"]. Ihit by hyp(»lhesis [AB'C'D'J ™ (ABCD). 

Therefore [ABCD] . r [ABCD"). and D and D' an' »»ne 
and the same point. Jlc'iua' the three lines which 
pass Ihrou.irh B and B', C und C', D ami D meet in a 
common {xunt S. 

993- Theo. If the lines passing through the corresponding ver^ 

ti(‘es of t nw triangles meet in a comoain ptnnl, the intersect ntns of then 
homologous sides lie in the same right line, 

DtCM. — Let ABC and A'B'C' be 
two iriaiiLrles so sitnat<*<l that the 
lines AA', BB', CC' meet in ihecom- 
mou j»oint S; Ihon L, M, N, the in- 
tersections of tint homol<arons sides, 
are in a right line. For the pencil 
S-L, B, A, C being cut by the 
two transversals LD. LD', gives 
[LBAD] = [LB'A'D'j (pS4h Ihit 
C-L,B,A,0, and C' L.B'.A ,D', have 
these anharmonio ratios, hence C L, 

0,M,N, and C' L.O,M,N, their equiv- 
alents, and having a common niy 
CC', have equal anliarmonic ratio.s, 
and consfxpicnlly L,M,N arc in the 

same riglit line {991). Fio. 604. 




I'lu. Mt'i. 


994> Theo» — If the intersection of the corresponding sides of two 
triangles are in the same right line, the lines jMissing through their 
corresponding angles meet in a common point, 

DEM.->In the lust figure, if AB and A'B', AC and A'C', BC and B'C' have their 
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intcrBCCtions in the same right line, as LN, the lines passing through B and B', 
A and A',C and C' meet in a common point, us S. By (fPS7) C-L,0,M,N has the 
same unharmonic ratio as C'-L,0,M,N, whence [LBAD] = [LB'A'D'], and the 
truth of the theorem follows from (092). 


Ttieo* — The opj^osile sides of an inscribed hexagon have 
their intersections in the same straight line. 



Dem. — The nnharmonic ratios of the 
pencils B-A,E,D,C,* and F-A,E,D,C be- 
ing equal {fPHH), LODE, which intersects 
the first, is divided in the same anhar- 
monic ratio as NHDC, which cuts the sec- 
ond, or |LCDE] — [NCDH]. But these 
lines have a cotninon lH>tnok)gous point D, 
hence the lines joining the other pairs of 
homologous points, us LN, CC, EH, meet 
in a common point, as M. Tlieretbre 
L, M, N are in the same right line. 

iPUG. Scit.—This theorem is due to 
Pascai., wh«)M' wonderful achievenit;nts 
in his brief life of ihiriy-nine yi^urs 
l()02)have been the admiration of all suc- 
ceeding generations. 


Theo. 



The diagonals joining the opposite vertices of a cir^ 
cum scribed hexagon intersect in a 
common point. 


Dem. — Consider AB. BC, CD, EF four 
fixed tangents cut by ED and FA. Then 
[PNDE] = [AQMF] {USO), lienee the an- 
harmonic ratios of B-P,N,D,E,* and 
C-A,Q.M.F are equal (SPStf ) ; and since 
they have a common ray (CQ, BN) the in- 
tersections A, O, D, of their homologous 
rays, are in the same right line. Therefore 
tlie diagonals pass through a common 


* The etudeat can etmoHve the raye BE« BD« m drawn, withoat encumbering the Ilgure 
ith them. 
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SECTIO.V 171. 

POLE AND POLAR IN RESPECT TO A CIRCLE. 

OOH. Def. — If II scojint to a riivle ho revolved about a lixed point 
in tlie plane of the circle, the locus 
of the harmonic conjugate of the 
fixed point, in reference to the in- 
tersections, is the J^olfrroi' the fixed 
point. The fixed point is the l*ole 
of the Pohir Line, The terms jxde 
and polar as here used aix^ correlative^ 
and neither has any significance 
without the other. 


liJi. — Let AP be a secant revolvintr at>oiit 
Ibe tixed j>oint P, uiul let C be so taken that 
(in every position) AC : CB •* : AP ' BP, ilieii 
is tlie lo<!Us of C the Polar of P, and P is 
llio of the locus of C. 



UOO* Theo, — The Polar of a (jicen point in respect to a circle is a 
right line, 

Dkm. — L»* t P t>e the iK)le, AP any neeant 
passing through P, and a iM»iut in the polar. 

The locus of C is required. Draw PL through 
the centre, and let fall the perpendicular 
CC . Draw AL. AH. ACT, and C'B. Since 
AC • CB : • AP • BP, C'P bisects the angle 
BCT, the exterior angle of the triangle 
AC'B (?) ; hence, as LAN is a right angle, AL 
bisects NAC', the exterior angle of the tri- 
angle C'AP (?). Therefore, PL is harmonically 
divided at C', and H ; and, C' being a fixed 
point, and C any fKiint in the locus, the locus 
is the fHjrpendicular TCC'V. 

1000, Cor. 1. — Since, as the secant revolves, the points a and B 
will vanish in C" is the point at which a tangent fnnn the pole p 
touches the circle. 


toot- Cor. %.^Drawing OC'\ C''P. we see that OC''* (or OH^) 

= OC X OP. 



Fio. 508. 
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1002* Cor. 3. — The j^olar of a point in the circumference is a 
tangent at that jmnt. 

For, a8 OC' x OP is constant and equal to OH®, OP diminishes as OC' in- 
creases, and when OP = OH, OC' = OH also. 


1003. J^roh. — To draio the polar to a given pole in respect to a 
given circle. 

Cou. 1 effects the solution. 


1004. I*roh. — find the pole of a polar to a given circle. 

Through the centr<‘ draw a perpendicular to the polar. [The student should 
l)e able to complete the solution.] 


1003. Dkf. — T lic point C' where tlie polar cuts the line passing 
through the pole and the centre of the circle is called the Polar 
Point. 



1000. Th eo. — The pole and polar 
2)oint are interchangeable. 

Dem. — TV being the pfdar to P, we are 
to sliow that T'V', parallel to TV and pass- 
ing through P, is polar to O ' ; i.e., that any 
secant, US AC'C", ]>assing through C', isdi- 
vkhrd harmonically in the intci*sections with 
the circumference, C', and tlie intersection 
with T'V'. Drawing AP, .since P is the 
pole of TV, w(.* have, as in the lust demon- 
stration, ancle APB bisected by PC' ; and 


consequently RPB bisected by PC". Therefore AC' = C'B:: AC": BC". Q. E. D. 


1007. Theo.- 



The polars of all tiu points in a right line pass 
through the pole of that line ; and, con- 
verselg. The jxdes of all straight lines which 
pass through a given point are in the polar 
'of that point. 

Dem. — 1st. TV being a given line and P its pole, 
we are to show tliat the |X)lar to any |K)int, as N, 
passes through P. Dravc through P a iK*ri>endicu- 
lar to ON ; then P is tlie polar i>oint to N. 
For, OP : ON : : OP' : OB (?) : whence ON x OP' 
= OP X OB = OA*- Therefore, T V' is the polar 
of N (?). 2nd. P being any point and TV 


VIO.U0. 
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its polar, the pole of any line, as TV' passing through P, is In TV, as at N. 
Draw ON perpendicular to T'V'. Then, os before. 

ON X OP = OP X 0B= OA*. and N is the polo of 
TV'. 

1008. Cor. — TJie pole of a straight line 
is the intersection of the polnrs of any two 
of its points ; and, conversely, The polar of 
any point is the straight line joining the 
poles of any two straight lines passing 
through that point. 



RECIPROCAL POLARS. 

1000. Dep. — I f two polygons be constructed, one within, or 
inscribed in, a circle, and the 
other without, or circumscribed 
about the same circle, such that 
the vertices of the one arc the 
j)oles of the sides of the other, 
the two polygons are called 
Iteclprocftl I^olarH ; and 
the circle is culled the A uxiliary 
Circle, 

The possibility of constructing such 
polygons is ai)parent from the last Ibe- 
orem. When the }xduts P, P', P",P'" 
are in the circumference, TV, TT', 

T'V', V'V become tangents, as up|>ears from (1003). 

1010. Prob. — Having given one of two reciprocal polarSfio con* 
struct the other. 



The student should be able to make the construction. 


1011. By means of the relation between reciprocal polars a large 
class of propositions relating to the relative positions of lines and’ 
points, become, as it were, double ; t.6., one proposition being proved, 
another can 1>€ inferred. The process by which the inference is made* 
is called reciprocation. We will give an example. 



IHTBODUCnON TO XOD£BN OSOHXTET* 


1012. JPrab. — To deduce the reciprocal of PaecoTe theorem 
( 995 ). 



SoLimoN.— Draw tangents at the six vcr. 
ticcs of the hniBcnl>cd hexagon. Thus, a cir- 
cutnscriiKicl hexagon is formed whose sides 
arc tlie ixdars of the vertices of the inscribed 
hexagon, through the vertices of which they 
resiKJClively pass (1002). Now, drawing the 
diagonals PM, NQ, OL, they are the {H)Iars 
of the intersect ions of the opposite sides of 
tlic inscril>ed liexagon, as PM, polar to the 
interBCction of DE and CB (?); and hence 
they pass througli a common jwint. as V. 
Thus we have Hrianchon's theorem, viz. ; 
Tilt IbitK joining the ojgmiit anyUn of a cir- 
cuvi«eribed hexagon jxuta through a common 
jwini. 


ioin.-’\ 'he throe f<»llowing llicoroms arc of frequent use in ap- 
plying the theory of roei procation. 



Pm. 514. 


1014, Thro. — 77ie angle ineUided by two 
lints is cgtidl to the angle included by the 
lines joining their }}(des to the centre of the auxiliary 
circle, 

Dkm.— The ix>le of a line lM*ing in the p«*rpcndicular from 
the c'cnirtr of the auxiliurj' circle uiion Uie line (1000), O' is 
Uic KUpplement of O ; lienee o = 0. 



Theo , — 77ic distances of any tivo points from the centre 
of the auxiliary circle are to each other as the 
distancee of each point front (Ite polar of (he 
other, 

Dem. P, P' being the points, and TV, T V their 
polan respecUveiv, we are to sliow that 
CP CP' : : PO ' : P'O^''. 

By (1001) R* = CP X CO = CP X CO'. R being 
Uie radius of the auxiliary circle. Whence 
CP : CP : : CO' : CO. But CP : CP' : • CF .* CE (T). 
there follows CF : CE : : CO' : CO. CO' -> CF (== PtT') 


8oa.^Tlib U known aa Salmon" $ Theorem 



BADICAL AXIS AND CENTRES OF SIMILITITDE OF CmCLES. 328 


Theo . — The anharmonie raiioofftmr points in a »trai(fh( 
line is equal to that of the peuvil fanned by the 
four polars of these poitUs, 


Dkm. — 1st Thr pedlars pass tlmuigh acommon point 
and thus fonn a pt'-ncil <>). i.M. Tho niiirlrH iiududfut 
by the lin*‘s jniaini^ tlif r>ur i^oints with tin* <vnlrf. iiml 
those included by the p«daiN arc itpitil t?). licucc the 
two pencils have the same aoUarmuutc ratio. 



SEC'fJOjV I VIA 

RADirAL AXEH AND ( ENTHES OF SINIIJTI'DE OP ( IRCLEH. 

1017^ \'^v,v.~~The of a J*ohit itt lln* plant* of a rircU 

istlu* nM'tartgb* of t he (li^fanccs from tin* p(*iii( to the inlvrHcotioiis of 
the circumferenco by a line passing thnujgh the 
point. 

Tli* — T hu«, the poiner of n jvHnf P. without the circle, 
in PA ^ PB;— ih(‘ prmcr of a fHiirit within, as P', ia 
P'A' X P'B' ; the p^jwer of a fKant in the circaiinferfaice 
is zero, since one of the distiinc<»» is then 0; — the jKjwcr 
of the centre is the square of the radius. 

H, (’OR. — The pfaoer of a yiven point with respect to a given 
drde is a constant quantity. 

Thus PA X PB =r the square of the tanf^ent from P h) the drcK In wbal«irer 
position PB liea, so long as it pawica through P. Bo also P'A' x P'B' = the 
rectangle of the segments of any other chord passing tlirough P'. 



Fw. 617. 


DEF.“~T/i4ef lladictil Axim of Two Cirrlen ia the locua 
of the point whose ixiwers with reapect to the two circles arc equal. 



m 


nfBODIKmM TO XODSBK oBowoaa. 


1020. Prop*—Tlte Badkd Axis of tm oirdea iaarijM Ktu.. 




f)EM. — Join the centres of the two circles O, O', anJ take a point R on this 
line such that OR* - O'R' = Of* - OT *. or O'R* - OT* = 61’ - OT'*, and 
crerrt PR porpcfntlicular to 00'. Then P being a?ij/ i)oint in lliis perpendicular, 
6P* — OR* = ePP* — O^R*. Adding this to the preceding equation, we have 
OP® - of* = O P* ~ OT or Pt* = Pt *. . . PT = PT', PT and PT' btdng 
tangents to the circles from uuy point in PR. Hence PV is the radical axis of 
the two circles. 

1021* Cor. — When the circles are exterior to each other Jhe Radi- 
cal Axis lies between thetn, touching uvithcr ; when they are tangent, 
either externally or internally, the radical axis is the conunon tan- 
gent ; when they cut each other, the axis of the common chord produced. 

Bch.— W hen the circlCH intersect it might seem that the above de- 
mouitmtiou fails for points wiilun, as in tlie common chord. But, the powers 
of any iH)int in this rhoixl are still ei|uul. Thus, at the intersections tlie powers 
are toro ; .nitd at any otlier point in the chord, as a, x ae z=: ad x or, since 
each is equal to ao x as. 

1023* C4>it. There is an injinite number of circles haidng their 
centres in the same right line, which hare the same radical axis as 
any two given circles. 

Thus, In the tirst figure, PV being the radical axis of the circles 0, O', letting 
circle 0 remain fixed, 0 may varj* indefinitely so that CTR* — OT'* remains 
constant, and equal to OR* —Of*. 

t024^ Prob. — Given two circles, to draw their radical oxw. 

SoLtnnoK.^Draw a common tangent, bisect It, and through the point of 
bisection draw a Hne perpendicular to the line Joining the centres. When the 
circles are tangent to each other, tlie distance between the points of tangency 
isO; hence the perpendicular is erected at this point When they intersect, 
produce the common chord, or use the first method. 


mmm ov maumrsiL 


i.09S* Propt—Whm two eird«t eui mksA othar orthogonallg,th«i 
%$, at right angl«$, the egnare of the radiae ^ either ie equal to the 
power of ite centre with reepect to the tdher. 


L— The power of 0 with respect to circle O' is 
Oa X On = 0^, anti of 0' with re«iK*ct to circle 0, 
O'b X O'w = CT^ ; since, as the circles cjut each other 
orthogonally, their tangents are at right angles, anil tho 
tangent to cither t>asses through the centre of the 
other. 



Fta.SI*. 


102(L Prop.— The radiral a.ir,H of a of three eirdea 

whose centres are not in the same straif/ht tine^ intersect at a cmnmon 
point, 

Dkm,— S ince 0, O . O" arc not 
in a straight line, the nwliml axes 
of 0, O', and O, 0", an PV ' and 
PV inlei'secL Let P 1 k‘ their 
common jioinl. 'Sow the power 
of P with respiTt to 0 ' is espial 
loilsix)wer with respect to O ', 

' since e<*ch b emial to its tnover 
with ri*spect to O, Hence P is a 
fajiiit in the radical axisol O , O '. 

10*/i7. CuH .- — If the centres are in the satne s/raiffht hne^ their 
radical ases are jmrallcl, and the nintnatn poinf is at infinity, 

10*^H. Def. — ' riu* iiiters<*ction of the rudicul nxes of three circle# 
iB called their liadlciil Ventre. 



CENTRES OF .SUIILITUOE. 


1029. Dep. — If the line jedning the eentreg of two circles be 


divided externally, as at C, 
and intenially, as at c% 
in the ratio of the radii, 
these |>oinU arc* respt^ctively 
the External and the //t- 
ternal Centres of 8lm^ 
Uitude of the two cir- 
cles. 



Ijx,— I f CO * CO' • : EO J E'O', C is the external centre of iimiUtttde ; and, ff 
CO : CO' : : £0 • E'O'. C is the internal centre of fijnilitude. 



IKTRODUOnON TO MODERN OEOMETBT* 


Tbe ttndent nhmtkl construct the figure when the circles are tangent exter- 
nally when are tangent internally,— and when one is wholly within the 
other. 

Quxrt.— H ow are the centres of similitude situated in the three different 
relatiro positions of Ute circles? 

1030- Pr^}jh-—In itvo circles the line passing through the ex^ 
trem ities of tuHt ^mrallel radii on the same side of the line passing 
through the centres, intersects this line in the external centre of sim- 
ilitude, and if the radii are on opposite sides of this line the inter- 
section is the internal centre of smiUtude, 

T>*e prcKif coiiHiHtH in showing that the line passing through the centres is 
divided as al)Ovc. Let llie student show it for the three different positions of 
the clrrdcs. 

1031. C-oiu 1. — Convcrficly, Jf any transversal he drawn from 
either centre of similitude, the radii draten to the intersections are 
parallel. 

Thus in the last figure, since CO ' CO' : EO E'O', and the triangles have the 
angle C comnum. EO and E'O' are piirulle!. 

1032. Coil. 2. — 7\t agents draten at the alternate intersections of 
a transversal through the external centre of similitude are parallel ; 
also, those at the mean intersections, and those at the extreme intet'- , 
sections, if the transversal he drawn through the internal centre of 
similitude. 

This follows ns a consocpience of the jwriillelism of the corresponding radii, 
to which the tangents are per|H*!nli( alar. Thus, tangents at E and E' are par- 
allel, as are those ni F and F'. St>, also, tangents D and D', and at E' and E" are 
imrallel. 

1033. Dkf. — T lic extnMuities <»f two pa nil lei radii on the same 
sitle of the line joining the centrt‘8 are called Homologous Points, 
and those of non-parallel radii where the transversal cuts the 
circumfen*nces, as E. F , are called Anti-HomoUngms Points, 

1034. Cor. 2, — The flistancrs of a centre of similitude front two 
homologous fmints are to each other as the radii, 

1033. Cor, 3, — The centres of similitude and the centres of the 
circles are four harmonic p{»in(s. 


1030 . — If (t circle touch two others, the line joining theif 

points of contact pttsses through the external centre of similitude of 



osHTBsa or sdoijtuob. 


827 


the loiter if the eoniade are both extemai or both intmmt; — „ 
through (he iwUfiml centre of similitude if the contacts are the one 
external and the other internal 


0 


Fio 5W. 

Dkm. — I n cither case lot O" 1)C iho circle tangent to 0, nnd O' ; and throuflrh 
the pointH of liinpenry dmw E'C. The O' ET := O'TE' r EFO .r; FEO ; 
whence OE and O'E' are pariillel, and the similar Irlanplea CEO, CE'O' g:lvo 
CO : CO' : : OE ; O'E'. [The student should make the other coiuttrucUcNoa.] 

1037 • Prolh — To draw a line pa rnllvl to a (jiven tiae so that fhs 
distance between the extreme intersect ions with two given circles shall 
be a maximum, 

Bolution- — D raw a line* through the internal rrnlre of Hlrnllitudc and par* 
alUd to the piven line. !N<ov, at the extreme interHerti<»nM draw tan^'ents, and 
it will IxH'ome evident that the line Urnt drawn is a maximum. |Tht; Mtuilent 
should make the fl^ure and till out the prfM)!.] 

If the rirrh*s are wholly exteriiir to each other, the distance hetweem the 
mean intersections is a miuiiiiuuj. 

?. CoNCLrniNo Ncjtb — O ur limits preclude our pursuing these topics 
fiirtlH;r. We have jriven enotit^h to make the lan^omtfe of the Moilmi Oeome* 
try mtelliirihle, and to afford some Insijrht into its character On** of the hest 
elementarj' resource's for the Enfjlish hiudenl whf) wishes to pursue the subject 
at greaU'r length. Is Mcix*AnY’s PrincijtleM nf Mtslern Orometry, Duhliri, 

It Is, however, much to be regretted, that there is no English treatiwr which 
pnasents tlie elements of this subject with the phih>sophte elegance of the 
French. The best of the latter is Hotxii^ and (ViMnKitoussK's Treatise on 
Eleraentiir}' Ot*fimetry, For a more extendeil view <if the subject, HAt.Mort ot 
Whitwohth will funiish the English stiiflcnt; hut he who would tsi proflclvnt 
must read the works of Cii asles and Poj«celbt, who are the great aulhorlties. 
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PART IV, 


TRIGONOMETRY. 


OHAPTEEL 

FLAKE TRiaOSOMETHY. 


SECTION L 

DEFINITIONS AND FI’NDAMENTAL RELATIONS BETWEEN THE 
TRiaONOMETKICAL FINCTIONS OF AN ANOLE (OR ARC). 

7* Trlffonomvfr^f a part of (ieom< trv whicli lias for its su!** 
ji*ct-iMutt<‘r, It is t'hierty occiipiod in present in a K<?lK»me 

for nuaisnrinfj un<l eonijuirin^jj an^dos, hy mrans of orrinin auxiliiirj 
lines ciillrd TriijommHrivnl / nwr/iows, in invt sii^nktini' the n*lutit)n« 
ht'lween these fniu'tioiis. and in tin? S(»]nti<ni of trian;sdeH liy means 
of th? relations between their sides and the trigononietrieul fiinclionH 
of their angles. 

5. Pfatif* tn-afs of plam* arjgh s and triangles, 

in <listitietion fnitn Sphvriral I'riffimimH'tnj. \\\\\v\\ tn'Uts (»r spherieui 
ujigles and triangh s. 

//. A Fiiurfion is a (jiiantity, or a matheniatieal evpn’ssion, 
conceived as dejn-nding upon some otlo r fpmntity or qnantitieg for 
its value. 

Ill’s. — A man’s waja^es for a (/irt^n Utm Ih a fiiiK tif>n (r»f lie* aiiKMint rH^iveeJ 
per day; or, in jtjeneral. his wage*, ia a funetion of Iroth the titnr <tf wrviee and 
the ammtfU rce(.ivcd iwr day. Ajrain, in the y ^ 2(U*, y : i* ^ 

2Ar + = 2 iogf^mr, y rr o*,y Is a furjetion of jp ; the uumben* 2, /}, a and^ 

beiijff conshlered fix<*d or conaiant, the value of y depends upon the value wc 
aasijini to Jf. For a like rea^am such eipr<*»aiona aa >/a* - x*, and tUu^ — 
may la* K{K>kr>n of as functions of x. Ouce more, the area of a triangle I,# a func- 
tion of its b;ute and altitude. 

4. Anfflen an Faurtlonn o/ We Imvr lenrm-U in 
Geometry (Paut II., Skc. VL), that angles and an s may be treated 
m functions of each other ; and that, if the angh s lie taken at the 

I 



PLANE TBIOONOMBTBY. 


centre of the same or equal circles, the arcs intercepted nave the 
same ratio as the angles themselves, and hence may be taken as their 
measures or representatives. For trigonometrical purposes, an angle 
is considered as measured by an arc struck with a radius 1 , from the 
angular point as a centre. 

/y. A Degree being the part of the circumference of a circle, 
lM‘C(>me 8 tlie msasure of ^ of a right angle; and, for convenience, it 
is eustoinary to speak of such an angle as an angle of one degree^ of 
four timers as large an angle as an angle of four degrees, etc., apply- 
ing the term <lirectly to the angle. A small circle written at the 
right and a little above a nunilier indicates degrevs (°). 

iU A Minute is ^5 part of a degree. Minutes are designated by 
an accent ('). A Second is part of a minute. Seconds are 
indicated by a double accent Smaller divisions of angles (or 

arcs) are most conveniently represented as decimals of a second, 
though the designations etc., are sometimes met with, 
and signify further subdivisions into bOths. 5'" 12' 16" 13'" is read, 
“6 degrees, 12 minutes, 16 seconds, and 13 thirds.” 

Ill’s. —In Fig. 1 AOB U an angle of ai*, IxHranse the measuring arc ab 
c<»ntnin 8 35 of the 330 equal part* into which 
the eireumference whose radius is Oa, could be 
divideiL In like manner BOC is an angle of 7*. 
BOC = lAOB = iAOC. Hence, it iMJComcs evi- 
dent thiii we may the nuiiilK*rs 35, 7, and 42, 
to represent the respective angles AOB, BOC. 
and AOC, or Uie corresponding arcs 06 , and 

7. A Quadrant is an arc of 90% 
and is the measure of a right angle; 
hence, a right angle is called an angle of 
90°. Thus arc ad, Fig, 1 , = 90% or angle 
AOO = 90°. 



80 The Contjdemenf of an angle or arc is what remains after 
subtrjicting the angle or arc from 90°. The Supplement of an angle 
or arc is wdiat remains after subtracting the angle or arc from 180°. 


iLt/a— In FSg. 1, the angle BOD Is the complement of AOB, and the are M 
la the complement of arc oA The complement of 35* is 90* — 35* ar 55*. The 
supplement of 35* b 180*— 85 *«b 145*. 



DEronnOKS and rCNIUJISMTAl relations. 
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9. A Quadrant is often represented by since « is the semi* 
circumference when the nidins is unity. W'lten this notation is used, 

180® 

the Unii Arc Iwomes — ^ = A^7^295T8 nearly^ or 57* 17' 44''.8 +, 
which is an arc e<jnal in length to the nuliua. 

10. For trigonometrical pur|>oj*es, an angle is concoivetl as ger 
erated by the revolution of a line al>out the angular point, nnu 
hence may have ana xuilne whafvver, nt»t only from 0*' Iti 180*^. but 
from 0® to and even to any number of degrees greater than 
300®, as lilSO®, etc. An angle <»f 45® is generated by ^ of a revolu* 
fion, 90® by J c»f a revolution, ISO® by ^ a revolution, 270® by J <if u 
revolulion. 300® by one revolution, 450 ' by IJ revolutions, 12S0® by 
3| revolutions, etc., etc, 

/ /. In iK*eordanoe with the eoneepti«>n of an angle as geneniled 
by a revolving line, the measuring an* is (*onsidere4l as ori/ji tutting 
at tin* first po.sition of the revolving line (i. e., with one side of the 
angle), and terminating in tie* lim* after it has generated the angle 
under consideration (t. e., with the other side of the angle). The 
first extremity is called the Or infill of the arc, and the other the 
Termiimtton* 

IiX’s. — In 1, let llie angle AOB Im* m genemted t»y a Hn« 

■Urting from the poKition OA, and revolviri/ir anmnd th»* iwiiril O, from hirbt to 
left,* till it refif'hrii tbe iKxtition OB. 0<f N ing taken ah unity, the an; at/ b ih« 
measuring arc of the angle AOB ; a is its orifftfi. and b its UtrmirutUoti, 

12. In the generation of angles by ineuns of a revolving line, the 
normal motion is considered \>e from right to left, ami tlie quad* 
rants are numbered Ist, 2d, 3d, and 4th, in the order in which they 
are generatetL 

IS. Hie Trigonometricfil Funrfionn arc eight in num- 
ber; viz^ mie, cosine, tangent, cotangent, secant, comcani, versed^ 
sine, and cover sed^sine. These lines are functions fif angles, or 
what amounts to the same thing, of arcs considered as mc^asures of 
angles, and are the characteristic quantities of trigonometry. 

14. The Sin4^ of an angle (or arc) is a p(*rpcndic«lar let fall 
from the termination of the measuring arc u{»oq the diameter passing 
through the origin of the arc. Thus in Fig. 2, bd is in each case 
the sine of the angle AOB, or of the arc axb. 

• Tkc |wpn Hill tiiHkrvtaiid that. If b« ImiirtMs stondfnf at tlM amin of motka,. 

«• tli« KMiiriof body or pohit imsm* bdbrt blfl^ Um dlftioctUmf Ihna rlidki to kft.** smS 
** aott Mt to flgiit," s» OMttjr bmSs. 




plane trigonometet. 


15. The Trigonometrical Tangent of an angle (or arc) 
10 a tangent drawn to the measuring arc at its origin, and limited 



by the proditcvd dinineter passing through the termination of the 
an;. Thus in Fig, t*, ac is in each cast* the tangent of the angle AOB, 
or of the arc uxb. 

1(L The SecfiUt of an angle (or arc) is the distance from the 
angular fH>int, or ecu f re of tiie measuring circle, to the extremity of 
the tangent of tlie same angle (or arc). Thus in Fig. 2 , Oc is in 
each case the secant of the angle AOB, or of the arc axb. 

17. The Versed^Si ne of an angle (or arc) is the distance 
from the foot of tlie sine of the same angle (or arc) to the origin of 
the measuring are. Thus, in Fig, 2, da is in each case the versed- 
sine of the angle AOB, or of the arc axb, 

IS, The pivfix CO, in the names of the four trigonometrical func- 
tions in which it occurs, is an abbreviation for the word complement. 
Thus cosine means complement-sine, i. f., the sine of the comple- 
ment; cotangent means tangtmt of the complement ; etc. The co- 
sine of 40® is the sine of 00® — 40®, or 50® ; the cosine of 110® is the 
sine of 90® — 110®, or — 20®; the cotangent of 30® is the tangent of 
00® ; tlie cosecant of 200® is the secant of — 110®. 

19, Canstrticiion of the Complementary ISenctioHs. 

—Lei us now see bow the complemeniary functions arc constructed with refer- 
wioe to their priuiitives, premising that aU arcs in Fig, 8, reckoned than A« w 
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to tie fe<^oned arottnd fttmi light to led in this ^Kmtsion. Ut tiCt AP be 
eoy are less than 90* ; Uien 90* — AP = itPis its complemenu Now consideriug 
a as the origin and P the termination of 
this compiementai^* arc» Pd is its stne^ ol 
its tangent, Qi its eccant, and ati its versetl- 
sine. Hence, Pd, at, Ot, and ad are resiiet't* 
ively the cosine, cotangt'nt, cosecant, and 
covt'rsed-sine of the arc AP, or the an.irlc 
AOP. 2d. Letting APP' Ih; any arc 
90* and 180*, its coinpleincni is 90* — APP' 
or — aP\ the — sign signifying that the arc 
is reckonetl backward from p' to a But as 
the fvf/u<f4» of the functions will Ih? Utc Mime 
whctiier the origin Im? taken at P' or at u, 
wc may take a tis the origin of this coinplt*- 
ineiUary arc, and P' as its tennintiiioii, 
whence P'<f b<‘C<>iucs its sine, its tan- 
gent, Of its s<‘Ciint, tttid //#/' its versed sine. 

H'her«‘fure P’d , ti( , Of, and an,? respeel- 
ively tjic eosine. ci»tan'j:enl, cosrcaeil. aiul 
{ oveiiie<i-siue of Un* are APP , or the angle AOP'. dd. In like munni*r, rtP ' U 
shown to 1h’ the com|d« nunit <if arc APP P ; and us p d' , of Of, and ad” 
are re'l><H tively the sine, tangent, he< :int, and versethsine of this lannplemenl, 
they are the corresponding «M»fu!n tioti'> of tin* are APP'P", or the salieul angta 
AOP '• 4llu In the same way, it apiM-ars timi P' ', af, Of, ami are the 
cosine, cotang’ent, eoseeanl, and <-overse<! sjnr of the arc APPP "P '', or Umj 
salient angle AOP"'. OWrtv (A^rf a, n oh rAc nnitfutritiff are [M* (As 
jiftmitice origin, in (he orv/iti of all th* cionfilenu nftng fn net iorkA. 

Setr. — It will readily appear fnmi the figure that the < osine of an angle 
(or art’) is alwai s e<pial to the »tC^(aoee /non th* (,h/( of the trine to the. rerte.f of the 
(or the centre of tin* measuring nn } 'I'liis in the in<»re rMnv<'iii» nt prac- 
tir'a! detinitioii. Thus the coMinc of AP is Pf/ = D0; tlie cosine of APP' is 
P'd' = D'O, etc. 

3V>f#Tf/o/t. “ Lotting y r»'i>resent, any urtgl*' (<>r arc), tlio 
gi‘VoraI trigonoiiiotrical funoti(»n.s of if arc urittei, (‘os^-, tuny, 

cot jr, sceg:, cosoCjt, versx, and f oversx, '^I’lioy arc read “bitted/' 
** cofcinc x/' ** tang<'iit x,*’ cotiiiig:« iit x/' etc. 


/■ i \ ' ^ 


D** 


O'i 


' c 


FU$DAM£inrAL RKLAT10:^H IIKTWKK.^ THK TRIGONOMETRICAL 

rrxcTioNH OP an angle (or arcl 

rrUrinnt ina*t t«<!> made flimtlUir. 'ftinir maal lit 

meaKMrijusd, oad be M femltUr a* the MalttpltcatWn Table. The vtodeal eta 60 aothiag la 
rigoflometry wUhoat llM?m 3 

Thu di<^oiis.^ion8 in this trcatifK* all proceed iifKiii one gcjicral 
[dan; viz., — J^irst obUtin the partieuinr property of the 
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FIAKE TBIQONOlIXrBT. 


$ine an^ eowine^ and from this deduce dU the others 
according to the dependencies shown in the follow^ 
ing proiposition* 


21. Prop . — The Fundamenial Relatims which the Trigomh 
metrical Fuactiom sustain to each other are: 


(1) mi*x -f c<)«’x = 1 ; 

(2) tun X = ; 

' ' eo8 X 

/oi 1 coisa: 

(J) cot a: = ™ ; 


(4) CK)ta:= ; 

' tun X 


(5) secx = ; 

(6) cosec ar = -3— ; 

' sill a;' 

(7) sec* a: = 1 4- tun* x ; 

(8) cosec’ a; = 1 + cot* a:; 
(U) vers X = 1 — cos x ; 

(10) covers X 1 — sinx. 


(Tlic forms siii’x, sec’x, etc., sij^nify tlie 8(iuurc of the sine, the 
square of tlie secant of x, tUc,, anil are read “ sine square x/* “secant 
wjuare x,” etc. The student should distinguivsh between sin’x, and 
sin X*.) 


Dkm.— I n /%. 4, let I reppi«f*nt any arc as AP, lt‘fts than IK)*. Then PD = sin 
OD or Pd eosj, AT:;. tuna, OT = scex, at = colx, Ot — cosec .r, AD = versin x, 
and ad coversiu r. 



(1). In the riijhl-iingled trianple POD. 
PD* Ob* ' OP*^ ttin*x + cos*x = 1, 
•ince OP = radius = 1. 


t'J). From ilu.‘ similar triangles POD and 

TOA. 


OA 


PD 

OD» 


or tan x = 


sin X 
cosx. 


(8). From tlie similar triangles POd and 

tOa, 


ai Pd cos X 

^=Q^orcotx^ — . 


(4). Multiplying (2) and (8) together, 


tenxcotxs: 


■inxcosx 

ooixsinx 


ss 1 , oi tanx 


1 

cot* 
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(6). From tha dntilar trianslcs Ota and OPci, 

Or OP 1 

^ = g5.orco.eca=_^. 

(7>. Pmm Uie right-angltM) triangle OAT, 

OT* = OA* + aT*, or »c€*x = I tan*!!. 

(8) . From the ligbt-anghHi triangle On/, 

0/* = On* *4- «/*, or et»9»H:*J’ ar I 4- CoI'jl 

(9) . AD = AO — OD, or vt*r» j- — 1 — crw jr. 

(10) . ad = aO — Orf, or co%’cn!i j* = 1 — nin t. 

Thus the Ointlamental relations of the fiint'ttons are erttahlislifNl for an arc 
leas than 1K>\ liut it will rea<lily appear that the rehitioim are the mime for any 
other arc. For example, let j- AP' he any arc between IM) ami IMP . Th<*ii 

the triangle P'D'O gives hin’x + <‘opV 1, ninee P D nin x, ami OD' caw x. 

The similar irianghrs P'0'0 ami OAT' give , or tan x ***" ; ami Uin 

^ OA DO CO.HX 

similar triangles P'</‘0 ami i aO give eoi x in like manner lei Ihn 

HIM X 

Student ohnerve the relatiotm when x : APP'P or an are lH'twe«'ii |m 0 and 
U7(> , So also when x — APP'P 'P ", or an arc between 270 ami 000'. 

22* Cou. 1. — 77/e tutKjeui and crdamjf'nl of thfi name antjh are 
rcciprorah of each other : ao alao are the necant and coHine^ and UkO 
cosecant and the ¥ine. 'I’hiis, if tuii x 3, rot;r | ; i»irp5e cotx ““ 

. If aecj: = 2, coHz = 4; since .sec jc = - , or trosar = . 

Unx catiX 

23a Cor. 2 . — Sinee and coifinee rannot exceed 1. Tnngente and 
cola n penis can have anp raluen fnnn U tu jd . Secants and cosecants 
can have any values between 1 and cc . Versed-sines and cover sed^ 
sifiss can have any values between 0 and 2, l’hes«.* conciusioits will 
nradily appear from the clefiiiitions, and an insjMv’ction of /V//. -I, 


tmiHH OF THE TRIGONOMETRICAL FUSCTIOHH. 

24* Fli^p 0 — Angles (or arcs) considered as generated from right 
to left hsmg calkd positive ♦ arid marked + , those considered as gss^ 
sraisd from left to right are to be called negative atui marked — . 


^ Tbla $» partly an arbitrary caoveatbni. We miglit equally well iwverae tt 



s 


TlUUUXNUJILIbXAX. 


Pew.— TJ lis is a direct application of the significance of the + and — signs. 
JBet Complete School Algebra, pp. 20-23.) Thus, in Fig, 5, if the angle AO P, 

considered as generated by the revolution 
of a line from the position OA in the direc- 
tion of the arrow-head (from right to left), 
is called positive and marked + , an angle 
generated by the motion of a line from the 
position OA in the opposite direction (from 
left to right), as the angle AOP" thus gen- 
erated, is to T)e considered negative and 
marked — . Let it be carefully observed 
that it is the assumed direction of the 
motion of the generatrix that determines 
the sign of the angle (or arc). Two lines 
meeting at a common point may be con- 
sidered as designating either a -f or a — 
iingh‘, necording to the direction of motion 
assumed. I'liiis the lin(‘s OAand OP', Fig. 
h, ?nav form the posifive angle measured 
F'ae },y the arc APP', or the negative, salient 

angle measuretl Ity the itegative an- AP 'P 'P'. q. K. u. 


■Uadius hvinfj ctuisiderftl always e.rf ending in tlie 
tmv direr Ifioi, ri:., from the centre toward the circumference, is 
/wags posit ice. 


Prop. — 7V/e sign of the sine rtf an amde between O' and ISO** 
^wing *+ , that of an angle between ISO'^' and is — . 

pRM — In Fig r», »•<’ observe that the sines of all ant:h‘^ tfTiniiiatlng in the 1st 
Hid 2ii (jimdrants, e , betwfrn 0" and lNo\ may In* lamsidered as measured 
Voin llie piinmrv iliainetrr AB, i/p :. in/, while thosi* of angle.s terminating in the 
Id and 4lli quudrnnts, i e, ta'tween ISO' and itfMi', are reekoned downward 
;'n»m the same line; In ner, tin* former being railed 4 , the hitter should lie — , 
m thf fttit s/»rWeji o/r rAtinnitol in ojusmtrr (liro'te>ns. E. D. 

A inon* elegant eoneeptiun is it»eonMderthe sine as pmjt‘Cted upon the diarn- 
'ter viTtieal lo that pa-«iiug tlirough tin* j)rigin. as oC ; whence Od it the sine 
>f AOP p>r arc AP), Now this line evjjlently is 0 when the angle is 0 ; and as lh« 
ingle iiicrea*«t*s, the eiiie iinTeasia*, la'ing geneniteil from O uptrard, and lienee 
M called -f , This is the same t onception us we use in the cjisie of the cosiue. 
Adopting it, we lU'C that sines rtvkimed fn»m O upward are 4-, aud downward 
— . Owinc's m'koued fMiu O Uie right, arc 4- , and lo the left, — . 

27* Con* — The amecant of an arc has the same sign as its sine, 

lince cosec X - ; and as 1, being the radius, is -b, the sign of 

sin *r » o f o 

-ri~ is the same as the sign of sin x, 
ftin X ^ 
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S 8 * Prop* — TIte s^ign of the conne of an angle hetfreen 0 ® and 
90 ®, and between 270 ® a/irf. 360 ®, is -f , while that of an angle between 
90 ® and 270 ® is 

Dem. — I n Fig. 5, wt* oli*iTve lliat the coainea of all an^^lea terminntlnjr In lh< 
1st and 4lh quadrants, may lie consideri'd as estimated fttun the centre townrc 
the riirht, as 00, 00"' ; while corn«|Mindini:ly. the coaimn of auirles terminating 
in the 2d and Ud quadrants will Im^ estiniatrd from the centre toward the leO, as 
00', 00". Hence, by reason of lids opptHiition of direction, the former are 
called -f , and the latter — . q. k. d. 

2fP* ( 'oil. — 77fc sentnf of an angle has the satne sign as its ctmne^ 
Biiicc ihcBc fmictioiiB uro iveiprocals of cnch other. (See ‘•T'.) 

80. Prop.^ llie sign (f the tangtnf of an angle hettreen 0® and 
00®, and alsn bet tree n ISO® and 2To', is } ; irhi/e that uf an angle 
between 00® and ISO' , and between ami is 

Dkm. — Siiu'C tan.f = ^ . when sin j- and vit'ij- have like tan r Is 4- , hv 

lh(‘ rules of <iivi>inn; and >\lien sin .r and liave »titrerrr>l siuns, fan jr is — . 

Now, in the Isl and dd rjtiadraiOs* the siiriis ♦»! hif» and « ms r nr** alike, lienee 
in these quadrants tanx i" plus; hut in 2d ainl -ttii quadrauK sinr and Kwjr 
have unlike signs, and eonserjoenlly In these tan x is q. k i>, 

8 i. (’oli. — 7'be sign nf the ndanaf nt is the same as the sign of the 

tanqent nf the same anqa\ sn»c*e cot .r 

• ‘ tan.r 


•W. Prop.— I (rsed-sine and corersed^sine are al wags 4-. 

Dum, - Vei-S J* r: 1 — cos j- ; and. as cos r eafiliot » XCeed 1, I — com jr is al 
ways In like manner, eMVrrsr ~ 1 -~sin.r; ami ns sin ^ cannot exeeeil I, 
1 — sin T is always 4 . q^ K n 


Si’ll. 1 .— It is essential that the law <»f the sijns. as eVjdaimd above, he well 
lind«Tsto<id, and the fa< ts rj\e<l in im imn v. I'a/ ♦) will aid the slndeiit in living 
the law in the ineim»ry. Havlni: this constantly b»"- 
fore ihi' inirnl, and reinemlKTing that tan and <«>i ^ 

are + when sin and cos have lik«* signs, and ~ w le-n 
tliey have imUke, and that con and sn- have lik*- 
iigns, a« aliK> sin and coh< e, or, more simply, that 

1 1 , ' I 

wrc = — . and <os4*c rn , , 
c<ia sin 

the student cannot fail to know the sign of a func- 

titm at a glance. 

It will l>e of sendee to remcml»cr that venwd-aine 
and cfivcnwHl-uine, and all tlie functions of angles 
of the Ist quailrant, arc + ; but Uiat of the oUmt 
functions than the versed sine and covcrsefhslne, of 

angles terminating In the other quad ranis, but Oeo an? 4 in cai h quailrant. 


sm 

tan = cot = . 
eos tan 



^4 


rf«. «. 


• This I* a tumr^aXctil etUptical fon» for **»© angle wboae rniwauiiiig arc tcnnlnataa ta th« 
lat quadraot,** ate. 
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PLANE TBIOONOMETBT. 


Sen. 2 — The signs of functions of angles greater than 860* are readily deter 
mined by observing in what quadrant the measuring arc terminates. Thus, 
•in 570* is — , sinct? an arc of 570* terminates in the 3d quadrant In any given 
case, the sign of Uie function is the same as the sign of the same function of the 
remainder left after dividing the arc by <'100", or 2sr. Thus tan 1180"’ is the same 
aa tan 100* ; i. e.^ it is — . Tlic same may also be said of the uUue of the func- 
tion. 

LIMITING VALUES OF THE TRIGONOMETRICAL FUNCTIONS. 

Prop. — Sin 0° = qc: 0, sin 90"^ = 1, sin 180® = :i=0, 
sm 270*^ —1, sin 300®— TO, and ike limits within which the 
sines of all angles are roinprised, are -k- 1 and —1. 

Dkm.—* L et tlie point P i>e supp<»sed to start frim A and move around the 
cii cu in Terence from right to loft, and let 2 repr*«c;nt the angle (or arc) generated. 

Now, when P is at A, 2 : = 0, and PD = 0. 
Moreover, if we consider the sine P'" D'" 
an reaching it.** limit, by Uie moving of P " 
from Hune point in the fourth quadrant to 
the origin, the sine of 0* beconurs — 0. since 
tr/oif t$ true of a taryino quantity all the way 
as a apjrroaches itt limit, is assumed true at 
(he limit. But, if the sine reachiw its limit by 
the pas.sngcof the point P from some jHiint 
in tl»e rirst quadrant to the origin, the sine 
of 0* is to be considered as +, 8in<’e the 
funeti(»n is 4- as it appnmches its limit 
sin 0“ = T 0.* As x increasers from 0* 
to iK)* (». e., as P pa»si*s from A to n), PD is 
+ and increase's from 0 to 1 ( + 0 to + 1). 
A sine IH)* — 1. An x continues to increase 
IVoui UU*. sin X diiniiiLshes and In'Tonu's 0 at 
IHO*. To determine the sign of sin 180% we 
notice that it is ♦ when the p<»int P approaeht's this limit from the second 
quiulmnt, and — when it approaclu*s it from the thiixl quadrant, sin 180* = ± 0. 
('oiiwiving X to go on incivasing from 180% sinxap()ears helateAB and w — ,and 
iH'ginuing at — 0 dimi/iis/as (a numerical increase of a negative quantity Ixdng 
CHJnsldertHl an al»solule ileea»nse) till at 270* it liet'ornes — 1. sin 270* = — ■ 1. 
As X immes frt>m 270* to ;«K)% sin x iftereases (see alH>ve) fn»m — 1 to 0. The < 1 *^ 
t>f this limit is ambiguous, as apiH'ars by reganling the limit as reached by the 
angle |iassing from somithing less titan 260^ to 800*, whence we have — , and also 
as n'schetl by the angle passing hacA: iVom something yrmUr Utan 860* to 860*, 
whence the sign is 4 - . sin adO* = qp 0. Finally, as it is evident that these 
values would recur in the same order as the {x^int P passed around again, the 
above comprise all real values of sines of angles, q. e. d. 

• It luu Inmpii Cttotouuurjr to dltmgArd ih« sign of 0. In f acti • •«ric« a# — m . . — S. — t, 
—I, qpU,^l, .... ♦mi. wb«r««» it 1 

sbova. 





« ! 
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34* Prop* — Cos 0® = 1, cos 00® = db 0, cos 180® = — 1, i270® 

= 0, COS 360® = 1, and the cosines of all angles are comprised 

between 4* 1 and — 1. 

Dkm. — U sing the same figure and the same conception as in tiko lost demon- 
stratioUy it is evident that as P approaches A, from eilhtr dirretion^ tinit is aa J 
approaches O'*, the cosine 00 approacht's toecpiality^ witii the nulius and rt*aetkcs 
it atxssO, being + in either Ciisc. cosOsseI. As jr npprrmrht* UU" th»m a 
less value, i, c., from the first (lundmnt, cosx is «f . and approaching 4- 0 ; hut as 
« approaches 90’ from some greater value, i. r., fr«»ni Uie st'cmid quadrant, (\>sx Is 
— and approaching — U. cos 90' ± 0. In like manner we observe that as 

X increases from 90" to 180% cos x (Urtrastv (see Dkm. 4>f ;tli) from 0 to — 1. w hieU 
it reaches at ISO", and this, whether the p<uiit is reached in one way or Iho 
other, <‘os IHO’ss — 1. Again, f*t>t 270* ~ TO; siiict* it is — 0 If x piisses to 
270* from S4iine value ksi than 270*. and 4 0, if it pasM^s from Siune value 
grtatrr tiian 2T0 While x pa.ss(^ through the Iburlli (piadrant, (*os .r pfiss<^ 
tnun 0 to 4 1, reaeliing the latter value w*h<*n x =s /. eos hOb* 1. Kinully, 

as it is eviilent that the alkove values would htuf in the saim* 4>nler as the gen- 
erating jMJint piiasial arouiul again, liiis di.scussion eouiprises all real values of a 
cosine. 


.'i.T. Prop. — Tan 0^ ™ zf: (>, tan IH)' d: x , tan 180® 0^ 

tan*27u^ r= it x , tan 3(»o ' -j: jp (i, and the tangents of all angles are 
comprised bet tree n -t- x and — x. , 


Dkm 
Tan 180’ = 


Tan 0 
sin IHO* 


sin 0’ _ T 0 ^ 
omO*^ 1 ^ * 


Tan Oir - 


sin 90* 


_ ± 0 

cos IHO* -T 
sin _ T 0 
CosiiOO' 1 


C4*siwr 

Min 270’ - 1 


± 0 


3S 4 « 


T 0. Tmi L‘TV = = ;— = i . Tail UOO* 

C4»s2iO 4 0 

4 0. From thi*»c results it npjH-ara that ll»e tangent may 


have any value whatever fn»m 4 - » U» — x ; atid as Hul>H«M|Ucnl revolutions of 
the generiitrix W'ould evidently <inly n-peal these values, these are all the real 
values of a tang« nt (Moreover, all riral values are compriiMrd U lween * 
and - CO), q. k. i>. 

It is e:isy to ol»serve the direction of the change in the tangent (w hctlier it is 

sin , • 

incrcfasing or dccn*ahing) by obai'rvlng the fnwtion As the arc inereamrs m 


the first quadrant, the sine increaiM*« and the aisino dit:nraiw*s, for both of which 
reasons the tangent incn*as«.*s, and hence changes more rapidly Uuin either sinn 
or cosine. The student should observe the change In each of Uic four qitad- 
n.nts in the same manner. 

valut-a of the Ungent are illustrated by 7. Thus AT, which 
is 4, lj<*c«une* 4 0 when •* reiurna to A, or z » 0. AIh) AT, which Is — , 
and may Ije considirretl as the tangent of AF"\ a negative arc, Urcoines -- 0, 
when AP^' » 0. Again, if AP pa.4ises Ut Ac, AT paswai m 4 x , But, If P' 
jmmee back to a, so that A/iP passes to Aa, or 90*, AT pasiM.*M to — /. We 

•ce that tan 0 may Isfi considered T 0, and tan 90* aas ± ® . In like manner the 
other limlta are illustrated. 



:i7. Prop.— See if = I, iw 00° =± 00 , = - 1, 

rr ;:|= a-, .w 300° = 1, and all real values of this function are com* 
prised between 1 and :ii oo , and — 1 and =p x . 

I)r;M.— Thc‘SC values are the reriproeuls <»f the corresponding values of the 
cosine. The student should <»hUiin them from the cosine, and illustrate them 
from Fif}. 7, ohservinij the law of change. 'Phus he:rhjjiin|^ at OA =r 1, which is 
the secant «»f ()*, the secant inereasfs till x = IMt’, whon the sca*aut OT hecoines 
+ cft, if we <'on'*i«ler this limit as reaehed Ihu*'; hut — x. , it w<i consider 
fUK'h an arc us AnP , whose secant is — OT', which hecomes — xj , when the 
|wunt P' passes hack to a. 

S< II. — 'PIm' series which repre*;ent tin* values of seearjts are, for the first and 
secoiul (puidranis, + 1 , 4 - ti, 4 U, f .... 4 r«, ± x. , — vi, — . . . . — 3 ^ — 2 , 
— 1 ; for the third and fointh (piadrant.n, — 1 , — 2 . — 3 , — .... — /a, qp co , 
4 m, -f . . . . 4 - 3 , 4 U. 4 1 , umlerstandint: the numhers in these s<*ries as rep* 
resentiuK a h'w lenns 4 »f series whi<‘h h:iv<* an infiniti* number of terms of all 
ViihieH exteiioin^. iu the first case, from 4 1 t<» 4 x , and thence to — 1 . It will 
he a irooil exercise Ibr the pupil to write the serie.s re present in*; the values of 
each of the trigonometrical fum'tiims. Thus, for the sine, we have T 0 , 4 - i, 4 > 

4- 4. 4- 1, 4 4 4 i, ± 0, for the first and second (piiulrants, undiu'stamb 

inj; that all vahn s intermediate hetween tht»>e n presentetl are included. For 
the wiHUid and third cpi.adiant.s, we have, 4 - 1, 4- 5, 4- i, 4- i, ± 0, — ~ i* 


3H* Prop. — — rp X , mwOO® = 1, msec 180° = x , 

cosec "270^ = — 1, rover 3d0° = x , and all the real values of this 
function are comprised between 1 and dt x » and — 1 and qp 

Dkm, — L et the Ktudimt d«*monsinito and ilUistrate as in the preceding article. 
Oo not negU^'t to go througii the whole in detail ; it is an imi>ortaDt and 
excellent exercise. 


S9m Prop. — T>rM#i 0° = 0, I'trsin 90° = 1, rersin 180° = 2, ver* 
sin 270 ° sss 1, versin 360° = 0, and the real limits of the function are 
0 afid 2. 
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Dem.— T he student will readily deduce tlicee results fVum ihertdmUm vows 
= 1 — cos A Thus when * = 0, versO = 1 — cosO =1 — 1 = 0, etc. 


40m I*vopm — = I, rorcrA'OO® = 0^ covers 180® = l,<wrrA 
270® = 2, covers 300® = 1, and the limits of the real values of this 
function are 0 and 2. 

Dem, — T he student should he able to give it 


(fKNEFiAL Si iioi.u M — It i.i iiii|Mtrtnnt to observe that iu thci rase ot 
en<‘h of tlie iilM»ve fuuetions tf it» »ijn hy jkiJintny Uir^myhO or <j>. In fuet, 

it is assumed, in matheinaties, that a varvim; <[tuu)lity whiirh passes iVoiii ^ t<> 
— , do<‘S so by jmssin^ (hrouj^h 0 or ac . The eonverw', bo\vev< i , is by n«> ineiuH 
true; viz, ihat \\ hiuievi r a Viir\ (piantily passes thi'otii;ti 0 «»i , ils sl;;ii 

neecHsarily chuu^iies.* 


• The < ‘o-oftliimu* tic- 
onielry j U- 

UiwiraietHH «‘f lli«* theory 
c*f !herhaiu,'e iti \ntM'- ami 
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(St’C (m'«, tiitiui., il3, 
rir, ) 'l“h«' aidirn «l Ki^- 
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Fi« S- 


Aa - 4Ti* iti lrn;;Th. ar»d oA ^ tan ; A<? ■’» ■= *an ITV*, Such Jinee a* aA, ed. etc,, 

are calltsl ordinal**# of the cone. The law of tiukiitte in ordliiat<T« mariife«tiy the oame 

aa the law of tr. tan;;;euta. We that a« we pa«* from iC to the ordinate (tare 

jfeot) {ia#ee« from 0 to e ® the ordinate uanjFent/ ia A>fA ♦ and i. e., ± Ho aleo at 
9?(r, and at other ■ioiilar prdnt*. A rtmIUir device lUowIretea the chanj^e# In the other tr(j(reio* 
mrtriaii fhnetiona. Sfime may a«e the propriety of dlitlnsrnt«>hln;{ ac ae e and — , wh«>. never* 
thelcae, do not see why it le oece*#ary to malt* the aame dietioctloo in the eaee of 0, Rttt a 
momeat’a reSccilon will above that ooa dietinctloo tneoteae the other, aince «b and 0 are motn* 
ally reciproeata of each other. 
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U 

49. Ben The renultii of the preceding dkeossion of the eigne and limits at 
the trigonometrical functione, SM to 41, are exhibited in the annexed 
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ritlCjONOMETRICAL FUNCTIONS OF NEGATIVE ARCS (OR ANGLES). 

430 J^rop* — Changing ihe sign of an arc (or angh) changes thi 
sign of its sinty and consequently of its cosecant; t. f., siu (— ar) =: 
— sin Xy* and cosoc (-- x) = — cosec x. 


Dkm. — 1st, If the nng:lc (or are) In numerically Um than 00*, and + , It <mu 1» in 
tlic first qutidmnt, and hence iui sine is ; but, if the angle (or arc) is nuineri* 
cally kM than 00* and — .it ends in the fourth quadrant, aiul hence its sine is — . 
That is, X being numerically Ics* than 00% sini — r)*-:: — sin t. *-?d, If x is 
between 00" and I^<0* in numerical %'alue, the arc emls in the »»Tond qtiadmnt 
when a* is + , and Inuice its sine is + ; but wlien j- is — , the arc ends in the third 
quadrant, whence its sine is In this case, also, sin (— x) rr sin x. lid, 

If X b lM‘twc*en IHC" ami STO" in nuiiierical value aiul 4-, the arc ends in tho 
thinl quadrant, whence sinx is — , (— sin x) ; but if the an* is —, it ends hi the 
ticcond (jtiiidmnt, whence its sign is + ♦ ( + sln(-* x) ). In this raw* ~ sin x 
sin (— X), or sinx ” — »in(— x). 4th, In like manner tlie studtuit will olmervo 
that — sin x = sin (— x), or sin x r_-. — sin ( - x), \vhen x is between 1*70" and 1100". 
Moreover, since this order will recur as wo pass around agaiti, we lenm that 
in any C4is<‘ the sigti of the sine of a negative angh* is lint opposite of that of an 


equal positive angle. 


Finally, coaec (~ x) 


sin ( — X) 


1 

sin X 


1 

sin X 


coeccx. q. K. D. 


44. I*rop . — ('hanging ihe sign (f an angle {or arc) does not 
change the sign of its cosine or secant ; i. e., (.•«»('- x) -r cohx, uiul 

iK‘C ( — x) = wc X. 


Dkm. — 1st, When x < 00* and 4- , the arc ends in the first quadrant, and hence 
its cosine is -♦> ; so, aliw), if x < 00" and — , though the arc ends in the fourth 
quadrant, its cosine is still 4- . c<h t — x) rr ci»sx. (The student can supply the 

other three cases.) Finally, sec (— x) i — i — rr seex. a. k. D. 

' ' c<i«(—x) coax 


43m Vropm — Changing the sign of an angle (or arc) changes 
ihe sign of its tangent, and consequently of its cotangent ; u e.p 
tan (— x) = *— tan x, and cot ( — x) = — cot x. 


* The ptodeat tbcmld be eareftil te note tb« rsaet m«n»lnf of th)« exprppeleo. It ft f«Ml 
**•!&« mtnop X » mtnat tint x,*^ mod memo# that the tint of m ocgatlv* rnoflt (or mre) tm mqaa 
CnaMiicmQj) to tbe tint of tho nmo potIUrc mmgit (or trc>, b«t bmt ilMot»oo*fu tlgw. 
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FLAKE TBIOOKOMETUY. 


Dru. — T his i« nn immodiale coiwtquence of the fact that changing tlie sigi: 
of the angle (or arc) changes the sign of its sine, but not of its cosine. Thus, 
— sit^ar 
cos* 


, . . »in( — j) 

Un(-ir)=: — / — : 


= — Uui X. Also, cot (— x) = : 

cosx ' tan(— X) 


— tun X 
rr — cot X. 


1 

tun X 


— cotx; or cot(— x) 


-X)= - 


P _ COS X 

sin(—x) ~ — sinx^ sinx 


Hch.—TIic pniper sign f>f a function of a iic-gative angle can always be ascer- 
tained by olwcrving in what quadrant llic measuring arc ends, in a inannei 
altogellicr siinihir to that in which the signs of the functions of ixwitive angles 
are determined. 


( IIMTLAH FI N(TIOXS. 

40, Circular Faaefioas arc anglc.s (or arcs) expressed as 
functions <d' siiK S, cosines, tangents, or <nlicr trigononictrieal line.s. 

Ii.i.’h. — In the exprt ssion sin x, we designate a .vnr, t. a right line, merely 
Using lh<' .r to tell irhiit .^iue, as the sine of 20", of etc. Hut we often wi.sli 
to speak of ail imgh* (or arc) wliich has a parlic-ular siue, liiugcut, or other Irigo- 
nometruad liiH*. 'flius, w<' .say, tin? angle (or arc) whose sine is i,’* “ ih(‘ angle 
(or arc) wh<»se tangent is :1,” etc. In this form of <‘\pr(ssl(*n, it is evidently the 
angle (nr which is the thing mainly tliouglil »>f, and it is conceived us de- 
}>iM)dcnt upon ila trigonomeirii'al lim*. 

47* yotniioir 'I'lu* (drctilar functions are written sin ■’//. Ci^s^'x:, 
tun 'i, etc. ; utid are read **the angle {t>r are) w ho.sc sine is tlie 
tingle who.se tangent i.s z/* etc. 

Int/o. — The expressions x r sin* ’y, and y — sin x, are tdtlinat<‘ly equivalent, 
since the first Is “ x " angle w liose siue is y." and the sectmd, y "= the sine of x." 
The only dilferenre is, that in (he liisit form the u/egr i / i is tin* thing thought of, 
luul the sine (y/) is iiseil merely to tell ir/ai^ angle ; hut in the .secom! form, the 
(y) is the promitii'nt thing, and the (x) is used simply to tell fr/ei/ sine. This 
Uintiinl relation htis caused the circular functions to Ik; called also lhr*'i»e Func- 
turns. 

Siui. — Tliis notation U rnthi*r an unfortunate one, inasmuch as it Is the same 
1» has Imtu alicady ailoptcd in the tluHir>' «)f exponents. The student will how- 
ever olworvo that the signitieation in this instance is altogether different from 
the former. Thus, since w e w riK* ** the square of sine x,'* sin’x; acconling to the 

UuHJry of exjxrneuta, sin-** would Iw ~ V . So also sirc^’x should mean . 

siidx gin X 

Now, Uic fonncT of these expressums would actually signify as indicated (though 
It were l>etter to write it (sin x)-*), while the latter dt>t« not mean at all what 
Uic theory of cx|)Oiicnts would make it Unfortunate as the notation is, it is 
pndwihly liesl to retain it It, doubtless, was sugge^Ufd thus: If we have 
y =s <i*x, w© may writ© x ~ so also y = o x. may I e svrittea x = . 

This affords a t>arallclbm in form, but nol in 
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EXERCISES. 

1. What IS the coinpKmeut of 150'’ i;r'.5 ? What the 
plcment? Give the conipleineiits aiul also the suppletneiits of 
125® 15', 283® 21' 11", 3r>’ 05' U2", anti 8i*'' 0t>' 12' . 

ff 

2. How many ili‘;;n'cs in the an:;Ie (oraiv) .j ? In Jir ? In the 
arc 2^ ? In ? In I J-r? 

3. How many tiim s is the ratlins otnifaintMl in loS®? Ilt'W many 
times in 2 t ? How many in 400 ? How many in 210® ? 

4. Ratlins hein^: tak' ii a-? tin* nnasnre fho art', hy what art* 45® 
rt'presfntt'd ? By what tM)'" ? By what iso '? By what 225 '? 
How many devrrees does I n prest iit, ratlins ht lnj; tin' tneasure? 

5. Find tin* K‘n;;th of a ili'^ive of the mt'ritlian nptni a glt>ht* of IS 
ineht'S iliameter. 

(1. Kxj»rfss 12® 22' 13" 11" t>5” in ", ami dt i imals of a srcoiul. 
So also ex [tress 53®. 5 1 in ®, ", etc. 

7. How’ many deirvet'S, minntos, and Ht‘et>nds in an art* etpial to 
twice ratlins? throe timo.s ratlins ? Sliow that 27® is enniv;ih>iit to 
9 \r. 'riuit lo® to radios 10 ft. 1.75 ft. What ratlins ^ivts 1" - 
1 inch ? 

8. Hraw any an;^de, ami const rm-t its sine, cosine, lanernt, or any 
other tri^onionn trieal function, ami llieii determine as nearly as piac- 
ticahk* the numerical values t)f the function hy actual measurement. 


SoLi'TloN. — (liven the juu.de MON, to fiml the iminenrjd 
value of the tanjceni as near as pnielit able hy meji».)ueiiient, 

T.'ikinj; any c»»nvenii nt unit, as OA. fur a i adius, and hirikin^^ 7 
the arc An, dntw AT tani^cnl *o ^iA at A. Now »i)*i>lv OA t<j 
AT and fuel tln.-ir ralio l Oarl I,. .76*). l»i this t a.'' AT H ^ 
apprftximately, tan MON = 1^. 

[Ni»te. — T he student shonUl priu liee upon hjh li exam 
pl«‘s. fimlinj;? tlie valutas of all the functions until llte prot e.HH, 
and the meaning of llie ntinu^rical value tif any ttuietion 
of an angle, are clearlv hetjri.] 

F». 9. 

0. Construct an anj'le who.ee nine is f, i. r., Kin ’J. 



Solution. — I^et O the reqtiin‘d angular f>oirP, 
and OA t»ne side <d’ the angle. L;iv ‘41 ircun O on 
0A3 measures of any tonvenient lenglli, making 
Ofl. Using 0<ti as a radius, de<K:ril>e the iritleniiite 
arc «M. Erect OC [Kfrjxjndicuhir to OA anil take 
OC = I of Oa. Through C draw CP fsaralhd lo 
OA. Finally, draw OB through P, AO0 is the 
angle roqulnxl, since Oa being 1, the sine cf 
AOB, PO, b I. AOB tin-’l. 



a 


Fm.M 
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10. Construct an angle whose cosine is f. That is^ construct 
oor”’|. 

Boo.— Tlu! construction is the wimc os in the last example, except that instead 
of OC bc*in#f dmwn t<i limit the arc, a pen^endicular is erected to Oa at 5 (die 
second fwinlofdi vision) from 0, and the point P located where this i^erpendiciilar 
intersects the arc. 

11. (•ouHtruct an angle whose tangent is 2. That is, construct 
Un ' *2. 


Sro.“*To conplnirt tliia at O on the line OA. Fig. 10. take any convenient ra- 
dius, Oa, and strike the Indefinite arc. TJicn erect at a a tangent, and make it 
equal to twice tlu* radius used. Through ll»e extremity of tliis tangent and O 
draw a line-, and llie angle iMitween this and OA is tan~’2. 

12. ("onstrnot floc~‘2; cot~’3 ; o<)sec~‘li; an obtuse angle sin“*| ; 
tuir — 

Hi’o. — n'o conslniet 8in~*i, 8'*e Fig. 7. Lot OA he? one side of the angle, and 
O the fcule.x. With any convenient radius draw the semicircumferencc AaB. 
Hint draw* the ja’i'peiuticular 0<i. Hi.He<*i this perpendicular, and through the 
p<*int of biHeelion draw a parallel to AB, int<T.sec‘ling the arc in the 2d quad- 
rant. Throne'll this intc?i's('(*iion draw a line, us OP'. Then AOP' (lussuming the 
eoMstnietion us MjM’C'ifted, and not ns in tlie figure) := sin 


111. Coustruot the following: tan *'1 ; tan“'( — 1); tan““'} ; 

Inn '(—a): tair'(— i); — 2); (•i).SfC-'(— 3) ; 

versin^’J ; verHin"’l|. 

M. From the fumhunental relations t) deduce the following: 
8in.r:=\/i — cosV; cosa*^ ~ j^ittV; tanreota’rr I ; tan a: cos j:= sin a?; 


sin T 

C08a: = -; ;sin.r 
tanx 


eos,r 1 1 

- ; sm .r — — cos .r r= ^ . 

cotx V^l -f cot V Vl + tan*x ' 


. . , , Fee X 

t&iiz = Binx secx; c<»t.r cos.r cosee .r; tan x = - : sin x = 

COSf'CX 

C08X cosoex — cotx ^ 

.:j=rr.-=:; TCrS X = ; Cot .r =r. t 

VC08ec*x-l SV‘ 0 X CO 80 CX sin a: 


15. Oiven tanx=:J. to find the other trigonometrical functions 
of X. 

JiesuUs : Sec x = f ; cos x = | ; sin x = | ; cosec x = | ; cot x 
= I ; vers x = ^ ; covers x = 

16. Given sin x s: {, to find the other trigonometrical fanctiona 
of X. 

17. Giren sec x = 2, to find the other trigonometrical f^nciioni 

of X. 

18. Given tan x = ^ 1, to find the other trigonometrical Ametions 
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Results , — Cotx = — 1 ; eeoz = oo«u>c z = sin s 

£z ± |a/^; cost = =p ; versin x = 1 =fc covorain x « 

I =piV2: 

[Note. — O bserve closely tJic si^ns of the functions in Ex. 18. J 

19. In the procedi ng examples tiie const ructions nMpiinHl have 
been limited to an^h a loss than IHO®. hnt it is evident that an infi- 
nite number of anodes (or arcs) acci*rdiu^ to the nic^re compreheueive 
trigonometrical view, corres|><md to the same function. What angles 
or arcs have their tangents each 1 ? What, each — 1 ? ('onstruct an 
angle beta'een 130” and 2T0”, %vh(>se sine is — What otlier angle 
less than IlGO” has the same sine? 

20. Having given a sine, how many angles h*ss than IHO** corn*- 

spond t<» it ? (\mstruct the angh* <»r angles h ss tluui 1S(»** whose nine 
is |. IIow many angles less than 18t>" have the same co.sine? tan- 
gent ? cotangent ? (In eaeh of tin* last three eases of//// onr.) ('oii- 
stnict v = C(KS~‘J; y -- rus ’( I). llo w are these angles related 

to each other? (’onstruct y tair’d; y -r tan ‘(^ 3). How are 
these angles r(‘lat<‘d to each other? (Restric t the* eori.struetions and 
questions in this examj)le to angles less than 180®.) 

21. (liven y = sin“V, show that cosy =r -y/l—x*; tan y *■- 

X 1 .1 , 

; secy = 5/ ; vers y .vr 1 - ^/l ~x»; 

22. What are trigon<»metrical functions of •ir»0® ? Of 1350”? Of 
900®? 

23. Show that the following are true for all integral values of n, 

if . ‘V 'V 

including 0: Bin in - = 0; sin (4n -f 1)^ ~ 1 ; »>» (4a -t- 2)- = 0; 
lin (4n + 3)^ = — 1 ; cos 4^l ^ = 1 ; cog (4?/ -f 1) ~ 0 ; cos (4» -|-2) » 

= — 1 ; C08(4n + 3)^ = 0; tan 2a^ = 0; tan (2n -f- 1)^ =no. 

24. What are the signs of the several trigonometrical functions 
of - 110® ? Of - 35® ? Of - 500® ? Of - 2000 f 

25. Prove that sin 30®= cos 30® = tan 30®= and 

cot 30®= sec 30®= |\/3, and cosec 30®= 2. 

Soo.-— Olaerve that the chord of 60* = i, and that the tine of S0*= | tlie 
chord of 00*. Make the figure. 



20 


PLANE TEIGONOMETEY. 


26. Prove that 811145° = cos45“= tatt45‘’=l,cot 45* 

= I, sec 45°= V2, and cosec 45°= V2. 

SuG.— Observe that sin 45* = cos 45® ; hence sin* 45* + cos* 45* = 1, becomes 
28in* 45® = 1. 

Sen. — The values obtained in the last two examples should be retained in tlie 
memory, as tliey are of frequent use. The functions of 30* and of 46® are 
always assujned to be known in any trigonometrical operation. 


SECTION II 

IIELATIOXS BETnEEX THE TRiaO\(PM ETHICAL FUSCTWSS OF 
DIFFERENT AXtiLES (OR ARFS). 

(a) FtNCTION.S OF TIIK SC.M OU 1)1 FF KUFN'CE OF ANOLE3 
(Olt AK(.’S). 

4^. Prop.— The iiifie of thf shoi if two anfes (or arcs) is equal 
to the sine of the first into the rosine of (he serondy plus the cosine of 
(he first into the sine of the semnd. 'J’lnis lotting x and y represent 
any twi) unglo.s (or iirc.s), 

sin (.r 4- y) — - sin r cos // -f- cos s sin ?/. 

Pkm. — L« t AOB niui BOC Im* the t\v«> aiij^les 
reprm'iUt'd rt’spt rlivt ly hy x and y. Draw llio 
iiiefisurin>j: arc nP', anil the sims PD, and P'E of 
the an>;U‘H. AOC AOB * BOC, i.s ilu* ftum of 
Uu? two nnirlfH. Dniw P'D', M (hr sum 

of the two unjiilos. Tln n PD sin a P’E sin y, o * D' F 6 X 

OD — cosj-, OE eosy, P'D' siii(r y), uinl ^ 

00' = cos {X -f y>. 

Now + y) = P'D' = EF 4 P'L. But from the similar triangle* EOF, 

aiul POO, w© have ~ * cosy. Also, from 

OE OP cosy 1 

the similar triangles P'EL and POO. we have or 

P'L « ci>s r sin y. Substituting these values of EF and P'L, we have 
sin (r 4 y) =: sin r cosy 4 cc»Hrsmy. Q. R. i>.* 



* Ttii» demonitianon tmijr dvfectire. vlnce the i»ura of the atn^les x utd y, m repirB — n tad 
In Ihn dtaffram, l» !««• than St)* ; ni'v«rUi«teMi, In the Gmtcral u^nslyUcal) OnoiiMtry. w« eos* 
stanUy prtK««^ In a nutnner entirely enetosons; via., ftnt prodnee the equation of a local 
front »om« purticnlar flgnrr, end then mike It jppncrmX In appticatknn. The demooitnitiooi tn 
Caere in which the lom of the an^riee li grouter than Sd)*, etc., are itmilar, and lome of them 
will he y;tven In the Kxaacuiaa at the cloee of the pecUon. It U not thoo^sht boat to cumber the 
|Hir»4y theorcitcal part of the lohject wiUt each matter. 
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Cor. 6^in(90®4-T) = co^y^ 5itii(180*+a?)=— mx. 

sz ^ COST. 4S^i«(3G0® -I* x) =s Hn x. 

Dem,— F rom tlie proposition w« limve, ^ 

sin (90* 4 > r)=; sin00*cosx ^ ccMi00*sin* s oose; 
since sin 90* = 1, and cos 90* = 0. 

In like manner, 

sin (180* i) = sin 180* cost + cos IHO* sin t — — sin •; 
since sin 180* = 0, and cos ISO® = — 1. 

(The student will readily [inulucc the other forms.) 


40* Prop* — Tlie sinf of the difereuee hetteern tiro nnfflen (or < 
ts ei/ual to the nine of the first into the rosine of the sirond^ mi nun ih$ 
cosine of the first into the sine of the second. 'Duis, li ttiu;;; x and y 
n'prcsent. tlie an;:le.«, 

sill (X v) — i^in X CHS y — eoHr sin y. 

DI'A!.— In hiii(r + siiiTcoKi/ e**srsi!i r/, sidKiiluliiu: -- y for y, wo 
linv**, sln(T — y) : r sin j t*'*! - >/) ro'i r y) sin r // - rowr siuy ; 

since cos ( - y) = cosy, and sin (— y) ^ — siiiy. (-#.7, 44.) 

(’OK. SiuiS^i^^ — x) cos x. I SO® — : kZ/i X. .sVa(’w^To^-“X) 

~ — COST. iSV//(dOO® — .r) ™ — sinx. 

1H:m. — T his is nirnply an uppliciithni <»f lln* pr«ip‘*hiliu>i, as the piertdlnn 
rorollarv is ofiis prnpuMtlon. ('I'he aiudeni will niuke ii.) Or we may deduce 
iIh’ results fonn the ( orollarv under tlie pn cMliiu; propositifUi hy niercdy >'»d» 
stilutinj? — r for t. Thus, sin (UO* — x) t cos (— x) -- cos x; ahi tlHO — x) *~ 
— sin (— X) — — bin x^ = sin x ; eie. 


rpO. Prop.- The cosine of the sum of trmnnyles (or ores) is rffual 
to the rerf/fuyles of their cosines, minus the rertauyle of their siuen. 
Tints, letting x and y repre«*-nt tie* angles, 

cos (x f y) : ro-.r cosy » nil! x sin y. 

pF.W. — Taking the formula sin {x — y; - airi x rosy — cot* x siny, and auhstl- 
tuling 9()*— T for x, we have, sin (IKi" — x — y; ^ siti OKI* — x) c<s» y — eos (90* 
— x)»in y. Now 90* x y tz IKT — (x * yr, nn<i mu [IKP — (x 4 - yi) ; the 
sine of the complement of (x 4 . y), or cos i r 4- y). Also sin (90* — x) :z cos t 
sod cos (90*— x) = sin x. /. Hutistituting, c^>«(x 4 - y) =r cos x cos y — sin x sioy. 

Cor. (?o#( 90® 4. .r) = — ^iiVi x. Co «(1 80® 4 x) — oiir x. CW(270® 4- x ) 

c= sin X. Co#(3C0® 4 x) = coi 

I>BiL~Apply the pmpostikm. 
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51. Prop.— The mine of the difference of two angles (or ares) i» 
equal to the rectangle of their cosines, plus the rectangle of their sines. 
Thus, letting x and y represent the angles, 

* cos(a: — y) =cosa: cosy + sina! siny. 


Dem.— I n cos {x+ y) = cos a; cos y — sin a; sin y, substituting — y for y, wo 
have, cos (a; — y) = cos a; cos (— y) — sin a; sin (— y), or cos (x — y) rr cos a? cos y 
+ sin a: Bin y ; since cos (— y) = cos y, and sin (— y) = ^ sin y. [Notice that the 
last term becomes — sin x (— sin y), which equals + sin x sin y.] 

Con. 6b«(90° —a?) = sin x. Cbs(180® — a:) = — cos x. Cos (270® ^x) 
=: ^shi X. Cos (360® — a:) = cos x. 

Dem.— A pply tlie proposition. 


S2o JProp. — 77ie tangent of the stt^n of two angles {or arcs) it 
equal to the sum of their tangentSy divided by 1 minus the rectangh 
of their tangents. Thus, x and y being the angles, we have. 


tan (x -h y) = 


fan X -h fan y 
1 — tan .r tun y 


I>KM. Tan (f 4 y) - 


Dividing numer- 


sin {i + y) sin j- cosy -f- coax sin y 
COM f y) "" cos jr ciM y — sin x sin y 
ator and dciiominutor of the hist fraction hy cos ar cos y,* wc have, tan(j; + y) = 
sin jr 


sin X ^ sin y 
roar cosy 
X sin y 

cos cos y 
fttn if sin y 


Bin y 

COST iajsy tan z + tan y 
sin y ^ 1 


sin X 
cosx cosy 
Bin y 


, since = lanx, etc., and 
tun X tun y cos x 


sin r 

- - - X 

o<iaxc<»sy cosx cosy 


q. E. D. 


Cou. 7rfa(90°4*.r) =:= --cotx, 7</«(180® + a:) = /an x. 71^(270® -f x) 
= -^cotx, 7a«(3t)0®’f x) = tan x. 


• Ths thiv« ft^towtni; Conns msy readiljr be obUlned by di Tiding reepecUvely by eio at eta y, 
-rU.. ~ ‘ 

laiKa ^ y) as tbeec may be reduced to tbe o&« fivea la tbe prop- 

oalUon, bv fabstUtttlna In It fur €ot„ sod redocius. Notice that the form la Um JYep, va Is 

larm* ol the tanirrnte. Al*o observe irAy dividing by a cerula tana givess a particalar fima. 
and by wbicb to divide to get a required form. 
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Dwc TudM* +*4- 

■ ta(iaO*-f ») _ -«ln» 
eotUdO* co*» 


ow(00* + t^’“ 
:taajt,ete.,eto. 


w 

tin* 


oolA Ttii(t80* 




4^#?. Pf*op* — The ianffent of the differmco of Uvo at^Ue (or arce) 
in equal to the difference of their tanqmts, divided b}f 1 plus the red* 
angle of their tangents. Thus, x aiul // bi*ing the angles, 


tan (x — y) = 


Uin X — t4in y 
1 f Uiu X tan y 


DKMONSrUATKitN. TriI {X — V)- 


»in (jr — y) niii x ron y - eiw x niny 


C(»H (4? ~ y) c<iH X <‘<»M y t Bill X nia y 
Hitl X Hill 1/ 

i'OHX Cum V tlin 4* Van v 

— L K, i». (rtoo 


mil X cos y COM .r sm y 
f'nmx ow V COM r cum y 

(u»MXCt>Hy Hill 4 Mill y ^ ^ '“IL"'' .V * ♦ Uiii 4" Uin y' 

cos xTom y < < I y eoH X cos y 

fiMii-notcH to prcci iliii^^ firu|iosiiiofi.) This projMiHllion In ulso rrrnlily dislnccil 

from the nrvcetlini; by Hubstiuititiir in the foniinla Uiii V-p + y; ^ **** 

* ® I — Irtii X Uii y 

— y for y, and rfincinlKTin;; Uiat tan {— y) — uin y. • 


(yOK. 7h;i(iur* -.r) rotx. 7t/fi(lH()'' — x) ; —tanx. yh;/(*JTU‘^ — a:) 
= cot X. Tan — x) — tan x. 


Dkm. Tan (W)’ - z) 

~ L 

cos (l 80 *-“ X) *' — coMX " 


sin (90* — x) cos j 
con (90* — x) Hill X 

— tnn X. Tan (270* — x) 


cotx. 


Tan (300®- x) = 


»i!i(3<i0®-x) 
co« (fiOlF' ~T> 


— Hill X 
roHX 


rot X. 

sill (270* 
ritn (270™ 

— toll X. 


1'an (I HO* - X) - 

• X) — (tmx 

X) ~ Hill X 


• Tlfcc«e and Owe klndnsd /orrmd*M may tnt pr<idttc«d by a dirts;! appihatiori of Om? propoaUtiik. 
_ tan 99* ♦ tan x tante* 1 . 

dfopplog lanx acid I i» that tbey ara fluU« t«rma cooncctM with iuOnitiaa, aa taa 90* sm «. Or, 


otbarwiae, taa (90* ♦ x) s 


tan 90* 4- taa x _ 
1 — taa 90* tan X " 


1 ♦ ' 


I 

taa 90*' 


»ia«t a 


laita dividad by aa tadaita aqoala 0. Again, taa (ISO* 4 x> 
taa X, aioce ton lIKl* 0. etc., etc. 


tan ISO* tan x 
‘ i ~-iaa laax* 



24 


PLANE TBIOONOMETBY* 


54* Prop*—Tlie cotangent of the sum of two angles {or arcs) in 
efpcal to the rectangle of their cotangents minus 1, divided hy their 
sum. Thus, X and y boiiig the angles,* 

, , . . cot a; cot ?/ — 1 

cosxcosy Binx siny 

^ , cm(x + v) co&r coBU — siiir siny sinx siny BUhrsini 

Dbm. Cot(x -h y) — -.“v — = ' ■ . 

tiin(x+y) BiiucoBy + coax Bwy siuxcosy cosxBwy 

sinx siny Bmx siuy 


coftx cngy 

^ - X I 

Hill X Hill y rot x cot y — 1 


cony COM X 

iiiii y fiiii X 


coly -4 cotx 


. Q. E. D. Or we may deduce it tlius, 


1 


cot (j* 4- y) ~ 


q. K. D. 


1 


1 — tail X lull y 


lull (X ♦ ;/) lull X *t Uui y 


cot X cajy __ cot X cot y — I 
1 coly 4- colx 


1 


c«itx coly 


(N)n. .r) — fanx. (^W(liS(r f x) =cotx. (.'ot(270° + x) 

=: — tan X, dot (300“ f x) cot x, 

Dkm. Divide coHinc by aine, or takir the reciprocal of th<‘ cornsponding 

latigeutii Tliua, cot (00^ 4 x) . . * " - — tanr, etc. 

UmitK) -I X) 


55* l^rop*— The cotangent of the difference of two angles (or 
arcs) is equal to the rectangle of their cotangents plus 1, divided by 
their difference. Tints, x uiul g being the angles, 

rot X cot 5 / 1 

ev»t 1 / — rut X 


cot {x - y) 


Dkm. Siibsfilute — y for y, in Uie pn^cetling fornuilu ; or, divide cos {x — y) 
by sin (x — y) and reduce ; <»r, take Uic reciproi-al of lau (x — yt, and substitute 

for t<i». 
cot 


('ok, dot (IH)*’ — j) =“- tan .r. f o/( lSO —x) — rut x. Cot {*TiO^ ^ x) 

=: tan X, Cot (300'' — x) = — co/ x. 


Dbm. Sauic as above. 


Bch. 1 . The fi»rmnlm ft>r the aemnt and cosecant of the sum aud of the 
ditTerenee of two angU*« <<»r arcs) ar<» not <»f sufUcient im{>««rtanre lo warrant 
Uieir Introduction hen* ; some of Uietn will be given in the exercisea, as also Uie 
extension of those already given lo the case of the sum of three or more angles, 
or aiea. 




It will not l>f foinnl ililllrult to iiu'inorizt* aiifl rxlnul Hi-t (I), If tin* Htttrlrnt 
olwrvcri, !h:it, \vln*n ilw* iniiiilMT of wliol*- in tniil hn ItO , ‘JTO*’, 

IIm' function chiuvjfn nurnf (as from hin to coh, from vnn to hin, rtr j ; but, vii lu-n 
iJif number of wliob* qujulrurtt^ In rr/ «, th«* fiinciion rctninM ibc r'amc mime. 
The »it;n of the aim* aiul cnhiiif ih ri’uilily »b tcrmin»Ml acconliniL’: to fiiiiibiiiU'nlal 
principles by ol>scrvini< wlu n* tin,* urc en'b. a?i>*uming jr < iMt '. TImh IHO'-f- x 
cn«l,H in the thinl fpijulnint ; benre its hinc (which in iiumi ri< ;»l value Is nin x) b 
— , and iU cosine is also — . As the sijrn.s of the tan^'ent am! cotangent of Um 
same arc are alike, we have only tool>serve whetlier the sine aiul cosine, in any 
jfiven CJise, have like i»r unlike sisfns, in cmler to determine the siirn of the tau- 
fi^enl and coiHiiirent For example, what i»col(tk'JO* f jt )e<|ual to? The num- 
ber of (piadmnts lieingtxld (7), the fuiKiion changin and since tlie arc ends 

In the fourth quadrant, its sine is — , ami it* cosine -f ; therefore cot (OlJfr -f xf 
r= — bin X, If in any given case x > Wl®, detcniiinc tlic characu r of tlie function 
as ab<ivt\ on llie hy|xitlie»U x < 9<)*, and lh<'D mwlify the result for the fmrtic- 
ular value of x, Tiiti* in the last ca*<% if x wa* between itO* and Im)*, it* tan- 
gent would Ijc and for sueli a value cot (630* s- xj = tan x. Or, wc may 
consider at firat where Ui« arc ends, taking into coniideratioo tlie given value 
of X, 



96 


ruUKE TBIOONOXETBT. 


(3) F17KCTIOXS OF DOUBLE AND HALF ANOLIB. 
tftf* JProp^-- Letting z represent any angle (or arc), 

(K) Bin 2x = 28in z cobz \ (M) tan = - 

(L) coh 2 z = cos* a; -- sin*^; = 

2 co 8* a: — 1 , or 1 2siii* X ; 

Dem. Thciie rcsulUi arc readily deduced from (A), (C), (E), and (G) Thus, in 
fin (* 4- yj ~ sin x cos y + cos x sin y, if we make y = ar, we have sin 2x = 
sin xcoHX + cos X sin x = 2»iii x cos x. (In like mumicr produce the oUicrB.) 


r. Prop* — Letting x represent any angle (or arc) ^ we have, 
(0) sin l.c = ± Vj (1 -osx) ; { (li) 


1 


cosx 


Dem. From (L), 1 — com 2jr, or sin jr \ \ 2^;. I’utling 

ix for ar, this hecomes sin ± y J (i — i o^x). In like manner, froiii the same 
formula (L), 2vnn'*x - 1 -f cos‘Ar; whence, cos i y i ll coiTJ). Again, 

1 Sin i J* 1 j 1 coh •t I ' 1 , eos x 

tan ix - . ± i , ; and ct»l i-c =: ~~ - ± 4" - — ™ . o. jt. D. 

cos ^ I + eoMX ton ix ^ r i - cosx 

Bch. The sign nf the function in the case of each of Uiesc is + if * < 180* ; 
but can only be dclerinincd by the value of x in any given case. 


EXERCISES. 

1, Prove from Fig, (a) that sin (x + y) 
when X and y are each < 90®, but z ^ y 
> 90®. 

Same as in 1, from (^), when 
X < 90®, X -4- y > 90®, and < 180®, and 
y > 90® and < 180®. 

Sue. in thiscaae, am (x y) s P'CF =r PL 
CF, III other respecta the demonstration ui 
Idendcai with the preceding. Thb gives 
tin(A 4- y) s: cos X sin y — sin X cosy. But the 


Bin X cosy + coaxsiny. 
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— sign is account«Hi far in the genera) ibrmu)a« 
sin (jT -f y) = sin x cos jf + cos x sin y, hy notic- 
ing that cos y is vthm y > 90* and < 180*. 

3. Same as in the pn'Oeding, when 
./' > 90"^, y < IH) \ aiul -f y) < 1S0'\ 

8uo. Here 8in(j* + y) := P'D' EF — P L, In 
all other respects llic ilcin<)n8tr:\ti«>n is identicul 
with the oUter cases, 'fhe — sign hi tills case 
artika froir x lM*ing lx:lwecn 90* and 180*, 
whence cos z is — . 



[Note. A iiuml)er of oUht cases may Ih* 
devised, but Uie cliovc illustraie the varietim.] 

4, From /Vy. II,Akt. 48, demonstrate 
geometrically the formula co.-i (x *4 y) - - 
cos a? cosy — sin X sin y. The sumo for 
each of tlie cases in Ex’h 1, 2, and 3, 
uhovc. 



(tf). 


Sco. In Fiy. 11, co» + y) 00' OF — 

LE. “ Qp, or OF == cos x cos y ^p. or LE hln x sin y. 


5. Prove geometrically the relation sin (x — y) 
= ain a; cos y — cos x sin y. 

8co. lx?t aP — a*, ami Hince y is to Is* «ul»!rnclc«l we 
measure it from P, ami y - - PP'. Now sin [x — y; 
= P'D'.-- EF - P'L. 

Provo from /Vy. (r/) that cos (x — y) = 
cos X cos y -h silt x sin y. 



7. Given sin 45®= \/j, and sin 30®= } to find sin 75®, and ain 15® 
Also tan, and cot RchuU, sin 75® = .97, sin 15®= .20, nearly. 

800 . Use formula (A . . . . If). 

8. Given sin 30®= J, to find sine, cosine, tangent, and cotangent, 
of 15®, 7®30^ 3® 45', and 1® 52' 30". UwulU, ain 15®= .2588, coa 15® 
= .97, netirly. 

Bco. Use the /arm t/2(S in ( JD- Compare results witli Uiose found in the 
Table of Natural Sines, etc. 

9. Of what angles may the trigonometrical functions be found 
from sin 45®= by means of the formuliB in (07) ? How ? 
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10. Prove that sin{ic +y + =siiia?oosyoos« -f cosa? siny coea 
-f cos X cos y mi z — sin x sin y sin z. Also, cos (» + y + «) = 
cos a; COB y cos i: — siii x sin y cos « — sin x cos y sin « cos x sin y sin 

tan X + tan y + tan z — tan x tan y tan z 
Also that tan (a; + y + iJ) — j _ tana; tany — tana;tan« — tany tan/ 

Suo. Sin (a? + y 4- 2) = sin [ (a; 4 - y) + 2] = sin (x + y) cos z + cos (oj + y)sin 2. 

Sen. Since if (a? + y + 2) = ;r, tan (a? + y + e) = 0 , we have from the last 
form, tan ar + tany + tun 2 = tan a? tan y tana; e. 2., if a semicircumference be 
divided into any tliree parts, the sum of the tangents of the three parts equals 
the products of the tangents of the same. 

. , i 1 i. / \ sec a; sec V cosec x cosec y 

11. Prove that sec (x + y) = 

^ * cosec X cosec y — sec x sec y 

12. Provo that sin 3:*; = 3sina; — 4sin*a;. Ako that cos 3a; = 

. . o Ai X A 3taii rr — tan'.'c 

4cos* X — 3cos X, Also, tan Zx = — :j ^ . Also, cot 3x = 


Sin iLr = ><iii (i?.r + jj — sin Cf)s x + cos 2r sin ar = 2sin x cos x cos ;2 
+ (1 — 2HinV)Hin r 2sin a* cos*ar + sin x — 2sin* x = 2sinar (1 — sin* x) + sin x 
— 2sin’a* r= Ssiii a* — 4siu*x, 


Tan iU tan (2x f a) = In (Jic latter substitute for bin 2x Its 

1 — tun 2^ Uiu X 

value in terms of tan x. 

13. IVove that sin i.r = 4(siu x — 2s\\\* x) cos a;. 


14. Provo that sin x 


__ 2tan Ju- 2 

1+ tun* Jr ~ cot j.c + tan J./ 


Suo. 

produce 


Sin X = Ssin \x cos = 


* cos jj* _ 2tan Jr 
st*c ir “ sah:’ | x 


2tan J r 

1 X. <ar>* 1 M* 


To 


U*r last form divide numerator and denomiuaior of 


aiunjr 
I 4. tan* ix ^ 


I ^ . l — cosa? .. 14 -cosaf 

15, Prove that tan Jr = — : . Also cot Jr = 

* Biiix smr 

8co. Frtmi (L), 2sin* Ir = l — coar, and ftxuu (K), 2sin ir cos Jr = ^ 1 . 
Divide the fonner by the latter. 
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16. Find the trigouometrioal nmotiona of 18*. 

SoLimoK.— Ia<‘tting :t = 18*, Sr = 86*, and 8« =s 54*. Iiencc ti\i\ 

But sin 2x = ^in x ctis ^ ; and cos Sr = 4c«s* x — Hem x ; henco 9dn x c«s jp ss 
4cos* X — Sctw X, or 2«in x = 4oi>«* x — U =: 4 ~ 4slii* x — 8. From whlcU 4sitt* x 

A atT— 1 

+ 2.sinx=:l. Solving this quadratic, wre have sliix, or sin 18^ - ' ^ 

neglecting the — root, since sin 18* U *1-. Fmm this, cos 18‘ *.=2 i 10 -f OyS! 
These may be put in appMxiiiiatc decimal fractious. 

17. Having given the function.^ of iS% and 15'' (Kx. 8), find thoiw* 

of 3"; tlien of 0°, 21*’, etc. 

Compare the result ohlained with the values ii.H given In the Table of Natural 
Sines, etc., obtaining all the value.n in tlecimul fraciions. 


SKCTIOX III 

FOR.HlXi: FOR RK>0KRI.\0' «V roOARITII.MS TIIK 

ALOFUR.ilC SC M OF TKK.OXO.’lfKTRICAI. FC SCTIOXS. 

fTAf, Since niultijdieatioii, divi.-ion, involution, attd evolution are 
the only eleiin tjfary ronihinatioij’< of nunjh< r which we can efieef hy 
means of h»garil hiii.<. if \v<’ wish to add or Mihfmet i rig»»nom<‘trieaI 
(or other) rjuantiti^s. we have t)i>i to discover what, proiliictH, 
qiiotient.s, povwr.-, <»r ro<*ts, arc equivah iit to the projMwd KUtiiH v>r 
ditrercnces. 


t^,9. Prop.— To render Hin r dtz sin y, and cos f :fc co8 y calculahU 
by lofjnrithm,^. 

Solution. From M».>. Sen 2) we have 4 y/) hin r ro<»;/ a cohx 

fcinjy, an<i sin (x //) :c: hin x cos y - ivm x win y. Adding Uo*«fj fr^nnulas 
sin (X t y) 4* sin ix — y) — ‘Jsin j i m y. N^iw putting z a y ■ x\ and z ^ y zs y' * 
whence z rz a y'), and y - 4 (/' ~ y ) ; we have sin x' 4 hin jy' =r 2Hin Kx' 4 y') 
co«iU -y') i or, dropping the accenui, as Uie resulta arc general, 

(A') sin X 4 sin y =r 2sin ^(x + y) cos |(x — y). 

Again, lij subtracting ffinmula D Sen. 2) from formula A, and tiiaktng 
the same tubsdiutiens, we have, 

(S') sin X - sin y = Scoe + F) — y% 
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In like manner adding cos (a; + y) = cos a cosy — sin x dn y, and cos (aj — y) = 
008 X cosy + sin® slny, and making the same substitutions, we haTc, 

(O') COB® + cosy = 2cosi(* + y) cos i{x — y). 

Finally subtracting formula C ScH. 2) from formula D, and making 
the same substitutions, we hare, 

(DO cosy- cos® = 2sinK® + y)sini<® — y), or 

cos ® — cos y = — 2sin \{x + y) sin i(® — y). 

00» Con. 1. — 77ie sum of the sines of two angles is to their differ • 
enccy as the tangent of one-lialf the sum of the angles is to the tangent 
of one-half their difference, 

1)KM.— Dividing A' by B', we have, 
sin X + sin y _ sin l{x + y) cos jjx — y) _ sin i(® + y) cos |(® — y) 

sin X — sin y “ cos ^{x + y) sin — y) ~ cos l{x + y) sin ^(® — y) 

tan ^{x + y) cot - y) = tan + y) x ; rr q. e. d. 

Iiin4(® — y) tani(® — y) ^ 

6* /• Co It. 2. — The difference of the cosines of tioo angles divided by 
their sum is nuniericaUy equal to the lyroduct of the tangent of one- 
half the sum of the two angles into the tangent of one-half their 
difference, 

Drm. — D ividing D' by C', we have, 

cos ® - cosy _ y)j5|n _ sin + y) sin i(® - y) 

cos X + cos y cos i(.f -f y) cos — y) cos j{.v -f y) ^ cos \{x — y) ^ 

(an i(x -f- y) tan ^(.r — y). q. e. d, (Observe the oj>j)osition in signs.) 


02 » JProb* — To render (an x dt (an y calculable by logarithms. 


Dkm.— T an ® ± tan 
q. B. D 


sill X sin y _ J'io ^ cosy ± cos® sin y ___ sin (® ± y) 
Ci>8 X ^ cos y cos X cos y ” cot * cosy 


EXERCISES. 


Let the shident deduce the following relatione: 


1 * 


Cot X + cot y = 


gin (x ^ y) 
sin X gin y 


2. Sec X + secy = 
8. Secx — aecy = 


2 cos t(x 4- y) cos t(x — y) 
C 08 X C 08 y 

a8ini(»+y)8ini(»-jf) 

ooex cosy 
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4. 

8. 

6. 

r 


8. 


1 + CSOSJP =: 8co8*1«. (See Sf.) 
l-~coex ss2sin*|«L 


ginjg 4- siny 
coex 4* 008 ^ 
sin ar gin y 
cosa; + cosy 
s in a? 4- tdn y 
cos X — cos y 


= tani(a5 + y). (Diride A^byO\ tf».) 

= tani(a:-y). 

= - cot l(x - y). 


0 . 


sin a; sin y 
cos a? — cos y 


- cot l(x + y). 


HKVriON IV. 

rOSSTRl’CTIOS AX1» USE OF TRIOONOWETniCAL TARI.ES. 

|Note. — I n order to road lliis and llie mdw'qiM'nt HerttonR, ilie Mludenl nwnls 

knowledge of the nature of logarithms, and the nmthod of using rommon 
logarithmic tables. If he is fnmiliur with the last e))fi|)trr in Tiik I'OMrMcril 
.S'liooL AUGEOnA of this series, he is i)repared to go on. If he has not this 
knowledge, he slumld read the intro<biclit»n j>rereding the table of Lf»grirUhmH 
before reading this section.] 

03.^ A Table of Trlf^oaomet rival is a tabic 

oontuining tbe valtK'S of these lunctionM eorreHjMinding to angles of 
nil different values. In (vjnseqnence of the ineoininen.surability of 
an arc and its finKiions, these re.sulls can be given otily approxi- 
mately; yet it i.s po«,siide to attain any d^gnM- of ac<Miracy which 
practical pcienc<‘ requires. 

04:9 There are lw<^ tahl«*.s of trigruionn tricul fiuictionH itt common 
use, the Table of Natural Functionn^ and tlie Table of Lotjariihmic 
Fiincliom, 

05. A Table of Natural Trinomnneirleal FanctionM 
is a table in which arc written the values of the.s#* functions for 
angles of various values, the radius of the circle Ining taken as the 
measuring unit, and the function being expressed in natural num* 
hers extended to as many decimal places as the proposed degree of 
accnracy rer|iiirea, 

60. A Table of Logarithmic Trigonometrieal JFane^ 
tiOM is the same as a table of natural functions, except that the 
logarithms of the values of the functions are written instead of the 
functions themselves, and to avoid the frequent occurrence of nega- 
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tivc (•]]arucUTifitics, lljc characteristic of each logarithm is increased 
by 10. For example, sines and cosines being always less than unity, 
except at the limit (.7.7), and tangents of angles less than 45® and 
cotangents of angles greater than 45'' being also less than unity, the 
logarithms of all such functions have in gative clniracteristics. To 
obviate the necessity of writing these with their sign, the charac- 
U*ristic of each logarithm is increased by 10. 


i*roh » — Tt! romjmte a fahh of nafvral frir/nnoniffn’ral func^ 
(ions for rvenj tlrtfrer and minnh' of thv qnadraid. 


SoM’TioN. — It Is evi(l<*nt tlmt an nrr is longer tlnin its sine, but that this 
(Uspurity (liniinislirs as tin* arc grows less. Thus, in a rirch* wlu>sc radius is 

1 inch, the length of the sine of an an* of 1* would not differ upj)rt*(‘iahly Irouj 
the arc. Much less should we he ahle to distinguish helw'eeu the sine of V nud 
the lire. Now, since w hen tin* radius is 1. a seud< ir< '.nuferenee — ir -- 3.1410U20, 
utid nlso ISO , or IM) X 00 lOSM), we have the length of an arc* of 1':= 
«1415VV2 

lOSOO ' appr<»xiiuately. Assuming this as the sine of T, we 

ihlam the cosine thus, 

cos r v^l — sin' 1' f sin I ) X 1 1 - si:i 1) " \^1 (MMTjiK)ssH*J x .lMn7700lTTs 

r.r. 0.tMmin«M»577. 

Hnving thus obtained sulllelenlly accurate values of sin T and cos T, w*e can 
routinuo the o|KM*ali*>u ns follows: from the f»nnuhr. sin [x -f v) hk sin (x — y) = 

2 sin X cos y, and ctw (x ^ //) 4 c(»s (r — y) - 2 cos x cos y, we have 

sin (.r y) r 2 sin .rei)s y — sin i r — y), 
cos tx 4 y) ™ 2 1 'os X co.s y — cos {x — y). 


Now letting y remain C(»nstHnily enmil to I , and letting x take successively 
UlC values r, 2', a', ete., we have 

I sin 2' = 2 cos T sin T — sin 0' ~ 0.000.7817704 
( cos 2' = 2 ci>s r c<»s 1' — Cos 0' r- 

r2604fl 
) m»tM)996l93 

I sin 4 = 2 cos 1' sin 3 — sin 2 = 0.00llC;t5520 

i cos 4 - 2009 1' cm 3' - cos 2' = 0.90<>9903232 

_ j *»hi 5' = 2 cos r sin 4' — sin 3' = 0.0014544407 

For X 4 , J _ 2 ^ y 4 * _ _ 0 1>99008S>425 

ete., etc. 


For X = r, y 

p _ i sin 3' — 2c<^ r sin 2' — sin I = 0.0008721 
or X — * , I 2 j, 2' — cos r ~ 0 ItOOOOOt 

For X 8', 1 1 


These operations present no difficulties except the labor of performing the 
numerical operations. 

Of course 60 operations are rcciuircd for cveiy degree, and f^r 30*, 1900. Bat 
haring computed the sines and cosines for creiy degree and minate up to 80* 
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an 

tfc cttn complete Oic work by simple subtmciion of vnhuni nliTA<ly fomul Fof 
example, letlinj; ar =r a0\ the fin.1 fornuihi uml aliove iK'Coim-s 
sin (30* + = cos p — sin (IlO* ~ 

and from cos -f y) — cos (.r — y) — 2 sin t sin y, we have 
cos (30 + y) ' <'os <30* y) -- sin y. 

Now making y successively r, 2', :V. etc., these i»lvo 
^ sin 30* 1' T : e<»s V~ sin 20* 50 
( rositU* r cos 20* 50' • sin 1 
^ sin ao* 2' ^ cos 2' - sin 20* 5^' 

^ c<»sJ>0‘ 2' ei»s 20" 5S’ - sin 2' 

^ sin 30' 3' - c<»s 3' - sin 2U* 5T' 

) cos 30* 3' cos 20* »57' sin 3' 

etc., etc. 

All of tlicse values which i>ccur in the .seeojul members Imvinvr In'cn deter- 
mined iit rejieliiiii' sin 30 iind cos 30*. those in the first inemhers can Im* ftniiid 
by jM'i fonnin^ iJie n (|Uisi!<‘ Mibnu<iions. 

Proceed i I i;j: in this way till ue ie;u l» 45', (In* iininerieal valiu's of Niin^ and 
cosines lieeoine known, sin< e tlie sine ol any niiiile lM*ln<*en -15* and l)0‘‘. iK^lin; 
the cosine of the roni|»h*meiilar\ anule, wdl have heeii eoinpiited in reaehittj; 
45*. And so uls ) the cosiin*s of anylt's Intueen 45* and IK)* will have Iktii 
cuinput(*il us siin's iiftiie eomph-mentary uiijLjle.s below 45". 

The sines and (osims bein:' eoinputed, tin* roi respondlnj; Ijiinp'iib, eol.in 
j;enls, and, if need be, the secants, eoseeants, veised sunH, and ro^erned' 

. . . ... . . . 1 f'os? 

Bines, can he calculated from the rt latioiis tan 4* , eol t or , 

cos 4 tan r am J 

secx r= , cosec ,r ^ , \crs.r 1 — ctwjr, and covers r 1 — suit. 

co''4 sin j* 

OS. Sen. — If it is doiretl to obtain tin* natural fimnions of nu^d<’^ 
mated to s<-eonds, il is in*('<*.H^ary tliat the vabn*s iii lln* tablr-. eJMiipuied as alsive 
be exieudetl t»» 7 d«-einials at leas?. Fiuu> sueli a labb- we mav inaKe inter)if> 
lations for si'conds will» sullieienl m'nracy l‘•r most |»i;nli<al emN, eveept 
fi»r values mair llie limils, where the disparity liriwrrn the vari iliini of the arc 
and that of the function chan;;«*s very nipi llv. For evainpb*, lei il Ik* leiptiicd 
U) Iind sin 34* 24' 12 ' from tin* data sin 31* 24' r~ .5(JtfHi7u, »iml hiii 34* 25' 
.5052070. We observe that an incn'use of I' upon tl»e anv,h* <*f 3F 24' mukoa 
an increasi* of .5fFi2070 — .50-10070 .00024<»0 in the Him*, lienee an {ncrouae* 

of 12", or i of F, inakt*B an iiieriruHi? of i of .f)(K)2400, or (KK)04W), approjri- 
maitly. Addinys wc have tin 34* 24' 12" = .5f*5OI50. The stndera rnm.t iKrenrefiil 
to notice whether an lncn*a.se of the anj^le inak<M a ntmn*th al Inere-uae or a do* 
creoic of the fuiiclion, ami add or $uUtraet aa the coao may rerpiirc. 


00 * I*vobm — To conBtrucl a (able of lo^arilhmic iriffonwnetrienl 
funclioHS, 

Solution. — C ompute tlic natuml tinea and cotiocs a« In Uie precetlinit prob* 
1cm. Take tke b^garitlimt of tbe vabiet Uttta obtaiiied, and odd 10 to cock 

a 
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idifirBcieristic. The results are tlic ordinary tabular loji^rithinic ainca and co> 
■inea. For example, we find from the table of natural functions that sin 34^ 24' 
r= .6<{40670. The logarithm of tliis number is 1.752028. Adding 10 to the char- 
acteriatic, we have log ain 34* 25' =: 9.752023, as usually given in the tables. In 
likii manner the cosines arc obtained. 

To obtain the tabular logarithmic tangents, we have from tan* = -5^^ 

log tan X = log sin a? — log cos x. If we now take the log sin x from the tabic as 
compuU;d by the preceding part of this solution, and from it subtract the cor- 
/espouding log cosar, the result is the (ru^ log tan-T, since tlie extra 10 in the 
tabular log sin and log cos is destroyed by the subtraction. Therefore, to this 
diffenrnce we must add 10 to get the tabular log tan, as above explained. For 
example, the tabular log sin 34* 24' - 9 752023, and log cos 34* 24' = 0.91C514. 
Hence, tins Ubular log tan 34 24' = 9.752023 — 9.?)lC5r4 -f 10 = 9.835509. In 
like nmnner the tabular log cotr = log co.sj — log sin* + 10. 

If the i(tgarilhmic .secants are required Uicy can be obtained from the relation 

see * = gives log sec * = 0 ~ log cos t. In applying this by means 

of the tabular functions, it must be observed that the log cos *, ns we get it 
from the table. Is 10 too great; lumee, the true log sec* = 0 — log cos * + 10. 
In tabulating log secants and <*osecantM. it is not necessarj' to add 10, since, aa 
tliesc functions are n<!V<!r less than 1, the ir logarithms arc never negative. 

70. Bcii. — The interpolations ft>r second.s are u.simlly made in the same way 
when using the logarithmic functions, :is e.\ plained above for the natural func- 
tions. But to fueilitute the operation, the approximate ebange of the logarithm 
for a ebange of 1" of the angle l.s commonly written in the table, in a column 
called Tabular Vifferenee*^ aud marked D. 


EXERCISES. 

1. Find from the tables at the <*]osc of the volume the natural 
trigonometrical functions of 25® 18', 

SoLUTioK.— 7b Jind the fine and eemne w#' look in Table 11., and find 25* at 
tha top of the page. In tlic cxtrtnne Icn-haiul column wc find the mlnutea, and 
(Miasing down to 18, find opinrsite, in the column headed N. sin (natural sine) 
42785 ; aWo in the column N. cos, wc find 90408. Now, as these are the lengths 
of the sine and c<islno aa compared with radius, we know they arc fractions. 

Bin 25* 18 = .42730, and ctw 25* 18' = .904t>8. 

Tajind the tin^eni we turn U> Table IV., and finding 25* at the top of tlie page, 
pass down the column of minutes, on the Icfl-hmid of the page, to IS, opposite 
Wliktli, aiul under the column hcadeil 25®, wo find 2098. To this we prefix the 
figures 47, which stand in Uic same column, opirositc 11', and lielong to the tan* 
gents of all the angles from 25* 10‘ to 23* 19‘, and are omitted in the table aim* 
ply to relieve the eye and to eoonomiae space. Tbns we find tan 23® 18* = .4720M^ 
the numlier being loiowii to be a fraetkm becraae the angle Is Um than 43* 
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7b find the cotangent we look at the botitnm of the [tage in Uio aanie taUlo till 
wo find 25*, and then tunning up the luiuutea column at the Hffhi hand, find 
00125** iy=: 2.11552. 

J(f the eeeant were required wc should bo obligetl Ui obtain it by dividing 1 by 
the coeioc, as our tables do not include this fiioction. Thus sc9c25* 18' .s. 

eosaSMtf ~ .UOW» “ 1 10®*- 

[Note. — T ables of secants and cosc'cants arc sometiinos given, but they arc 
not of sufilcient importance to juHtily their introdurUou inU> an elementary 
text-book.] 


‘i. Show tlial sin 3T” 43' = .til ITO ; cos 37" 43' =: ,71il0.’> ; tan 37“ 43 ' 
= .773353; cot 37" 43' = I.‘.!lt3(t7; sic 3f 43' = l.'4(!414S; coaocaT* 
43' = 1.034028 ; vers .17“ 43' ; covers 37" 43' = .38824. 

3. Find that sin 01 30’ = .'t0;»:J4 ; cos 04“ 30' .42894 ; tan 04 “ 
36' = 2.10000; cot 04' 30' = .474S3.7 ; si-c 04" 30' = 2..331328 ; comO 
04" 30' = 1.107003 ; vers 04" 30' = ..57100; covers 04" 30' = .09006. 

8uo. — In looking for sines and e«»sint*s of ungles idxive 45 the degree* 
at the bottom ol Uie page, and be eareful to olni'i ve litai tint cobminM of Him* and 
cosines, as named at Ibe lop, cliung<; nanu's when read from flie bottom. Th* 
foundation of ibis ttiraiigeineiit will Ik* readily perr«'ivttl. Thtis, turning tfi 
TableII.U»24*a2',welindsin24*a2'-^ .41522. lint sin 24* IW' eos (tM) 24* 

= cos (15 28' -- .41522. Thus tbe ilegreen and niiiuih* reiul fn»m lliu iMdtont of 
the page are the complements of Iho.st.* read from the lop. 

4. Find that sin 42® 27' 12 ' =:. .(3740b; cob 42® 27' 12" = .73783; 

tan 42® 27^ 12" = .1I14«34; cot 42'' 27' 12" 1.00309. 

Bco. — Sin 42' 27' = .07495, and sin 42 * 2M' .07510. An increniir of 1' fn 

the angle mak(*s an increase of 21 (liuiidn il tliou-samlths) in llie sine, and 18" 
will make iS or i as great an increaHi*, upproxiiuately. Olmc rve that in tliecaac 
of cosine an lncrca.HC of tlic arc makes a decreaee of the funclton. 

5. Find that sin 143® 24' = 0.590225 ; cob 10 r 23' = .877844; 
Un 132® 30' = 1.08749; and cot IIC® 7' = .490250. 

SCO.— Sin 143* 24* == sin <180* —14.3* 24 ) ~ iln 80* 80'. Also Uje trlgonw 
metrical function of any angle is numerically equal U> the same function of its 
supplement U70). 


ib Find the loganthmic trigonometrical functioiif of 33* 16 ' 
from the tablee at tlie end of tbe Tolnme. 
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SOLUTION, — Turning to Table II. we find 32* at the top of the page, and 
jp]»oeltc 15', and in tlic column L. sin (logarithmic sine), we get 9.727228 ; i. e., 
log sin 82* 15' = 9.727228. Now from the column of difierences, I). 1", we learn 
that an increase <if 1" of the arc at this point makes, approximately, an increase 
ol 8.34 (millionths) in the logarithm of its sine, llenco, wc tliat am in- 

crease of 22" makes 22 x 3.34 = 73 (millionths). .*. log sin 32* 15' 22" = 9.727228 
+ .(XK>073 9.727301. In a similar manner we have log cos 32" 15' = 9.927231. 

A.n increase of I 'in the arc makes a decrease of 1.33 (millionths) in the log ct)s. 

an increase of 22" makes 29 (millionths) dccrcane in the log cos, anil log co? 
82" 15' 22" ~ 9.927202. Ia^q Uin 32" 15' 22" = 9.800100 ; ami log cot 32* 15' 22 " = 
10.199901. 

7. Find that log sin 24° 27' 34" = 9.017051 ; log cos 20° 12' 20" = 
9.952897; log tan 20° 12' 20" = 9.092125 ; log cot 120° 23' 50" = 
9.807579. 

Olwervc cot ( 120 ’ 23' 50") - cot (180" - lOfi' 23' 50 ') :t= cot (53’ 30' 10"). 
Also tiiat angles alxive 45’ are hniml at liie liottnin of tin* lai)le; anil remember 
to .Htibiract the c<n n'eiion f(»r co functions, if an increase of arc is a.ssumcd. 


8. Given the natural sine. 45021, to find the angle from the tables. 

BoniTfON. — Looking for thi.s sine in the table of natural sines, we find the 
m*.\l less sine to he .45(KHJ, and the angle correspoiuling, 27" 8'. Now, at this 
|M»int, an inc rea.se of 1' in the arc! makc's an larmcsc of 20 (liuiulred ihousandlbs) 
in the natural sine. Hut the given sine ,45021 is only 15 (Inmdred thou- 
sandths) gn'uler than .45090, tlio sine of 27* S'. Hence ihcr rc'quiied angle is 
but ‘d* r or 00 "~:;i5", grealiT ihau 27* 8'. sin ~ *,4502 1 = 27“ 8' 35", 

and its stippleinent 152^* 51' 25", which lias the same sign, luid these area in- 
engaged by every multiple of 2a'. 

9. Find Bin'“\025S3; cos-''.34208 ; Un-‘.4G8531; cor*.87C434. 

JiesulU Sin*“' .02583 = 38° 44' 35 ", and 141° 15' 25"; and these 
arcs increased by every multiple of 2 t. 

oo8“‘.342G8 = 00° 57^ 30", and 300° ~ 00° 57' 3C" = 
290° 2' 24", and these arcs increased by every 
multiple of 22 r. 

Un-’.4C8531 = 25° C' 1C", and ISO® + 25° C' 10" = 205° 
OC' 10", and these arcs increased by every muUijde 

of 2r. 

oot-*.87C434 = 48° 4C" 3", and 180® + 48® 40' 3" = 
228® 46' 03", aud these arcs increased by every 
multiple of 2jk. 
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Bco. — Observe that au infream of the arc makes a dtenatt of tu ccvAincUona 
(n the table of tan^^eiits as given, Table IV., the profiortional ymrts given al th# 
bottom of each column are the approximaio changes which the hmctlona 
untlcrgo for a change of in the fiiticium. Thus, in finding 870434, we 
find cot""* .870403 — 48' 40' ; and at the Inutom we find that a change of 8.04 
^millionths) in the fi.nrtion makes a change t»f 1" in the angle. lienee, as Uie 
given cotangent is 38 {milliontlis) than the cotangent of 48* 40', the angle 
rc<iuired is 38 -h 8.04 a (seconds), than 4 h‘’ 40'. 

7 /. 8cn.— It \< usnidly hcvt to take IVt»in the tal»lt» that fiiin tion whl< h Is nearest 
in value to llu^ given function, and then iucrejiHe or dintinish the corivspimdlng 
art' us the ease may napiire. If \xo always take fmm the table the next hwa 
funelit'ii than that given in the example for sine, tajigmt. and seeani, and the 
i\c xi f/rnttt r for the c'osine. eotangent. and eosn ant, <'o» reelionn for seeonds 
will require always to bt' m/nV*/. If we always t:ikr from the tables the ftine 
lions m.rf U'»n than llie om‘ given, the eorrei titUH lor seroiuU must 1 m* tuldM for 
sine, tangent, ami ^eeaut. and fur the C Hfunclious If we were utways 

to lake from tlu* taldes the next tjmtU r fum tiou Uiau the one given, Uie 
seconds corrections \v<nild be addfd fi»r the co-funellons, and iubtrackd for the 
oihcm. 


[N 0 TK.--I 1 is v(Ty important that the pupil become so ramllinr with the 
nature of tin st‘ tables as to us< tbem iui» lligently, and not meehanieally. Ft*r 
lids rt'usou wv H ftain from gi\ii»g the uniiuI speeitic . mr<i».'udeal diieeiiouH f<»r 
their use, ami sub^'titute i]hi*'tralions showing Imov they are used in m'cordunee 
with the juiueiph s upon which they are ( oiislnu led ] 

10. Find .34350) ; .(i35iS4) ; tan ■'(—* 3.41031 ) ; 

C0t“’(~ 1.31018). 

BesnU.^. s^iir H -.34350) 30 tt' I ' and 330" 5S' 03 ", and 

an^' inen a-ed by every inullijde of 3-r. 
cus~'( — .•;3:>.S4) =- I 3H'* U‘ 3.S and 331'' I.V33 ",uiid thm 
ure.s inen a.sed by every rnnhipbr of 3'*', 
tan-'M- 3.41031) hk;" is' r,: \ uiul 3 hi;'* 1H 57", ami 
tlie.se are.s in<T-as» »l by every multi|de of 3ir. 
cot'‘*(- 1.3104S) ~ 140 31' 43", and 330' 3F 43", ami 
these arcH increased by every miiltijih! of 3v. 

Bro.— To obtain these nniills the ympil will need to nrall the prineipli?* In 
the a^rtAUries to Thus, to find cot H - 1.310»><;, we fiml from 

tli« table that cot -*(1.21048)= .31#* 23' 18 and from (^JJ) <’ou, we leam that 
Cut(180'-T) = -cotr. Cot •(-« 1.2104*<# 18(p ^ :%»* r/ 18" 140* 34' 42". 

Again, from the same corollary, wr learn tli.at cot (JjfiO* — jr) = — cot *. 
•. Col-*»{- 1.21408) = 300' - :{1> 25' 18" r- 320* 34' 42". 

11. Given the logarithmic sine 9.451234, to find the corresponding 
fingle. 
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SoLcmoK. — ^The next noArett log sla foond In Table II., la 0.4>'>1204 s lo(' 
iln 19* 95^ Now we learn from the table that an iocrcoftc of 1" in the angle at 
Ihia point, makea an inereate in Its log ain of 7.14 (million tha). But the given 
log aln, 0.4512114, is 50 (millionths) greater than log ain 10* 25'. The required 
angle la 80 < 4 * 7.14 = 4 (seconds) greater than 10* 25' ; and we have sin tO* 25' 4" 
-^0.451284. Again, as sin 10* 25' 4" = sin (180’ ~ 10’ 25' 4") = sin 108’ 84' 50 
the latter angle has forita log sin 0.451284. F’inally, either of these anghis in. 
creased hy any multiple of 27t luis the same logarithmic sine. 

12. Sliow from tlic table that the angle wltose log cos is 0.778151, 
h 63® 7' 40", and also 300® 52' 11", and each of these angles increased 
hy any multiple of 2**. 

13. What angles corrcsiKmd to the logarithmic cosines 9.240831 
and 9.880372 ? 

14. Find from the table what angles have for their logarithmic 
tangents 9.895700. 10.531054, and 11.210313. 

liesttlh. The first two are the log tans of 38° 11' 20". and 73" 
35' 43", and also of 180® + either of these angles, and each increased 
l>y any multiple of 2t, 

15. Find the angles corresponding to the logarithmic cotangents 
10.008088, 9.038330, and 9.430811. 

Uemlts, Tlio first two are the log cots of 44® 25' 37", and 00° 29' 
54", and also of 180® 4- either of the.se angles, and each increivscd by 
any multiple of 2«'. 


7^* Bcil. — Sirietljr speaking, negative mimt>er?» have no logaritlims; since 
AO base can Iks aMinnied, such that all negative mnnbers can be rt'presenled by 
aald base affected with exponents. It w iherelbre customary to say that negji* 
live numlKTS have no logarithms. Nevcrthelt*ss, tee do opidy logiiriihmn to nfyib- 
Hm tnffofutmftriral /uftcHonji, Thus, if wc have — c<»» r, the — sign is inter* 
firetod as simply telling in what quadranta j; may cod ; wliile, in other rcat>ecta. 
4be iVinctiou i» treateil exactly like -e cos x. 

16. Given log (— cost) = 9.340251, to find x. 

Solution. — The logarithmic cosine 0.346261, considered indcircndcntly of its 
sign, c«)iTesp«>uds to 77* 10’ 35". But the — sign requires that the arc shall end 
in the 2d or «)d quadrant, fur such angles, and such only, have negative cosines. 
\ The angles required are 180* qp 77* 10' 35" ~ 102* 40' 25 ", and 257* 10* 35 ", 
and Uicse Uicreasod by entire drcumfcrencca, as all these aiighw have k>ga* 
Htlimlc cosines, which are numerically equal to 0.346201, and the cosines them* 
••elves are negalivo. 

17. What angle leas than 180® has a negative cosine whose tabu 

lar logarithmic value is 9.653325? .dns. IIG® 47' 4" 
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18. What angle than ISO® has a negative tangent w!io8e tab 
lar logarilhmic value is 0.884130? Ans. Hr' 33' U.« 

10. What angle less than 180® has a negative sine whnac ^ 
logarithmic value is 0.3410*^7 ? ^ 

20. What angle less than ISO® has a negative etx 
tabular h)gurithinic value is 0.504200 ? 

21. Find values of x < ISO® wliieh fulfil the following | ,, 

log (— cosz) = log (- tun x) = 10.704215 

log (- sinx) = 8.880402; log (- col x) = 11.152101. 

ResuIU. 111° 25’; 99° 45' 04 '; none; 175° 58' 14". 

22. Having at hand only the CMininen logarithmic tables of trig- 
onometrical functions, and the table of logaritliiiivS of nuiubiTA* I 
wish to tind the numlier of d»*gn-e.s. minutes, and sectuuLs curnv 
sponding to the natural tangent 2.1(U45. How is it done, and what 
is the result? 

Auswer : Find tin; logarithm of 2.Uil 15, to this add 10, ami find 
the angle corresponding to this tabular logarithmic tangent. Tho 
angle is (i5® 10' 20". 

23. From the same tables as above find the natural cosine of 
35® 23'. Also what angle eurrespomls to natural tangent 2. 

24. From the same ta)>h‘s as above find the angle corresponding to 
natural tangent — 1.82045. Also to natural cc^sine — .42530. 

25. Wliy is it in the table <»f logarithmic fum*tioiis that the sino 
of an angle minus itseoBiiie f logiveg tlu’ tangent ? Why that cosine 
— the sine -f- 10 giv«*.s the cotangent ? Why tliat the sum of the tan- 
gent and cotangi nt of any angh* = 20? Why is hut urn? eolumn of 
tabular differences neideil for tangents and cotangents, while tho 
sines and cosines require each a separate column ? 


fXJ5CnOX8 OF A5GLE8 NEAB THE IJXITH OP THE <)UAD11AHT. 

TABLE III. 

(Note.— 'T lfift subject may be omittc^l In an elementary coume, tiae flni Unia 
going over, If thought best.] 

73. Failure of TfMe Jr/.-~Thc mctliod which has been given 
in the preceding pages for finding the logarithmic functions of angles 
involving seconds, by means of the Tahfflar Uijferencen^ Table IL, is 
sufllcieutly acetumte in most cases for practical ptiqiasei, bat is 
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itirely too rude for the sines, tangents, and cotangents of angles 

*ar the beginning of the quadrant (those less than or 3^)^ and 
for cosines, tangents, and cotangents of angles near the close of the 
quadrant (those between 87° or 88° and 90°). An example will 
render tliis clear. Supiwse we wish to find log sin 1' 12". We find 
from Table II., log sin 1' = C.4G372G ; and also that the average 
increase of the log sin bctw’een 1' and 2' is 5017.17 (millionths) for 
every second increase of the angle. Ihit this average rate of increase 
«f the function during the minute is much than its real rate of 
increase in the first part of the minute, as fr<»m 1' to 1' 12", and much 
greater than the real rate of increase in the latter jmrt, as the angle 
upproaclios 2'. In fact, we see from this table, that w^e should use 
2934.85 as the increase of log sin 2' for 1' increase of the arc. Xow, 
in our ])r()po8ed example, we want the increase of the log sin while 
tlie angle is ])assing from 1' to 1' 12 1’his, as shown above, is con- 
sidtniibly more than 50 1 7. 1 7 (millionths) for every second. 

The cosine being the sine of the CiJinpleincnt is subject to the same 
law of change near the close of the c|uadrant, that governs the sine 
at the beginning. 

Tlu‘ case of the tangent of a small angle is similar to that of the 
sine; and since the cotangent is the recij)rocal of the tangent, it 
has the same law of change, only that the one iucivascs as the otlier 
decreases. Thus, since doubling a small arc, as 1", doubles its tan- 
gent (approximately), it divides its cotangent by 2. 

Finally, while (he law of change in (he sine is very different iieai 
the close of the (juadrant from what it is near the beginning, the 
sine changing very rai)idly at the beginning and very slowly at the 
close, ami tlic cosine is just the opposite, the tangent, and cotangent 
have the same law of change at both extremities of the quadrant 
Thus, if near tin* beginning of the quadrant a certain small increase 
4)f the arc increases the tangent at a particular rate, it decreases the 
cotangent at the same rate, since these functions are reciprocads of 
each other. Moreover, since tan 1° = cot (00° — 1°) = cot 80% 
cot 80° changes according to the same law as tan 1°; and tan 89 
changes reciprocally with cot 89°. 

74. lyescription of Table IIT. — Tlie first page of the table 
enables us to find the sines of angles leas tlian 2° 3G' 15" (and con* 
lequently the cosines of angles lx*tween 87° 23' 45" and 99°) with 
'asrj great accuracy. The columns beadi^l Angles contain the degrees, 
minutes, and seconds of the proposed angles, and the columns at 
their right gite the same angles in seconds. The columns headed 
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Diff* contain tlie corrections to bo used acconlin" to following 
problems. The second and third pages answer a similar pnrjKMW 
with reference to tangents and coUiugeuts of arcs witi»in ‘-i** W 20** 
of the limits of the quadrant 


7t>* — Letting x represent any number of secotuh h$s than 

2* 30' 15", we have, 

log sin x" = 4.0S:>5t5 -f log j — Ditf. 

DuM.—The It n^lli of 1 ' i>f an arc to nuliim unity U JM tl’iOWnt'VKDTO (the 
leijgtli of lh<r iJcinif'in’MinlVn ni'i*) OisiHH) (tlir lunulHr of sofnutU in ISO**), nml 
: - .(K>OOOiy For pmt iical j>ur|M*sr» Uih fr.K titui may al^o hr !iik«*u aw the 

sine of 1". Thou'rh, artiially, the hiiir is h-ss tluin tli'* lur. tin* r\|irr.hsli»n«i for 
arc I" and sine F'ti’zree to ns many piJUTs ordi rimuls as wv imve In rr. Aji^ain, 
for these small ares tin* sim* ineo'ases at utur-i/ tin same rate as the are, ho that 
Hinll ' -- .0()(H)()IH1S12 X .'I nrarly ; sin Itt* ' OiHHHJlwisr^ x 10‘J nntrlf/ ; IhcMe 
rf‘Hults heinji sli^^hlly in exeess of the line vahn s. It is tin* eorreeiiun for thii 
excess that is furnish<*d hv Table HI in the eolnmns marUt d lint thiH 

Uihle is a laptetl K* lojiarilhmic eoinputation ; hema* uo has <■!•*;» xin i” h»ir 
•in 1" *1 lo;;j — Dilf. In tliis e\pn’ssi(*n loj^ sinF' is the h' -.niilim of the mitn 
ral sim* i)f jr ' (not imTeased hy lo, as ea« h fimedon In 'I'alde 1! i-); loj; nIh I" 
•f !oi;.r, that i'*, the lot'arithrnie sine of F pins the loin»rilhm of the immlier of 
seconds, tone I »<mds to mti]ti|<}yin:jr the stn 1" hy the number of Maonds, and 
gives tin’ Kg.oithm <d the prodm l.or stric tly, the {'^.rai iilim of ih«- hnneth of the 
arc of x '. Now. tin* sine of j- ' being less lliun the are, its logarithm is lesM than 
the logarithm of the length of the are Just Im»\v mm h h ss the luhh* tc lU, Thii 
'JiflV:rence, therefore, bc'twec-n the logarithm of the are and tin* Ingariilini cjf iU 
nine, which is given in the tabh*, is tn be Kubtraeted, Finally, to make lid* 
n*siilt agn-e with 'fabh* 11. we muHl add 10 to tin* resnll Now, log *iu I ' 
log .(M)0004blH12 r.= O.GH.m 75, and adding 10. wc- have 4 0H.V#7.'iw 
log siiiy = 4.0V>’>o» e Jogj* — Hitr, 

• result which agrees with the l»»gariihmic func tions in Table II. q R. ». 

70. Con. 1.— 7V> obtain the tog co.i of an angle between S7'' 23' 45' 
ind OU®, froni this table, take the log ain of its torn piemen t. 

77. Con. 2.— To obtain the Jog tan of an angle less than 2® 30' 20"» 
from this table, use the formula, 

log tun z" = 4.085575 -f logx + DifT. 

Drm- — F or as small an arc as 1", idne, arc, and tangent are, pracdlcalty 
equal; hcncc, log tan 1" ~ log sin 1 ' = 4.085575 (10 Ining addc‘d>, Mon^over. 
for Uiesc small arcs the tangent* increase (like the sinc'*) in marfy the same 
ratio as tlie area; iience, we a<lcl lotrx. Finally, the tarigeni h a little In cxccat 
jf tbo arc, which exrxwa is civiiA In the table, and is to t>e adtJeef q is. d. 
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78. Cob. 3.— To obtain the log cot of an angle Use than 2" 30' 16' , 
from, this table, use the formula, 

log cot a:" = 15.314425 — log x — DiiL 

Dit¥OX*TiiATioK.-Since cot *" = log = log 1 - log tM»" 

= 20 - (4.085575 + log * + Diff.) = 15.314425 - log a: - Diff. The 20 arises 
(rom adding 10 twice to log 1 (= 0). One 10 is added because 4.085575 is 10 in 
excess of the true log tan 1” ; and the other 10 is added in order to make lUo 
log cotx " agree with the ordinary tubulated value, as in Table II. Q. K. D. 


79. Con. 4 . — To obtain the log tan of an angle between 87" 23' 45” 
and 90", take the log col of its complement ; and to obtain the log col 
of an angle between the same values, take the log tan oj its complement. 


80. J*rob. — Having given a log sin less than 8.C57307 {the log 
ain 2* 3C' 15 "), tojind the corresponding angle. 

Solution.— From lo^ sin j" -- 4.(W.m7.> + j — Diff., wc h;ivc, 
lo#' Kin x'" — 4 Diir. Ilcncc, if from Uu; pvfii we subtmet 

4.085575, and then add the proper correcUtm as furnished hy Table III., we liavc 
the lo^urilhiii of the lunnber of sectmd.s sou^xhl. liul we ('annol tell what DilT. 
to take till we know the nifinlMT of .seconds. To meet this dittieulty, tiud the 
an|;Ie ctirrespondiuj; to the given log sin from Tabh? 11., and reduce it to gecondi. 
ThUi will Lm; suHleieully accurate to furnish the required DilT. 


81m Cor. 1. — I/avinr; given a log cos less titan 8,057; I! 17 {llte log cos 
ofSl'" 23' 45' ), to find the corresponding angky treat it as if it were a 
log sin, and having fouiul I he corresponding angle, take its comple* 
fnsni. 


82m Cor. 2. — For log tan and log cot, the fonnulce in (77, 7^), 


giw. 


logx = log tan a:" - 4.085575 - Diff., 
and,log := 15.314425 — log cot a:'' — Diff 


These are applied as in {80) ; that is, the Diff to be subtracted is 
found by gt'ttiug from Table II. the rtHpiinal angle in sccoiuls, as 
near as may be, and then take from Tabic 111. the correspoudlug 
Diff 
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EXAMPLES. 

1. Find the log sin, tun, and cot of 1® IT 15'*. 

Solution.— L og sin r ir \:r i.C^Vur^ + U»g 4275 ~ .ooooai asKMSO. 
I* ir 15'" = 4275 ", Since 4275" U bclwcim 4250" and 4500, Iho Diff. U ai 
imUliouths). 

Log tnu r ir 15" = 4.085575 log 4275 4- .000002 8.510573. 

Log cot r 11' 15 ' 15 514425 - log 4275 - 00(X>02 - 11.083427. 

Or, log col can be Ibund b}' Bubtnu'ling log Liti from 20. 

2. Verify tlio following by using Table ML: 

log sin 50' 20" = S.215212 ; log tun 50' 20' H.215:i0l; 

lug cot 50’ 20" rr: 1 l.TSlO'Jl). 

3. Verify the following by u.sing Table III.: 

log cos 88® 17' 41" = 8.47:bT»G; log tan 88" 17' 44" = 11.520412; 
log cot 88® 17' 44" - 8.473588. 


4 . Having given the Ingurithniic sine 7.210481 to (iinl the angle. 

8»>i.ution, — From Tal)lc II. we fintl 0' 5" ns the angle. Hut thin In 

lubjcct to the inaccuracy c.vliibited in (7*V). 'fo obtain Ihr rotretl renult from 
Table III., we have (^O), 

log X zz 7.24G4M1 - 4 (iH.55T5 f 0 2.500000. 

X sz :i0^l.8 ; or the angle Is 0' 3" .8. 

5. Given the logarithmic tangent 7.80.5187, to find the f!'>rreHpond- 
ing angle. 

Solution. — Table II. givfj* 21' 5H"5- IsiH '..'laHtheiingh*. From Table III. 
tli€ DifT. corresponding to Ihw is 0 (fnilliontlis). Jlenee, 
log X r;: h>g t'ln x" — 4.0H.ViT5 — DifT 
bccomiti, logJT = 7 805187 — 4.GH5575 — .OOtHKlG 5 IIDSKKI. 

X 1318; and Uu? angle U 1318" - 21' 58". 

6. Given the logarithmic cotangent 12.107148, to find the corre- 
sponding arc. 

Table IL (he aiigU 21' 40".S, but the true aiujk ae given h f 
TMe JIL is 21' 50 ". 
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SECTION V. 


TllliI0>0»:TRlCAL SOLUTIO OF PLANE TRUNGLES. 

H3* There arc six parts in every ]>lanc triangle: tliree sides and 
three angles; one side and any other two of which being given, the 
remaining parts can be found by means of the relations which exist 
between the sides and tabulated trigonometrical functions. To 
exhibit these highly important i)ra(^tical operations is the object of 
this section. We siuill treat first of right angled plane triangles, and 
then of oblicpie angled ]>lane triangles. 


OF UIGilT ANGLED TUIANGLES. 


Pro7>. H4.— The rdntions hcfwvcn the sides and the frif/oiioniet- 
rival f auctions of the obli<iac aiajlvs of a right angled triangle arc as 
foUoivs : 


(1) sine 

(2) cosine 

(3) tangent 


side opposite ^ 
hypotenuse ’ 
side adjacent^ 
by potim use ’ 
side opposite ^ 
side adjacent’ 


cosecant = 
secant = 
cotang(*nt = 


liypotenn^c 
side opposite ’ 
hY|>o(enu8e 
side adjacent' 
side adjacent 
side o])pusite* 



V^KM. — Lei CAB. Fiff. 12, be a tniin;;le, right 
angled nt A. Ia’I be Ibc* mrii>uring ;irc of the 
angle B, PD -- ^iii B,u!ul BD r-. cos B. From the 

PD 

similar triangles PDB and CAB, wc have = 

CA • • B opposire . ^ BO . 

oC bypotemisc 


From ihe same triangles 


BO 

BP 


BA. 


side adjarenl 
hy|N>leniise 


Tangent being equal to sine divided 


by cosine, wc nave tan B : 


side oppf>site sid«* adjawnt _able opposite 


The 


hyfKUenuse hy|>olemiHe side A<ljact*iit 
Other IVmenoiis being the reciprocals of Uies^t^ three, are as given in the proposl- 
Uon. Fuiall}', ns a similar constniciiou could be ukule about the other oblique 
angle, C, this dcuionstraiiou may be considered general, q. s. 0. 
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Sen. t. —These fnnmtta arc m imporfanl that it h well u^ have them Rxtnl 
Id the iweinoty, iu)t only as written alM)ve. but also as follows: 

(1) . Siilc-opp = hy X sin, or or tan x aUKMulJ, t>r — • 

et»st*e ^ cot 

(2) . SUlc*a<lj “ hy x cos, or , or cot x siile opp, or — ^ ; 

sec • * lan ’ 

of which the relations sitle-opp rr hy x sin, mul siile-atlj r= hy x ct>8 are of the 
in«>st frequent use. 

Sen. 2 — The ^ix ratios iriven in thi< propi>sitioii are freqiU’Utly matle the def 
Initions of the tnp)nonictncal funeii(»t;s. Thus, referriute to a tl;;lit anijUnl lii 
ar^i^le, a .«‘ine of an anijle nmy he defined to he the ratio of tin* Hide op|Mwite to 
the hypotenuse ; the cosine :VH the rafi») «»f ilie .siilc adjat eiil to the hypoteiuise, 


etc. 

Sen, J*. — The student will he aided in n inetida rin^ these important relallont 
by observing that the side opposite the angle is an.ilog.eas tt> the sitie, ami the 

Bide adjacent to the eoslnc. Now,,the sine ^ , ami m> al>»<» the civ 

*‘y 

•Inc. Tangent <<|U.als sine divitletl by eosine, and in this easi* it U the p«ri 
unnlogoti.s to the sine, divided hy the part analogous to iln* eosine. One should 


not make Ihc blunder of saving that sin = , niim- that would make 

* hide opp 

the sine always nn>re than 1 ; but we have scm u that it nrver ran evi'ced 1. 
Similar checks agaiinst error may be m.aile in the case of the oiln r rehtlionii, 


EXKnri8i:H. 

[Notk. — T lie first five of the.He exen ises are iii.'iinly designed to illuHtratc th« 
prop</(^ilioit, and fainiliari/e the mind with the relations.] 

1. In a riglit atigled trian;glc wh<ts<' si'le.s are .'I, -I, ami Ti, what uro 
the tri"onoim ti’iciil riiiudion.s of the angles? What arc tin* nmctiouif 
w1j(‘u the side s are b, 8, ami 10? 

2, In u right angled triatigh; t»ic hyiH»tenn«c in 12, and tlie angl» 
at the hase sin' ’J. What arc the sides? What is the nine of lit/' 
other angle ? 

Suo.— Represent the angles hy B, A, and C, A licing the right angle; »nJ 

b b 

the Bide* opi>oBitc hy 6, <i, and c. Then Bin B = or i — p, ; whence.^ = <1 
Bin C = COB B = i ^ ~ 


3. In a right angled triangle whose hypotenuse is 12, and thr 
angle at the base w hat are the other parts ? 

Am, Cos~*|\/5]^ VV^. and 
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4. The sides of a right angled triangle arc 20 and 32. Wliat are 

the angles and hypotenuse? Obtain the hypotenuse by means of 
the secant _ 

A?ts. Tan“’ tan~' and 4\/8i). 

5. The hypotenuse of a right angled triangle is 120, and one 

fide 100. Show tluit the angle opposite the latter is tan~’T^\/llif the 
adjacent angle cosecYr and the remaining side Obtain 

these results in the order given. Use a trigonometrical function to 
obtain the last. 


EXAMPLES. 

(rt) BY MEANS OF THE TABLE OP NATUUAL FUNCTIONS. 

1. In a right angled triangle ABC, the hypot('misc BC is 235, and 
the angle B is 43° 25'. P’ind tlie aijgle C, ami the sides AB and AC. 

C = 4(>° 35'; AB = ITO.T ; AC = 1G1.52. 

SoLimoN — To Jlnd C, wc have but to remeinlK*r that the angles of a right 
angled triangle are eomt>lenK*nts of eucli oilier; whence, C " IK)* — B = 40 35'. 

AB 

To find AB, we have cos B or AB rr 235 x cos 43* 25'. Now, from the table 
of natural fiiiu'iioiis wc find cos 13* 25' := .72037; whence AB =: 235 x .72037 

•tr 170.7. To find AC, wc have sin B : ; whence AC - 235 x .0873 = 101.53. 

2. In a right angled triangle ABC, tlio liypotenuse AC is 04.0, and 
tlie angle C is 50° 30'. Find the angle A, and the sides AB and BC. 

A “33" 30'; AB =78.88 ; BC = 52.21. 

3. In a right angled triangle BDF, the hypotenuse BF is 127.9, and 
the angle B is 40" 10' 30". Find the angle F, and the sides BD and 
OF. 

F = 40" 40' 30"; BD = 07.72; DF = 82.51. 

4. In the triangle CDE, right angled at E, given the side DE 75, the 
side CE 50.50, to lind the other parta 

Ilypotennsc = 00.47. 

5. In tho right angled triangle CDE. given the h3’potcnnse CO 264, 
tlie side CE 135.07, to find the other parta 

OE = 22C.2a 

d Given the hypotenuse 435, and one of the acute angles 44% to 
find the other parta 

7. Given the hypotenuse 64, and the base 51.778, to find the other 



SOLUTION OP lUGirr AHQXJBD PLANE TRIANOLKS. 


47 


8, Given the hypotenuse 740 feet, ami the base 548.^*55 fi^et, to 
find the other parts. 

9. Given the hypotenuse 125.7 yards, and one of the acute angles 
75® 12 23", to find the otlier parts. 

10. Given one side 388.875, and the adjacent angle 27® 38' 50", to 
find the other parts of a right angled triangle. 


(5) BY MEANS OP A TABLE OF LOO A K ITH M I C Fl’KCTlONS. 

11. In aright angleil triangle, givt n an oblirpie angle 54® 27' 39", 
and the side opposite 50.293, to find the other part.**. 

Boix’TION. — T he oth<‘r oblique ancjle Is 90’ —TiL 27' 90 " 95* 92' 21". 

5e» 2‘99 iVl 299 

To find the ht/micnui*e, we have sin 5-r 27' 99" , * , (nhp -• 

• * ^ hi/ Mliol 27 99 

Applying logarithms to faeilitate <»>mputaii»>n, log hi/ l.>g r»r»,299 — log 

«in 5r 27' 99" 4 10, The 10 is luhWd sin< e lie* log “in 9 1 ' 27' 99 ' louml in the 

Uihhj is 10 too great. Now,l<»okiiig in Tahir L. \\v fiml log 50,299 " 1.7*»OL54; 

and in Tabic II., log sin 54' 27' 99" ^ 9.910179. lleiirr, 

log/ii/ 1.750154 - 0.910474 4- 10 - 1.H;J99 hO, ami hij (JO.lH. 

7b find iht uthcr /tide wc liiavc% tan angle ~ ■ , V* ‘^*1* ”* 

tndt otfj 

50.299 ^ //'■"?!.’? . Appiving login ilhins, log »iVfecif(/ 

ude adj ^ Inn 51 2. 99 

n log 50.299 ~ log tan 51'’27' 99" 4- 10 - 1.750i5t — 10 1 10104 •4- 10 "t: 1.00-19.50, 
Side (uij .r 40.2115. 

12. In a riglit angled triangle ABC, the hypotrnu.'^e AC is 340, and 
Ihe side AB is 200. Find the acute angie.s A ami C, ami the jK-rpen- 
dicular BC. 

A = 53® 58' 0" ; c = 30'* V 51' ; BC 274 95. 

13. In a right angled triangle ABC, the per|H*mlirular AB is 730.3 
and BC 500. Find the acute angles A and C, ami ibr hy[K>teinmj AC* 

A = 34® 10' 45" ; C r= 55® 49' 15 ' ; AC = 890,02. 
.14. In a right angleil triangle BDF, the p<‘qM*ndicular BD is 24GJ12, 
and OF 380.07. Find the acute angles t and F* and the hypi»tc- 
nu8C BF. 

B « 5r 3' 11"; F e 32® 50' 49" ; BF =: 452.91. 
15. In a right angled triangle ABC» the side AB is 219, and the 
angle A is 29® 14'. Find the perpendicnlar BC, and the hypotennae 

AC 


BC = 130J35 ; AC = 235.34L 
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i8 

1C. Ill 11 rifjht angled triangle ABC, the hypotenuse AC is i)5.75, and 
the side BC GO, Find the acute angles A and C, and the perjicn- 
diculur AB. 

A = 38° 48' r ; C = 51° 11' 53" ; AB = 74.C2. 

17. In a right angled triangle ABC, the side BC is 304.3, and the 
angle A is 50° 45', Find the perpendicular AB, and the liypotenus<' 

AC. 

AB = 297.045 ; AC = 470.433 

[Notk. — T lie first ten examples may be solved by b\^aritbms if additional 
exercises are ncssled, or tlursc by means of the natural functions. Also any one 
of the exampl<‘s uill allbrd several others by giving and mpuring dilfercnt 
parts. 3’Iiuh, from A>. 17, we can give AB = 2117.045, A =; 50* 45', ami require 
ibc other parts, etc.]. 


(jENFJlAL AITLICATIONS. 

1. Find the area of a parallelogram whose adjacent sides arc 28 
and 30 feet, and the intduded angle 75°. 

SiTO. — First find the altitude. 

2. A railroad track 403 feet 3 inches in length has a nnifonn grade 
of 3°. Show tliat the vertical rise is 24 feet 3 inches, nearly. 

3. A railroatl track inakc.s a vertical rise id* 150 feet, hy nnifonn 
grade, in 3,000 feet of track. What is the grade? 

4. Find the apotliein and radius of the circumscribed circle of a 
regular hepttigon one of whose sides is 12 feet. 

5. Find the area of a regtilar dodecagon inscribed in a circle whose 
nulius is 12. 

C. The angle of elevation to the top of a stoeph* is 47° 30', a* 
measured from a point in the same horizontal jdane as its bases and 
at u distance of 200 feet from it What is the lieight of the steeple ? 

218 . 2 C. ft. 

7. A tower 103 feet high throws a shadow 51,5 feet long, «|K)n the 
horizon lul plane of its base : what is the angle of elevation of the 
8im? 

8. The angle at the vertc.v of a right cone is 52° 23', and the 
slant height 12Gfeet: what is the diameter of the basc« and what 
the altitude ? 
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9. In FHg. 13, letting EO rep- 
resent the ear til and M the 

moon, the radius of the earth - 

EO = 395(>.5i, and the angle 
EM0^=:57', required to liiid 
the distance OM, E being a 
right angle. Fi «, w . 



The (iisfance of the }noon from ihe earthy ns giren by this emopu^ 


tatioHy is iJ38,(’»13 )nilcs, 

10. In Fiy. 13, letting ON represent a taiigriit to the moon’s di-^o 
at N, the angle NOM is nuulily ineasunuh being Ijalf the niooiTs 
ii])parent diameter. 'Die apparent diameter of the moon being 
STiiO ", and its distance from the earth us foinul in the last example, 
what is the diameter? 


Ja.«. iilTO miloH. 


OF OIUdQUK ANGLKI) PLANE TUIANtiI.ES 

IMPOrtTAKT HKt.ATIONS KXISTtNU IJKTVV |:|:N' TH K M IU;s A N h TlltnO- 
NOMKTItrCAL PI NCTION'S OP TIIK ANOI.KS OP OUMqri; ANOl.P.O 
PLANE TltlANOLFJS. 


85, Prop,— 77ie sides of nuy plane 
irianyh are proportional to ihe sines of 
ihe angles opposite, 

Oem. — Let ABC tie any plain? trianglr. In i 
fall friim either angle, os C, a |K?rjH*tnllnilar 
ui>oa the opiK>silc si<Ic, or U|>on that il'le 
pnKliict‘tl. DesigrmU? Ihe anglii* by A, B, and 
C, Ihe »hk‘9 opixisite by and c, and Die fn-r* 
pendicular by P. 

Now, fnim tiie right angled triangle ADC 
we hare P = 6 atii A ; aL»r> fr)in CDB, P = a" 
a ain B ; aln ABC in Oic iM.fond Mng 

sin CBD. Hence, equating the vulueii of P, 

6 tin A =r a »in B, or a : 6 : : tin A : ain B. 




*0 

#c 

I 

p 

I 

1 

•0 


• Tbl« angle I* called the moon’* horlmnlml (lermltes. aod I# rr^edlff mr»»ur*fd. Ikime raJe 
aoiloa tlM auumcr la waicJi parellea become* apparent, majr be got frvim «xMi»ulef1nf tba 
dUtbreoca la direcUoo fmm two ofaeenrere to tbe moon, one obterver etaarllng dlreelly oader 
tbe motm^a* at F« *ad the otker at £, aeemg tbe moon in hi* hortz^m. The angular diaplaca 
■MN»i of the aaooo doe to ibcee dUFpreat potat* of obaoreatioa i* hortatmial parallaa. 

4 
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FIAKE TBiaONOXETBT, 


Prop»—TIi€ sum of any two sides of a plane triangle is to 
their difference, as the tangent of half the sum of the angles opposite 
is to the tangent of half their difference. 

DEM.—Lctting a und h roprm nt any two sides of a plane triangle, and A 
and B the angles opposite, we l»avc a : b : : sin A : sin B. Taking this both by 
Ci)inpo8ition and division, we liavc <1 -i- b : a — b :: sin A 4- sin B : sin A — sin B, 
But from (00), sin A + sin B : sin A — sin B : : tan i(A + B) ; Ian 4(A — B). 
/. a 4 - 6 : a — 6 : : tan i(A + B) : tan ^(A — B). e. d. 


S7» Prop. — The tangent of half of any angle of a plane triangle 
equals (*, divided by half the perimeter of the triangle minus the side 
opposite the angle ; in whirh k is the radius of the inscribed circle, 
and equals the square root of the continued product of half the peri* 
meter minus each side separately, divided by half the perimeter. 


Dicm.— T^ rt ABC be any plane Irianglc. 
Bepresent the angles i:y A, B, and C, the 
sides opposite by o, h, and. e, the perimeter 
by /), and the segments of the sides made 
by the radii of the inseriln d eirele, by j, y, 
and e, as in llte llgnre. 

I'hen a 4 6 4 c rr 2 j- 4- 2 y + 21 = or 
f 4* y 4- f \p. 

Whence x Ip — a, y = ip — /», and s 
s= c ; since y f t ™ a, j- + « = b, and x 



k k 

Now from the triangles AOD, DOB, and COE, tan iA=~=T , tan 

» ip ^ a 

k k k k 

|B = - = - and tan iC = - = ^ 

y iV-b I ip- e 

To find k. + jC — PO", or |A = 00* — (JB + JC); whence, tnn }A 

= J = wn [00* - (IB + lO] = col (iB + 40 = (54. D«0. 

A » A 

Bttbstittttlng for tan iB, and tan iC, y and we bare = *j . — whence 

f » 

e = ;(» + » + ^ = i»» ! And * = In this T«loc of t. rob- 

tUtotlng for E, y, and • their valaes, wo have k = ~ 

^ iP 
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SciL 1.— These three propositions (M, SG^ 8T\ fumUh the most 
elegant and czpc'ditious means for hnding the unkiiowu parts of an ohlit]tie 
mglcd plane triangle, when a suflicicui lutmU^r of parts art* given or kni)wu 

GfP» Sen, 2 . — Important l*ractical SnggrMionn, 

IsU Two angles of a triangle Unug gtvrn, tlio liiiixl is known by implication, 
It being the supplement of llu* sum of tbe other two. 

2ud. Wlicn two of the known, or given, parts are opposite each other, Ihs 
tirst pro]x>siti<>n (<V5) effects the soiution. 

Snk When two skies and the included angle are given, llie solution is effec'ml 
L)y means of the sceond proiKisition {HG), 

4lli. When tho three sides are given, the angles arc found by Uto third 
;>ropo8ition (^7). 


EXERCISES. 


1, In the plane triangle CDE, given tlie angle D = 15” ID' 51"* 
Z = 72” 44' 05 and the side c, op[K)site C, 

250.4, to Uiid the other parU. 

d ' 

Solution.-— /‘V rjif, E = 180^— (D f C) 111* 50' OP' / .- ^ 

sa, 1*1). ^ 

ikeoridf To find side d opposite angle DW#, 2iid). 

sin C : sin D : : : f/, or 

sin 72" 44' 05" : sin 15 10' 51" ; : 25(1.4 : d. 


This proposition may he solvt’d for#/, by taking the natural .-iinc of 15* lU' 51". 
:nulliplying it by 250 4, atnl ilivnliiig the punlucl by the natural sUio of 
r'i" 44' 05'^; or, more exi)cdiUoiisly, by logarithms, as follows: 

log 250.4 2 .:ni 8 (;:u 

log sin 15- 10' 51" -r 0.122210 

log sin 72* 44' 05 ' (ar. c<imp)* — 0.02<^24 

logd= f l.«l(»y07 d = C0.32a 

r/nrd. To find side e opixwite angle E {SfP, 2nd;. 

sin C ; sill E : ; ; r, or 

tin 72* 44' 05 ' ; sin 01* 50' 04" ; : 250.4 : 


Making the computation by logarithma, 

log 250.04 2 3080:i4 

log sin 01* 50' 04" t fi-if00702 

Iog8m72*44'05''(ar corap) = . • . . . 0 020024 

log < i4lb4lU. .5 # =: 262.000. 


• See iDtrodncUoD to Tebli* I. (17)- 

t The stailcfit oioet beer ia mlmt the fhei that sQ the log. trig, fsnes. are 10 too aad 
uaet s«e exactljr wbac corroctirio* to awke io hto raeulte, on tliic aoeouat. to this case me 
ar. tatmp. It 10 too mtaJL, tiucc Ibe b^gtrlibm we took Iruai tLhe Uble Cur k>z *to ‘1^ 44^0^' aria 
10 loo lar):e. But oar toj* tio t>* vy 01' It 10 too targt, and jatt tmrocu (h« falter. Ileace, we 
have to oaly tO from the entire wru llJflOWr, sad this vn accaeot uf the aee of or. omup 
I Tike the sha: of the ia|»f»i«sacat, ot the oosiat of the f(lrea aagte afiaii fO*. 
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2. Ill the plane triangle ABC, A = 35® 42', B = 76® 27', an I AB =s 
142. What are the other parts ? 

A 71 JS. c = 67® 51'; AC = 149.05; BC = 89.47. 

3. Given two angles of a plane triangle, 23® 40' 32'' and 69® 39' 51", 
and the included side 100, to find the other parts. 

4. In a plane triangle ABC, the side AB is 254.3, the side AC 396.8, 
and the angle B 94® 29'. Find the angles A and C, and the side BC. 

A = 45® 48' 21"; C = 39® 42' 39 '; BC = 285.37. 

Buo’i.*— To find the angl« C, wo Imve 

890.8 : 254.3 : : sin 04* 29' : sin C. 

From tills proportion we get log sin C = 9.805443. Now, as we liave seen 
Ix^fore, there are an iiitiiiite numlier of angles correspoiuhng to any given sine, 
how Hhiill we know what one to take in this case? First, no angle of a triangle 
can excx'ed 180“ ; hene<;, there are but Iwo angles, one an acute angle, and the 
other its supplement, whi(!h cun come into consideratiou in the solution of plane 
triangles. But which of tA/fjig two are we to take ? Thus, in this case, both the 
angles 39* 42’ 39" and 140' 17' 21" corr<‘spond to log sin 9.805443. In this ex- 
aiiiph; the ambiguity i.s resolved by observing that the given angle B is obtuse, 
and a plane triangle can have but one obtuse angle. C = 39* 42' 39'^ 

5. In a piano triangle BDF, the angle B is 40®, tlie side BD is 400, 
and tlie side OF 350. Find the angles D and F, and the side BF. 


Buo’a—To find F, wo have 

350 : 400 : : sin 40* : sin F, 

from wldeh log sin F ~ 9.8U0059, and F = 47* 16' 28 ", and its supplement 
132* 43' 32", How are we to deUTiniue wbieb of these to lake? The ff*Mn 
angle Is 40*; hence, as far n.s (hat is concerned, eitluT of the two will meet the 
conditions. There are, therefore, it/kf angk's, F = 47* 16' 28 " and F = 132* 43' 33^', 
which frildll the conditions. Wc therefore solve two triangloM, one having two 
O of its 8uU*s 400 and 350, and the angles 40*, 

47* 16' 28", and 92* 43' 33" ; and another triangle 
with the same given parts and the two required 
^ \ angles 133* 43' 83". and 7“ 16' 28". This is n»atlily 

N. illustraU'd geometrically. Thus, lay off DBF' = 40*. 

® ^ ^ Take BD = 400. Then from D as a centre, with 

Fm». 16. radius 350 describe an arc cutting BF', It is evident 

Uiat if B b an acute angle the following cases may arise depending upon the 
value of DF : 

1st If DF is less than tlie |>crpendicular p, the problem Is im(>o9sible. 

3iid. If DF = p, Uie triangle is right angled at F. 

8rd. If DF > p and <BO there are two triangifst, one with an acute angle at 
F', as OF'B, and Uie other wiUi an obuiae angle at F, at OFB, both of which 
friim the oondltioiis of the problem. 

4th. If DF > DB there it but one triangle which frilflUs the conditions, Tin* 
the one with an acute angle at F'. 
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The reeults in the above exaniplea are» for triangle DF'B, angle OF 8 rs 
4ri6'28^ BDr = 93* 43' 32^ and aide Br=r548.«); for triangle DFB. 
angle DFB = 133* 43' 83", angle BDF =? V 16* 38 ", and aide BF == tkIM. 

90. Cob* — In applying trigonometrical fonnulm to the solution of 
triangle^j if the 2>art sought is found in terms of its hikk, the result 
is ambiguous^ and toe are to determine whether there rettllg are tfco 
solutions to the problem in a geometrical sense, by certain geometrical 
considerations, or else by trying both ralues for the angle determined 
by its sine* This ambiguity arises only tohrn an angle is determitml 
by its sine, as will appear hereafter. 

6. Given two sides (»f a plane triaiis;h* and 140, and the angle 
opposite the hitter 44'. Find tin* other parUs. 

liesuUs. — There are two triangles. 

Parts of the tirsl, 120^^ 4U' 40 23 1 1”, and Hi>.:J4 ; 

Parts of the second, 50*^ lo' 11, 84 5' 40 , and 2.12.84. 

7. Given two sides of a jjlane triangle Iho, Ino, and the angle op- 
{Kisite the former 12T® 33', to tind the other parts. 

There is butene triangle, and the parts are 20” 7' oO", 20'' 10' 1", 
and 100.G5. 

8. Given two sides of a plane friangh* 30.8 and 51.12, and the 
angle opposite the latter 30” 42' 11", to iind the other parlii. VVhjr 
but one triangle? 

9. Given two sides of a plane triangle GOO and 25tt, and the 
angle opposite the latt<?r 42® 12'. Find the other parts. 

f^uo. — Attempting to get the angle <»p|><>.si!e GOO, wc find log tin 10 207400, 
which U impossible. It is in itonie aiich way that a trigononurirical solutinn 
shows a geometrical absurdity. 

10. Given two sides of a plane triangle 1337.5 and 403, and the 
angle opjwsite the former GO® 4G'. Find the other parts. 


11. In a plane triangle, given two sides 1G8G and 900, and the in- 
cluded angle 128® 04', to find the other parts. 

C 

Solution.— L et a = lC8fi, h =s 900, and 
C = 128* 04'. (See H9, 8rtL) TUe sura of 

the angle* A and B Is 180* - 128* 04' = 

ar 56', and 4(A B) =s 25* 58'. From {HtPf ^ 
we have. Fie. It. 

a •¥ b : a zi tan pA + B) : tan — B), or 
3646 : 726 : : tan 25* 58' : tan i<A - B). 



, 1 ^ 
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Making the computations bj logarithms, we find log tan |(A — B) = 0.1258S7 
Hence, i(A B) = 7* W 40", the angle found in the table, or its supplement 
But i tlie difference of two angles of a triangle is less than 00* ; conscquentljr 
i(A - B) = 7* 80' 40". 

Now having UA + B) = 25* 58', and 4(A - B) = r 30' 40", we find A s= 
83* 84' 4(/\ and B = 18* 21' 20". 

The side e can be found by (S/f) as two opposite i>arta are now known. 
C :=: 2400. 

12, In a plane triangle ABC, the'side AB is 304, BC 280.3, and the 
included angle B is 100°, Find the angles A and C, and the side AC. 

A= 38° 3' 3'; C = 41° 50' 57' ; AC = 447.850. 

13. In a plane triangle ABC, the side AB is 103, AC 120, and the 
included angle A is 50° 30'. Find the angles B and c, and the side BC. 

B = 72 ' 20' 15"; C ^ 51° 0’ 45" ; BC = 110.207. 


14. In a piano triangle ABC, given the three sides, a = 3459, d = 
4209, and c = 0030.4, to find the angles. 

Solution,— -A pplying we huve. 

k = 4 / 1 

f i}> » 

log A: i {log (ip - <|) + log (ip ~ + log (ip - f) - log ip}. 

k k k 

Also, tan JA ~-r ; , tan iB — and tan iC = , or log tan iA 

* iP - a kP iP-c' ** 

~ log k — log (ip — a), log Ian iB - : log k — log (ip — ^), and log tan iC 

log k ~ log (ip - r). 

COMPUTATION. 

a = 8450 
b r= 4200 
e - 00:10.4 
p 13008 .4 

ip = 6840.2 (nr, comp.) log = 6.104360 

ip ^ a 8300.2 log =r 8.580226 

ip — 6 = 2040.2 log = 3,421037 

ip - c = 818.8 log =s 2.013178 

2)q^(»^l 
IogA= 3.014700 

log tan iA r= log k — log (ip — a ) =r 0.481474 A = SJT SO' 10".5 

log tan iB == log At - log (ip - 5) 0.503003 B = 42* 47' 

log Ian iC = log A - log (ip - c > = 10.101522 C rr 103* 16' 24" Jl 

J^/, A + B + ?■= 1^* W 00" 
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15. In a plane triangle ABC, tlie side AB is 9:>.G. bc is 57.%, and AC 
300. Find the angles A, B, and C. 

A= 65° 47' 55"; B = 95* 42' 52”; C - IS’ 29' 1:$". 
1C. In a jdano triangle BDF, the side BO is 500, OF is 40.J.7, and 
BF 595.75. Find the angles B, D, and F. 

B = 52° 0' 3"; 0 = 50° 34' 45"; F = 77° 25' 12". 


OBlJqUE ANGLED TRIiNOI.ES SOLVED BY MEANS OF BIGHT 
ANGLED TKIANGI.es. 

(Note. — Arti('}4‘s inrhisivr, iiimy l»o <»rniltr<l in nn rlrnunititry rtnirHO. 

if thouirht tlrsiralilt*. Or Ut uiul ils niipliratioiiH inuy In* lakfii iimtnnl nf 

HU slimiKl be iududetl iu Ruy course, ll is tut) cU iuciitary tuul iiupoiiiiut 
to bc omitted ] 

Ut* — All casrs of ohlitjuc aiujUtl plane tn'anfflr.H may ha 

solved by the solution of riyht anyled triangles, 

Dkm. — O f the three j;iv< n parU we may iifllrm tlmt they nrr, l»l, All 
adjacent; Two sidjiu't'iil anti one «' pani!cd ; or Urd, All &epiirul»Ml, 

1st. H7/e/i thr f/in'ii jhittn arr nil ioljntf'nt ; i. e., when they me tiro ii(U» and 
the ifu‘lu<t*'d nuf/U, or ///■-> nntl the in* 

ehtdrd To .solve fhe fiist h i fall a perpen- 

dicular iVfim the e.xtremity *.f one of the ^iven 
sitlcs u|wm the cither |.;iven side, or u|khi that 
side produeetl. There will thus be foriiieil two 
rif^hl angled triaiigh s whic h emi In; eoinputccl, 
and from the parts of v^liit h the parts of the 
required triangle can be found. Thus, let A bo 
the given angle, ainl h and e the given sidiu. 

In the right angled triangle AOC then* are given 
A and wlicnec AO, P, ami angle ACO, ran he 

conijnited. Then passing to triangle COB, we _ u 

know P, and DB (since we have e given and ^ 
have computed AD), ficnre, we ran roinpute 0, Fia. J8. 

(f, and DCB. Tlmt, the parts of ACB U erune known .... When the given 
parts arc two angle's and flic Inelmlet! shle, find the third angle liy taking the 
supplement of the two given. l fall * iwriM ndu ulur from one extremity of 
the given side upon the op|x»ite nidc. The two right angled triangb.?s thus 
fonned can then l>e computed. Thus, if A, A, and C an.' given, huvlug found 
let fall CD. The triangle ACD has the angle A and side h known, whence iU 
parts can l>e compute*!. Having computed P we can pas« to the triangle CDB. 
tnd knowing P and B, cam cocnpuic iL Thus the {narui of ACB bc 'ome known. 
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2n<l. When tw> of the given parte are a^aeent and one eeparated ; i. e , when 
two angicfl and a aide oppr>ftito one arc given ; or two sides and an angle oppo- 
tile one are given. The first of these ca-ses is virtually the same as the last given. 
To solve the other, let full a iK*rpendicular from the angle between the ^ven sides, 
and tw'o right angled triangh*s will Iw? formed wdiich can readily be computed. 
Thus a, 6, and A Ixjing given, and CD let fall from C, the triangle ACD can 
first be computed, and then COB. This is the ambiguous case, but it is easily 
dftermiiu'd. Having computed P, if the given side a is less tlmn P there is no 
solution ; if -r to P, one sohition (a right angled triangle); if a > P and < 6, there 
are two soluticms, i. e., it will go in bcticcen CD and AC, and also lieyond CD ; if 
a > P and also > b there is only one esilution, as it w ill not go in between CD 
and AC. 

3rd. When the three given jmrte are all nej^trated from each other. Thi.s is the 
case in wliich the three sides are given to hnd tiie angles. It is readily solved 
by letting fall a perpendicular from the angle opposite the greatest side, u|K)n 
that side, as CD iip<in AB. Then (rompiitt* ll»e segments AD (whicli call m), and 
DB (a), from the Iblluvving relation (Paut 11, E.v. page lt>2) : 

in + n (or <•) : b + a : : b-^ a ; wi — n. 

Knowing m and n, the angles of tlio tw’o right angled triangles ACD and 
CDB can be computed, and th(‘se make known the angles of ACB. e D 

I Note.— A few additional e.xampb's an* here given which the pupil can list 
to illuslraU? the theory presented in {Ut). If more arc needed the preceding 
cun Ih* used: tliese may also be used to apply tlir metliods i)efore give.n. Again, 
A very great variety and numl>cr of examples may be made from tiiese by as* 
signing different parts as known. | 


EXERCISES. 


1. In a plane triangle BDF, the side BF is 123.75, DF 500, and the 
included angle F 120‘\ Find the angles B and D, and the side BD. 

B = 12' 4"; D = lif 47' 50 " ; BD = 5:2.006. 

2. In a plane triangle ABC, the angle A is 70° 21', the angle B 
64° 22', and the side BC 125. Fin4 the angle C, and the sides AB 
and AC. 

c = 55° 17' ; AB = 109.1 ; AC = 107.8a 

3. In a plane triangle ABC, the side AB is 98, the side BC 95.12, 
and tlie angle C 33° 21'. Find the angles A and B, and the side AC. 

A = 32° 14 55" ; B = lU** 24' 5" ; AC = 162.33. 

4. In a plane triangle OAC, giren AD = 450, AC = 300, and D = 
87° 50', to find the otlier fiarta. 

C = 137° 9' 36'', or 42° 50' 24" ; A = 15° 0' 24", or 109° 19 36"; 
OC a- 171.36, 01 624.5. 
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COMPUTATION. 


It will give definltciifgs to the stii- 
d«nt*» thought, if he first sketch the 
figure geometrically. Thus, lay off 
0 = 27** 50\ and hiking AD = 450, 
let fall U»e iXTinnulicular AP. 

Ist Toeampute p, 
p c sin D =: 450 sin 27* 50', 
log 450 = 2.653213 

log sin 27* 50' = 9.660225 

logp 


A 



a. 


2.3224;i3. /. p = 210.106. P«®* 


Knowing p, we see hy inspection that AC can lie in U>lh the pusilioiiA AC 
*U(l AC', and licnce that there are two solutit»ns. 

2iui. To compuU C, from the triangle ACP, in which d and p ore now 
uiown. 

p 210HKJ 
Sin C ^ 

log 210.106 = 2.322438 
logilOO 2. 4Hm>5H 

l(*g sin C = 0.k{24SO. C* - 42" 50' 24", and C - 137* 9' 36". 

3rd. To find Ou anfe A. DAC : Ixi^ ^ (D ^ ACD) 1M)‘ VW 59' 30" = 
15* 0' 24". DAC' = 180* - (D 4 AC'D) . lH<r — 70 40' 24" imr 19' 36 ". 

4lh. To fnd DC. Compute DP and CP fmm the inangles APD and APC. 
DP - CP = DC, and DP CP = DC'. 

5. I?i u plane triangle ABC, the .Kiih* AB in 400, bC i** *140, and AC 
280. Find tin* angle.'j a. B, and C. 

A = 47® 2.r 10"; B = 37® 18' 31"; C 05“ 18' 13" 

6. The sides of a jdane triangle are 40, 34, and 25 feet reKjM Ct- 
ively ; reouired tlie angles. 

38® 25' 20", 57® 41' 24", 83 53' JO". 

7. The sides of a plane triangle are 300, 350, and 270 feet re«j»eet- 
'trely; required the angles. 

42® 22' OO", 00® 52' 33", and 70® 45' 21". 

8. Given two sides of a plane triangle 450 and 540, and the in- 
cluded angle 80®, to 6nd the remaining parts. 

Angles, 5G® 11', 43* 49'; and the side, 640.08. 

9. Given two side.** of a plane triangle 76 and 109, and the in- 
cluded angle 101® SCV, to find the remaining fmrtii. 

Angles, .30® STM#/', 47® 32' 30"; and the side, 144.8. 
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JOANE TllIGOKOlUSTlty. 


FKNCnOJtS OF THE AXOLES OP A TMANGIE IN TER118 OP THE 

SHIES. 

Ofi. Prop . — Any xide of a plane, trianyh equals the sum of the 
products of each of the other sides into the cosine of the anyle which it 

makes with the first side. 

Dkm. — I n the first figure AB = AD DB. 
But AD =:= b cos A, and DB = a cos B. .*. c = 
h cos A + a cos B. In the second figure AB = 
AD — DB. But AD =r b cos A, and DB = 
a cos CBD = « (— CI>S CBA) = — tj cos B, c 
—■ b cos A — (—<1 cos B) - b cos A 4- a cos B. 
In like manner, wc have « = cos C + c cos- 



ii 

Fm. so. 


- D 


( 1) a :x: 6 co.s C + c cos B ; 

(2) i = a cos C + c cos A ; 

(3) c = « cos B -4 6 cos A. Q. E. D. 


Cou. — T/iC isquare of anj/ side of a plane triauf/Ie equaLs iht 
sum of the squares of (he other tirOy minus twice their rectanylc into 
the cosine of their included anyle. 

Dkm. — F rom (3) (5#?), we have by transposing and squaring, 
a* cos* B ™ d* 4- cos' A — )lbc cos A ; and 
from (tSMf) tt* hin* B r- 6* sin* A. 

Adding, a* ~ c* 4. — '^hc cos A. 

In like luauiuT, b* €/* 4 c* — 'Z ic cos B ; 

and d* : . a* 4- ^* — *Ziib cos C. Q. k. d. 


04 o Sen . — These formula alforl another means for finding the angles of a 
piano triangle when tiie sidis are given. 'I'hus, 

/IX a ^'* + r»~/l* 

(li) cos A : 


(3i) cos C = 





2ac 


< 1 * 4 6*- 

d» 


%ab 


f&rmulm give dircK'lly the natural cosines of Uie anglers in terms of 
Ui© sides. To adapt them to logarithmic computation, wc transfonii them as 
follows: 

BubtrocUng cacli member of (1,) fn>m unity, 1 ~ cos A =r 1 — . _ 

!i6d 
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But 1 — cos A := 2sm*iA (.57, O); ami letting j) =z a + b -h ^(ii ^ h c) 
= ip i(a + c ~ = ip — Wiicucc, iubsUiuling, 

i{iP-c)Up^b) _ 

(li) sin 4 A = lo like miumor, 

(2.) wHB = ana 

r ac 

(3,) aialC = 

Id a manner altogether simihir. by adding eac h mcinU^r of (1-) to unity, and 
reducing, we get 

(1») coslA ::i: y/^i/il^ZLrJiL; and InMn (2,)tuul(d k 

(2.) = 

f ac 

(3i) cos iC = -it. 


Dividing (h) b} (h). (2,) by (2,). tmd Cb) by (3,), we have. 

(2,) 


(8.) 


tan iC =s 


Al p ~ b ) I \i> it) 

^ ' iimp - n 


EXERCLSES. 

[Note.— In order to render these /vrmwZfli fiimlliar. and to give the student 
cotcrciso in applying /ermwia, a few examples arc apixmdecL If necessary, any 
which precede can be used.] 

1. The sides of a piano triangle being 40, 34, and 23, find the 
angles. 


Solution. — By natural funeiiowL 

Lei the stdf^ l>e repreaented by a, b, and e In order, and the angles opposits 
fcj A, B, and C ; then 


- 3* c* — a* 

Co.A = — -— = 


itrwj ^623 - ir,oo^ 

KUO 


Ami. 


A =r W' 10". 



GO 


FtASB TBIOOMOlIErBT. 


There ^18 no ambiguity in this ease, since the coaine is + , and hence the angle 
is < 90*. 

The same angle is found by logarithmic computation, thus: 


a r= 40 . 

~ ^4 . 
e = 2rt . 
p rr 99 . 

ip = 49.5 . 
4P — a ~ 9.5 , 
ip^b=z 15.5 . 
ip c 24.5 . 


. log rr 1.002000 
.log= 1.531479 
. log = 1.397940 
. log = 1.9950:J5 
, log = 1.094^)5 
. log = 0.977724 
. log = 1.190332 
.h*g =: I.JIBOIOC 


log Up -c)~ 1.389160 
log Up - &) = 1.190333 
a. c. log 6 = 8.408521 

a. c. log c = 8 .602000 
2)1 .650079 
1-825039 
log sin i^ = 9.825039. 


i^ =: 41* 56' 38" and A = 83" 53' 16". 


In like manner tiic* oUkt angles may be found. 


2. The sides of a plane triangle being C, 5, and 4, find the 
angles. 

Thv an files are 82° 40' 00", 55° 40' 10", and 41° 24' 35". 

3. The sides of a plane triangle being S‘U)1.5, 4082, and 7008, find 
the angles. 

The (tmjles are 54° 35' 12", 2K" 4' 44", and 07° 20' 4". 

4. The sides of a plane triangle being .51 23tS<;4, .353Si)71, and 
.3090507, find tlie angles. 

The aufjle opjmile the hint side is 30° 18' 10".2. 


AREA OF PLANE TRIAN0LE8. 

l^rop, — The area of a plane frianple is equal (o half the 
product of any two sides into the sine o f the included angle* 

Dem.— Let ABC Ik? any plane triangle, and b and 
€ any two aides with A as the included angle. From 
the extremity of one of thwe two sides remote tirom 
At let fall a per]H‘ndiciilar p, upon the otbor si<ie 
Now, 

Area ACB =: {pe. 

But, fbom ACO, p = 5 ain A, Area ACB s*- 
sin A s, n. 

OG* CoR,— The area of a plane triangle is equal to the square root 
of the continued product of half its periixeter into half its perimoter 
minus each side separately. 


c 
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— Prora the proposition, and since sin A = 3sin iA cos |A* we have, 

Area = i6e sin A = A; sin iA cos i A = Ar x 

^ be f be 

^/iP (ip — «) (iji> ~ (ip — c). Q. E. D. 


KXEliristlSl. 

1. Given two sides of a jdune triangle r^r».81 and r»7.Cr), and the 
included angle 57° Find the arciu 

Area = 30:):>.7. 

2. Given the sides of a ])lane triangle lO.'J.r) and 90, and tin; 
included angle 100°, to find the areju 

Aren = 4580.74. 

3. How many square yards are there in a triangle \viu>«e sides are 
30, 40, and 50 feet ? 

A rea : . (»ti|. 

4. Find the area of a triangle whose sides are ,!(), 30, ami K). 

Arm, 390.4737. 

5. What is the area of a triangle whose sides are 30 ainl 40, and 
their included angle 38° 57' ? 

Arm rr 390.437. 

6. What is the number of square yanl.s in a triangle, of which tlie 
sides are 25 feet and 21.25 feet, and their included angle 45^ ? 

Aren - 30.8094. 

7. Find the area of a triangle in whi<*h two of the angles are 80° 
and C0° resp(‘Ctively, and tlie inelinled side 33 fe* h 

Arm z=: 079.33 s^juare fe.*t. 

8. Find the urea of a triangular field having one of its sides 4.") 
poles in length, and the two avljacent angles, respectively, 70° and 

<59° 40'. 

Aren = 137H.411 Sfjuare poles. 

9. Find the area of a triangular piece of ground having two 
angles res jh.‘C lively 73° 10' and 90° 50', and the side op|K>siUi the 
latter 75.3 poles. 

Area = 748.03 sriuare jxilea. 


PRACTICAL APPLICAT105H. 

INot*.— T he following problffnij are imerted. not as any part of a treatiM 
npem tlie aobject of trigonometry aa pure adence, liut as alfonling the stitdeiil 
rood mestal exercise, and valuable and IntereMiog lttfonDatioii.J 



62 


FLASK TBIOONOHETBT. 


1. To find the length (in miles) of a degree of longitude at Ann 
Arbor, Mich. 

Boi.ction. — ^Lct NESQ be a meridian section of 
the earth, EQ the equatorial diameter, and EL the lath 
tude of Ann Arbor, 42“ 10' 48".3. A degree of longi 
tilde at L is jio of the circumference of the circle 
wlinse radius is LO. CL the radius of the earth at 
this point =: 39.j7.* Now in the right angled triangle 
LCD, we have CLD = ECL r:= 42“ 10' 48".:}, and CL =: 
:U)ri7 ; whence, LD ~ CL x cos 42“ 10' 48".3, and LD 
“ 2027.0. A degree — 01.1 miles. As a degree in 
longitude makes 4 minutes diflerence in time, 51.1 
miles east or W(?st on this parallel \n equivalent to 4 minutes dilfercncc in lime. 



Qr’KUY. — IIow does it appear from the above solution that the length of a 
degree of longitude varies iuh the (x>sinc of the latitude? 


2. find the distance of u planet from the earth at any par- 
ticular time. 


SoMiTiON — To render the problem as simple as possible, we will suppose two 

observatories on tlie same meridian, at N.and 
N'; and that w hen the planet P is on the same 
imridian, the angles ZNP, and Z'N'P (the 
zenith dhlancis) arc measured. With these 
data ami the nulins «)f the earth, CN, CN', 
kmiwn, (he problem comes (piite within Uic 
sc’ope of the present study. Tlic process is 
ns follows: The arc NN' being know'n, tlic 
angle NCN' Is known. Then in the triangle 
NCN ’, two sides and the inebided angle are 
known, wlieuee the other parts can he founiL 
Now, know ing the angles PNC, PN'C, and 
CNN', CN'N, we ran find the angles PNN', 
PN'N. Thl.s alfords sufflelent partsof tlie triangle PNN to di termine the triangle, 
and wo find PN, or PN'. Kinally, in the triangle PNC, we know PN, NC,aiid 
Ute hudiKled angle; whence the other parts can l>c computed. But PC is the 
distance soughL 



Fio. 33. 


3. Suppose in case of the moon, the angles PN2, and PN'2% being 
mcasun d, are found to be resiK*ctively 44® 54' 21", and 48® 42' 57", 
the distance bettveen the points of observation N and N' is 02® 14', 
and the radius of tlie earth is 3050.2 miles; find the distance to the 

moon* 

Distance = 237,054.008 mile*. 


• The ladlaa of tha earth ta sWI.t mU«a ; h«t In ooMaqaeace of the flatUaisf la 

thodlrection oftho polar dtanetor It It teaa hare. 


PRACnOAL FBOBLEM8. 
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4. Required the height of a 
hill D above a horizontal plane 

D 

AB, the distance between A and 


B being equal to 075 yards, and 


the angles of elevation at a and 


B being respectively 15® 30' and 


27® 29'. 

DC 5S7.01 yards 


5. F’ind the area of a n*trnlar hexagon, aiul also of a rop^ular 
octii^ou, whose sides aiv each lO fi*et. 

.Irctfs, and J squares feet 

0. Find the area of a n‘"nlar ]>enta^:^on, and also of a r<7;ti)ar dre- 
ugon, whose sides are each 1:2 fci t. 

jirraSf 12 *17. 71, and 11U7.DG square feet, 

7. Wishinp^ to know the Ituiirth of a certain |Kunl nf watt-r, 1 
measured a line 100 yards in lcn;^lln and at ea< h <»f its cxtrcinilies 
observed the angles .•'Uhtenih'd hy the other cNtr- inity and a couple 
of trees at the cxtreinitu'S (»f tin* pond. Thesr angles urre, at <tne 
end of the line, and OS®, atnl at the other, '17' and IIS'; what 
was the length of the pond? 


Draw the lioji/ontal line AB « fjual l«* JfK); 
make ihc anji;le BAD .'1:2 , BAC , ABC 
antlABDlis'. 'I' he i?ilerse<'f idijH of llif lini M 
AC and BC,AD and BO.dcfrtiuinf! iheevtrenii- 
tics of tlic |>ond ; the 6lrui;j;ht line CO is the 
kuj^lh of I tic pond. 

CD r= 1G1.8(W yards. 



8. The distances AB, AC, and BC. between 
the points A, B, and C, are known ; viz., AB = 
800 yds., AC = tlOO yd.s., and BC = 400 yds. 
From a fourth point P, the angh*.s APC and BPC 
are measuretl ; viz., APC = 4o , 
and BPC = 22® 

Ei^|uin;d the distances AP, BP, and CP. 

{ AP = 710.193 yds. 
BP = 934-291 ydA 
CP = 1042.522 yds. 


c 
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PLANE TBIOOKOMETBY. 


BnoV. — Conctrive the circaimfercncc paasotl through A, B, and P, and AD and 
DB drawn. In the triangle ADB, angle DAB = the given angle DPB, and DBA 
ss APD. Uetuxs all the parts of triangle ADB can lx* found. Again, since the 
•ides of the triangle ACB arc given, its angle’s can be found. Then, since angle 
CAB — DAB = CAD, there arc two sides and the included angle known in 
triangle ACD ; whence angle ACD can be found. Thus we reach the triangle 
ACP , in which there are now known AC and the angles. 

9. From the top of a mountain, three miles high, the angle of 
deprcKsion of a line tangent to the earth's surface is taken, and 
found to ho 13' ii'l' Wiiat is the diameter of the earth, considered 
as a 8pln,*re ? 

A?is,, 7058.3 miles. 

10. Taking the sun’s mean apparent diameter as 3*^' 3 ".4, and his 
distance from the earth 91,430,000 miles, sh<>w that, if his centre 
were coincident with the earth’s, his body would extend in all direc- 
tions nearly 200,000 miles beyond the moon. (See Ex. 3.) 

Sun’s diameter = 852,574 miles. 

11. Assuming the height of the Great Pyramid to be 48C feet,liow 
far off may it be seen across the desert? 

A Hs,, 27 miles. 

12. What wiia the perpendicular height of a balloon, when its 
angles of elevation were 35“ and (J4“, as taken by two observers on 
the same level, at the same time, both on the same side of it, and 
in the same vertical plane; the distance between the two observers 
being 880 yards ? 

A ns., 935.757 yards. 

13. Given two sides of a pamllelogram GO and 80, and a diagonal 
100. Is this the longer or shorter diagonal ? What is the other ? 
What are the angles of the parallelogram ? 

14. A balloon In'ing directly over one of two towns standing on 
\\ho same horizontal plane, at a distance of eight miles from each 
ether, the angle of depression to the more remote town was observed 
by the leronaut to Iks 10*. What w'as the height of the balloon ? 

Afis., 1.41 miles. 

15. The most recent observations make the sun’s horizontal par- 
allax 8'’.94, and the earth’s equatorial radius 39G2.8 miles. Show 
that the distance of the sun from the earth is nearly as given in Ex. 
10, instead of 95 millions of miles, as it has been heretofore con- 
sidered. 
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INTROnUCTIOX. 

PROJECTIOX OF SPHERICAL TRIANOLSH. 

©y. To Project a SpherteaJ Trianf/fe on a piano Hiirfivoo 
is to dniw tlic trianglo on that snrfaoo Ht> tluit it will prrsmt tlu» 
8amc‘ appi‘amnc*(‘ to tin* < yt\ situated at a partienlur f»oint» as w hen 
drawn on the surface of a sphere. 

98. The SimpleHt of project inj^ a H|>lMTi<‘al triiui^^le 

is to project it on the planr of one of its nittvs, tin* eye hein^ hUp)K)Hed 
aituati^l in the axis of tin* sphere |H’r|H'ndicn]ar to this plane, and at 
uii infinite distance from it. 'f’he phun* is called the /7aae of /Vo- 
jection ; and its interaction witli tJje sphere is culled the Primitive 
VircU^ and is the base of the hemisphere on which the triaiigle U 
conceived as situaUtL 


99. Fundamental Proim»itionH.--UL When the parts of 
a npheriml triangle are each conceived as less than IHO , nag Much 
triangle can be represented on a hemisphere. 

2d. The ]}rimifive Circle has its aris, and conMcptenthf its pols^ 
projected at its centre. 

3d. The semi-circumferenre of any circle of the sphere^ perpend iC' 
ular to the Primitive Circle^ is projected in the chord rejfresenting 
the intersection of the circles ; and, if the perpendicular circle be a 
great circle^ Us semi-circum/erence is projected in a diameter of the 
FrimUive Circle. 
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BPHKRIOAL TRIOONOMETRT. 


B' 


III**.— Thcfic propositions are direct consequences of the fundamental con- 
ception. Thus, let ABA'B' represent the base of the hemisphere on Avhich the 
triun^lc is conceived as situated. This is the 
Pi imitive C’ircle, and the eye is supposed situated 
at an infinite distance, and in a line ixfrpfmdicular 
to the plane of the paper at P. The pole of the 
I^mitive Circle being in this line is projected 
(seen as) at P. As all great circles pcrp(*ndiciilar 
to the Primitive Circle pass through its pole and 
include its axis, the eye is in all such planes, and 
any lines of these planes, as the semi-circu infer- 
ence's f»f the great e'irclc-s in which they intci*scct 
the sphere, im.* projecte'd (appear to the eye) as 
diameters of tl»e Primitive Circle. Moreover, 
since tlic eye is at injimfy, it is to lx? conceived os in 
the plane of any small circh* wliicli is perpendicular to the primitive, and which 
is therefore projected In a chord, as CC'. 



PROJECTION OP RKSHT ANC^LED SPHERICAL TRIANGLES. 

100. Prob. 1. — To project a right nngUd sphcHcnl triangle on 
the plane of one of itfi sideSf ichen the two sides about the right angle 
are given.* 

Bolltion.— *T x*t the angles of the triangle Ik; repr(‘sented by A, B, and C, A 
Ixdng the right angle. Ixt the sides opposite these angh;s respectively be rep- 
n'sentiHt by <i, b, and r; whence b and e are the 
given sales. Draw the primitive elrtde and the 
diameters BB', NN' at right angles to each f)ther. 
From B lay off BA rr r.f Let the rigiil angle Ikj 
at A; whence the side b is pcTpencliculnr to the 
primitive circle, and projectetl in Uie diameter AA', 
To pmject the vertex C, conceive the semi circum- 
ference, of which AA' is the projiTtion, to revolve 
on AA' until it falls upon the semi circumference 
A'BA, then will the ptant C fall at d. Hence make 
Ad = A In like manner revolving Uie eemi-cir- 
cumfercncc, of which AA' is the projc'ction, until 
it (alls upon A'B'A, Uic point C will fall at <f. 
lleiKK; nuike Acf = b. The point C will dc- 
ftcrilie the scmi-cireumferencc of a small circle 
perpendicular to Uic primitive circle, and whose pn)jec.iion is d<f . Now, at the 


* In tht» trontlsn the discotalons rmbmee only Mieli triaiif Im n» hav« onch put le»«i Ihna 

wr. 

t For tho pnrporu fbr which irs rhsll nM there pro|ce(kin«, ua uc can be kkl tdt with 
raArlent eecamey hjr obtervlnir tt» rrhttloo to 90*, SO*, 90*. or tome aliqaot put of the dfc«» 
fbrence, which U reedUy obtained on geometiicel priaciplea. 





PROJEOTION OP RIGHT AHOLED SPHERICAL TRIAKOLE8, 9T 

projection of the vertex of the trianirle C !s at the wime time in AA' anti if<f, It 
muHt be at thetr intersection. Pinully* the hypotenuse <i !s projeotei! in a curve 
passing through B, C, and B', since two great circles interseci at the extit^niitim 
of a diameter. This curve is really an ellipse, hut fttr our pn'seijt purt>ow e It 
may be considered ns the arc of a circle passing Umutgh B, C, uiul B'. There- 
fore, BAG is the projection rc tpurtHl. 

Queries, — Will a solution of this problem Iw iK)sslble for all vaUurs of A and 
e ? How does it appear from the prtyection f 


EXAMPLES. 


1. Having given h rr llO'’, and c i<» 

jtrojtK't tlu* triangle, S»‘c /Vy. 

ii. Having givcui h - oO', and c i:jo \ to 
projei't tlie triangh*. 

3. Having given h : . HO”, and r r - 30"^, to 
[irojcct tlie triangle, 

4. Having given ft HO”, an<l c — Ho”, to 
jtrojeet the triangh^. 



I^vob* 2* — To pnj^rt a ritjhi itwjUd fipheriral 
when the hifpote}iuse and otw ^idr are ffiven. 


Bolution.- Tsing the common noiutinn, let e 
Draw ing the piiinilive circle mel the c^uijugale • < 
BA r-: c, and tlruw tlic diameter AA'. The projec- 
lion of h will lie in A A', and the prr»Jection of the 
vertex C will fall s<>nie where in this line. Now 
the arc a lie** in a sf:tni'cireumfen'nce pimsing 
through 0 and B'. Conceive this Mini cirnimfer- 
ence to revolve on 66\ as an axis, till it rotncideii, 
first, with BNB', and then w ith BN'B'. The |Nitnt 
C will trace the semi-cimimferencc of a small 
circle pcrjHmdicuUr to the primitive cinde, and 
whose projc'ction is ifcT. Hence, making 6</ ~ BJ 
rr fl, and drawing dtf, the pn^^'Ction of the vertex 
C Uca at the same time in AA' and (AT, and is Uufre- 
fore at their inier!R?<*ijon. Passing an arc of a 
circle (strictly an ellipse') through 6C6', we have 
ABC, the prujectioo desired. 


ic|>n wnl till' knmrn side., 
liuini tcrs BB'. MN , hiy off 


N' 



« Two disasetsfv of a «te«to wiacliaro st rlaebt sodW* tM oscli otlkor wr % sslkid 
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Qin»ifKS.>-Will a solution of this problem be possible for all values of a and 
e ? If a bad been greater than e in the above case, would the solution have 
H'en possible ? Will d{t and AA' always intersect, whatever may be the relative 
values of a and e f 


EXAMPLES. 

1. Ilaving given c = 75®, and a = 64®, to project the triangle. 



Why f 


2. Having given e = 45°, and rr = 136°, to 
project the triangle. 

3. Having given d = 1 10°, and a = S5°, to 
project tlie triangle. S(*e 28. 

4. Having given d = 110°, and a = 120°, 
to project the triangle. 

5. Having given r = 00°, and a = 75°, or 
a = 120°, t-o proj(‘( t the triangle. 

Qukuy. — I f one side of a right angled spherical 
triangle is 90”, what must the hypotenuse be? 


)20 J^rob* 3* — To project a right ntigled spherical triangle 
wheii an oblique angle and the hypotenuse, or the oblique angle and 
ths adjacent side are given, 

Bomjtion.— Draw the primitive circle and the conjugate diameters BB\ NN' 
aa usual. To construct the given angle B, wc oIimtvc Uint this angle is 

measured by an arc of the great circle wddeh is 
projecled in NN'. Hence, lay offNd =aN<f = B, 
and draw dtf ; then Is NO the projection of the 
arc which nieaaures B, and the projection of 
a lies in the arc passing through BOB' * Having 
Uic angle B pmjected, if the hypotenuse a is the 
other given part, find the prajecUon of C by 
taking Be = Be' < 1 , and drawing ee'. Com- 
plete the projection by drawing AC through P. 
When the adjacent side c is given, take BA s e, 
and draw AC as before. [The student wUl be 
able to give Uie reasons.] 

i03. Sen.— As OP it the cosine of the angle 
ABC, the point O may he fimnd by measuring 

• An ha* bm nmuoM, thU ate U rttSfy s Till* Bet, tagsther wits ite 

the secfMt prqlfcilea er the itrfot 
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from P (towards N if B < 90% and towards N' if B > 90') a distanct equal to 
the natural cosine of B* 


<JuBRY.— Is the solution of tliis problem possible for all values of the hypot^ 
enuse or a<\)aceut side^ and the angle? 


EXAMPLES. 


1. Having given B = 65°, and the hypotenuse n = 120°, to proieci 
the triangle. See /7/jr. 30. 


2. Having given C = 45®, and theruljaeent 
side d = 50°, to project the triangle. 

Sea’s. — Project the angle C as the angle B of 
the prt'ceding, and lay off 6 n= 50' from its vertex 
on the circumference of the priinitiv^e circle. 

3. Having given C = 1T0°, and hypote- 
nuse a = 160°, to project the triangle. 

4. Having given B = 150°, and c = 40°, to 



project the triangle. 


104» Prob* 4» — To project a ritjht angled spherical triafigU 
when an oblifjne angle and Hide opposite are given. 

Solution.— Pn)jccl Uie given angle at B, /Tya 31, 32, as in Uie last problem, 
Then, from any i>oint in the circumft'rence of the 
primitive circle, as N, take NO', in the diameter 
paftstng through that f>olnl, equal to ih«* pri»j<*<’tion 
of the given side. (This is done by taking Hd 
Nd' =5, as in Pro6. 1, and drawing <Id’y. Now, 
with P as a centre, and radius PO'. a cir- 

cumference cutting BOB'. One extremity of the 
given side b will be projcctcti in this rirriiiufererice, 
since this circumference conuins the j>rf»jfT lions of 
all the points in the surface of the hemisphere 
which arc at a distance b from the circumference Fis. tl, 

BNB'N'. But the vertex C U also proJecU-d in tlie 

bekmf U> a trMttM* on Conic a««Oo«i«. In tlits oms. BB' simI 20P art ftMc ass* < 
•Ulf-Mt. ana Ume rerve can tie coovtracted by uking BP a# a riidloa. sad atrlking arc* Uam Q 
ai a crairr . ciattiKc BB TbrM> lnter»«c!ioo* ar« tb« loci of Uic raqnlrsd «lilp*« TImw UIio 
a rtring et^oa} in Imgtli to BB - tMUams its endi to Out ftKi, fitaco a patieU aipUoat tho 
ftiing. and ksepiaic Um airing tight, carry Um peneft anmad tfM earv*. 
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arc BOB' ; hence, it must be at the intersectiona 
C, C'. Drawing the projections of the perpendic* 
ulars CA, and C'A', the projection is complete. 

Queries. — When will there be two triangles 
fulfilling the given conditions? When but one? 
When none ? When there is but one triangle what 
kind of a triangle is it? If B > 90®, must h bo 
greater or less tlian B in order to have two solu- 
tions ? If B < 90®, how is it ? If B > 90®, can b be 
less? If B <90%can& > 90®? 


EXAMPLES. 

1. Given C ~ 120°, c -- 150, to project the triangle. See Mff, 33. 

2. Given c 80'', c = 00°, to projt‘ct tiie triangle. See Fig. 34. 




3. Given B = 70°, b = 70°, to prf»ject the triangle. See F'g. 35. 

4, Given B = 64°, b = 76°, to project the ihaiigle. Stn? Fig. 36. 




5. Given b = 160°, b = 110*, to project the triangle. 
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105 . SCH.— When the given parU are the two oblique anglw. U.e nn>jectbm 
Ls mo»t readily effected by first computing one of tl.c si.les. The projei tiou in 
this case will be considered in connection with Uie numerical solution of Uie 
case, in the next section* 


PROJECTION OF OBLK^UE ANOLED sSPHERICAL TRIANiJLEH. ' 

iOG* Proh. 1» — To project a spherical triangle when tnv sitUs 
and (he included angle arc given. 


Solution. — L et a, c, and B denote the ^iven parts. 
B at some point in the circumference of the primi- 
tive circle, as B. La}' ofToiu? <»f the i^ivcti siilrs, as 
r, from B on BNB . L< t BA - c. Determine ll»e 
c.xtrcmity Coi the projection of the other given sitlc 
a, as in Proh. 2, etc., and drawing the iliameit r 
AA', pass th<‘ arc tliroiigh ACA' ; BCA is tlie pro- 
jecUou sought. 


Projeet the given angle 


/ 



Qukuv. — I s this projection always pnssihle, what 
ever tlic relative magnitude, of the given i)arth? 


rr<4- 


Ktu ;{7 


i:XAMPl.K.S. 


1. Given a — 130”, c and h ru: KK^', to project (he 

2. (liven C 40”, a — 3T”, and b 8tr\ t<> j>roi< ct the triangle. 


107. Prob. 2.— 'To project a spherical triangle irhen two sides 
and an angle opposite one of them arc given. 

Bolution.— L et the given parts Imj a, 6. on<l B. Make the projection upon 
the plane of tiie wnA«cir;i »i(.h e. Thus, drawing the piimittve < irrie nnd tlicr 
conjugate diameters BB', NN', conceive r as pr<»JccU*d from 6 on the arc 0N0', 
and project the given angle B as in pr^eding 
problems. On the arc B8', take BC the pro- 
jc*clion of the given adjareut shle a To deter 
mine the projwiion of the oppr^siic side 6, descrilic 
a circle al)out P. as a centre, with a radium PC. 

Through C draw PO, and taking Od Dtf b 
draw dd\ Tlirotigh the inlersecifions o, o' of dtf 
with the circumference of the small circle, draw 
tlic radii PA, PA'. Finally, pa.ssing arc* through 
Die pointa A, C, A", and A', C. A'", BAC, and 
BA'C are the prcjjccttons of uianghai whUrli fulilll 
tlic giveo conditioaa. The prvjcctioiia of B aoA 


N' A'- 
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a were made upon principlefi previously established ; and it only remains to 
sliow that AC, and AX arc projections of b. Bince by construction DL is the 
projection of an arc equal to 6, the projections of arcs of great circles connect- 
ing D with o and o' arc projections of arcs equal to 6. But the figure OoP 
ACP, and D<?'P = AXP; therefore AC = AX = Do = the projection of b. 


108. 8cii.— It Is evident that this problem has one solution, two solutions, or 
no solution, according to the value of b ns compared with a and B. Thus, if the 
projection of b - DC, o and o' coincide, there is but one solution, and the tri- 
angle is right angled at A (which in this case falls at D). Also, if the projection 
of b is intermediate in value iKHween DC and/»n^.V of the arcs BC, BX, there 

\H(n\\yone solution. If, however, as in the figim? given, the projection of b is 
intermediate in value lietwecn DC and both BC and BXi there arc two solutions. 
Finally, if b is given of such value that the chord dd' does not touch the small 
circle, there is no solution. The latter cas<^ occurs when B < 90 ", if the projec- 
tion of ?-> < DC ; and when B > 90 ", if the projection of 6 > DC, a.s will appear 
from Fign. il8, 119 . 

We may olwerve, also, that there are tioo solutions whene ande both fall on 
the same side of BB' as c ; one solution when o and o' coincide, and when they 
fall on opposite sides of BB' ; and no solution when o and o' imaginary, i. e., 
when dd' d<»es not touch the small circle, or when both fall on the opposite side 
of BB' from c. 


EXAMPLES. 



1. Given B = 110®, a ~ 120®, and b = 83®, 
to project the triangle. See Fig. 39. 

2. (Jiven B = 110®,a 120®, and ^ = 130®, 

to project the triangle. 

3. Given C = 04®, a = 120®, and r = 75®, 
to project the triangle, 

4. Given C = 80®, b = 00®, and c = 40®, 
to project the triangle. 

5. Given C = 112®, h = 75®, and c = 150% 
to project the triangle. 


J09. Pro6* 3. — Tbpryed a spheriatl irianpk when the ihrm 
art given. 


SOLPTION OF BIGHT AKGLED 8PHEBICAL TRUNQLKH. 
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SoLUTfOK.— Drawinic the primitive drel© and the conju^tc diamctcn, aa 
nsual, take BA = c, the aide on the plane of which it is pn>}Hm‘d to pn»jcct Uic 
triangle. Take Be r= Be' -- a and draw e / ; then 


as before shown, the projection of the vertex C 
lies in €e\ In like manner taking Ad r= A<f == ft, 
and drawing dd the prt>jcction of C lies in dd\ 
The intersection of the chords re' ar.tl dit is there- 
fore the projtxMion of the vertex C. Finally, 
passing arts through ACA' and BOB', the prt>jec- 
UoD is complete. 

Queriks.— F low does the prf>jccth»n show the 
impossibility when the sum of the three sides is 
greater than How when the sum of two 

sides is less tlmn the third side If 



40. 


EXAMPLES, 

1. Given a = 100"', ft z:; 80'’, and r 
to project the triangle. 

2, Given ft ==: 108 ®, ftrr T-iO", andr %^V^ 
to project the triangle. Sw /V//. 41. 

d. Giv<*n a = 1*40'’, ft iut'\ and e : 4o 
to itrojeot the triangle. 

4. Given a == 150®, ft 140'’, and c " 
170®, to project the triangle. 



Via. 41. 


SECTION /. 

BOiUnOII OF RIOIIT ANGLEO HPHERK'AL TRIA^fiLEH. 

I/O. Spheriraf Triffouometry treat.s of tin* ndaiioim 1 k*- 
twei*n the trigonometrical fiinotiiins of tin* .“idoH and angles of 
spherical triangles, and of the »<iIution of such triangh s hy means of 
these relations. 

!!/♦ Ben. — In the presfmt ireatise we shall confine our attention 
none of whose sides or angles exceed ISO*. 

J# T%e Six 'Parts of a spherical triangle are iho three 
sides and the three angles : any three of these being given, the oibera 
may be found. 
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?• Ben.— -The Inst statement involves the assertion tliat the three angles 
of a spherical triangle dct(!rnunc the sides, whereas we are accustomed to s»iy 
iu Plane Trigonometry, that, at least one given part of a plane triangle must be 
a $ide, in order that the triangle may Imj determined. There is really no such 
dilTcretice us thcKC two stutfanents imply. For example, if we have the angles 
of a plane triangle given, we know the ratios of the sides to each oUier, since 
the sides are to ejich other us the sines of the angles opposite ; but we cannot 
delcnnine the abh^dnie tuIucm of the sides. This is in accordance with the statc- 
mciit that miilually (‘(itiiangnlar plane triangles are gimilar figure.s (not neces- 
sarily efjiinl). N<»w these an^ exactly the facts in the ease of spherical triangles, 
if tte do not limit Ounn to the Htnae or equal gjditre.i. Tims, the angles of a spheri- 
cal triangle being given ns 48' dO', 12o’ 20', aiul 02“ ol', we solve the triangle by 
tlie rules of spluaical trigonometry and find that the sides are 50“ o9 00", 
114" 20' 58", and 8:1" 12' 0". Hut, so long ns the radius of the sphere is unknown, 
these n'Hiilts are nierrly the rclutive values t)f the sides, not their absolute lengths. 
Moreover, consider two <a»ncentrie spheres whose ratlii are m and //. Now, any 
triangle b<‘ing eoustnieted on the one, if planes are pa.ss(Ml through its sides 
iiitei>eeling at tin* eoininon centre, their intersiTtion with the surface of the 
other si)here will form ii triantrle mutually equiangular with the first, and any 
OIK' side of the one triangU; is to the eorrcsjaiiiding siilc of the other, ns the radii 
of the spliert'H ; lienee the honxdogous sides are proportional. We see, therefore, 
that to d<‘h rmine absolutely a splierieul triangle, it is neces-sary to know one of 
th(? 8id<‘s in linear extent ns w<*U as angular measure, or, what is equivalent, 
the radius of the sphere must he known. 

1 14. The Species of a ]utrt id* a sjiherii al triangle is deter- 
mined by its ndatiiui to 1)0 'I'wo parts, both greatiU* or holh le.ss 
than 90*', are i»f tin* same sjurirs ; twi» parts, i»ne id* whieh is greatiT 
and the ollu*r li-ss than 00 are i)f (/ij!\ naf .v/^ee/V.v. 'Duis, two jiarts 
wijieh are 5s , and 00 r<‘speoti\ely, an‘ of tlu* same sjieeies; twii 
whii'h are ItU) , ami ll5\areof the stime sjneii's; two w Inch are 
120'’, and 4S , are <d‘ dith ri nt sjK‘cie.s. 

Xajfier^s Flee deeutae Farts are tin' tw o sides of a 
ri(jht (7 spherical triangle ahiiut the right angle, and llie comple- 
fftesLs of tlie hyi)i»temis«‘ and i»f tlie iddiqite angles. The.«' terms are 
meixdy oonveiitioual, and aix* applied exclusively to right angled 

li.i.. — In a spherical triangle ABC, right angled at A, the 
sides b and r, the ctmiplcimMU of hyjxuenusc u, and the com- 
plements of the angles B and C, are the circular parts. We 
may ilesignate them 6, e, comp <i, comp B, and ct>nip C. 

[It is t'ssential that this nomenclature and Uic statements 
of the two fiillowing t>anigraphs 1 h' clearly underaUnxl, and 
drmly fixeil in Uie mind, in order that the phraseology of 
the iUndaiuental rules may be intelligible.) 


triau ffU's. 
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J. When five tilings occur iu sncccssiou, us it wore in a circle, 
like the circular parts />, r, comp B, coin]) a, uiul comp c, in the 
preceding figure (no aocouut lioing iiiaile of A), ii will Ih' i>lwkrvod, 
that, taking any tlmv at pleasim', one of tlie throe mav always 1 m» 
si^lected wliicli lies adjaciMii to oaeli of the others, or soparateil fri>m 
each of them. Of tlio three ]uu*ts tlius consitleriHl. the Jliffdfr Part 
is the one whieli has the other two adjacent t>r st*j)iiraied from it ; 
wliilo the latter are called the l^xtrvmvH^ (uljacent or o/tjfosih\ as 
the case may bo. 

Ill’s. — Let the three parts umter ronsulrrution Iw ri»inj> rf, h , and e; romp ii 
is the middle part, and b and c are the opjMmte i xireinrs. IT A, f*, and eonip C 
are under considcnit ion, h is tie* middle part, and c mnl (‘onip C are ili<* <itijutrni 
extreme?t, 

117* — In srdvin" a riijjhl nngleil Hpherieal triared''. llw n' are always 

thri*c parts under eonsiihration at onee, viz., the two i;iven parts and the part 
Aouf^ht, no mention bein^; made of tin* ritrht an^ie. Now. tin* tlrsi tjuesiiou h» he 
H4*Uh.*d in order to a solution i.s, Whit'h of iJu fhvtr ^hirtn uiufrr runnith nttutn it M/* 
middle jHtrt, and are the ejitn'tiaa ttppoHite ttr adjari a/ / ]l< ^'inners are very liable 
to make mistakes by fuiiini: to uh«* tie* eomph un nta «»r il»e projn r p.’U ts; or by 
not eornrtly distiui'uisbisi^r the mi<ldl(! part, and tin- <'b Uie*ter «»(' ib«* extremes, 
as opposili! or udj!UM.*nt. The student should praetj-^e upon Hueh simple exer* 
eiscH tis the following until the questions can be ausw ered and vi/A- 

ifut 


EXERCTHKS. 

1. In Ft(j^ 42, given a and r, to find C. What are the cireiilar parU 
under eonsideratioji ? Which is the middle part ? Are tin* < xtreiju s 
iuJja<?t.*nt or oj)|>osite ? 

Answent, -’fho eir<*nlar j»arts an* eoinp a, r, ami eoinp C. c is the 
middle part, and the e\trenM‘S are opposili-. 

2. Having C, and a given, to lirid h. What an* the eiri iilar fiartn? 
Which is the middle pari? Ar»* the extremes adjacent or opjwimte? 

3. Having r, and h given, to find D. What are the ein ular parts? 
Whieh is the middle part? An* the extreme.s adjacent or opjiotsite? 

4. Having rr, and b given, to find C. What are the cireubir part«? 
Which i.s the middle jiarl? Are the extremes adjacent or opponite? 

5. Having B and C given, to find A What an* the <u‘rcular 
Which ia the middle jiart ? Are the extremes atljacent or < 
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6. What are the opposite extremes when h is the middle part? 
What the adjacent extremes ? Which are the opposite and which the 
adjacent extremes when c is the middle part? When comp B is the 
middle part? When comp C is the middle part? When comp a is 
the middle part ? 

7. AVhat part is middle part to comp C and c as adjacent ex- 
tremes? As opposite extremes? 

and none. 

8. In Fig. 43, M being the right angle, 
what are the circular parts ? Given 0 and w/, 
to find 0 . What are the circular parts under 
consideration ? Are the extremes adjacent or 
o])posite ? 

0. What are the opposite extremes to comp 
O? What the adjacent? To comp 9/if To of 
To nf 



XAPlERn^ RULES. 


llSm Kule jT. JProjK — In any right anghd spherical triangle^ 
the sine of the middle part equals the pro- 
duct of the cosines of the opposite ex- 
tremes. 


I>EXf.— In the ppheiiml triangle BAC, right 
nngleti at A, taking b, r, comp B, comp C, and 
comp a in aucceaaiun as middle porta, wo ore to 
prove that 



ffln e = C08 (comp a) x ccki (comp C), or kiu e = ein o ein C ; 

■In (comp B) = cos b x cos (comp C), or cos B = cos ^ sin C ; 

•in (comp C) = cos r x ctw (comp B), or C = 000 c sin B 

tin (comp a) = cos b x cos r, or cos a = 00a b cos e. 


( 1 ) 

( 2 ) 

( 8 ) 

(4) 

( 5 ) 


To demonstrate these relatlom, let O be (he centre of the tphere, and draw 
the radii OA, OB, and OC. The angles BOC, AOC, aod AOB, are meaeured 
respectively by a, 6, and e, the sides of the triangle ; hence Iheee angles at the 
centre and their measuring area may be used interchangeably. Frm one of 
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the oblique an^^les, as C, let fall a perpendicular upon the radius OA, Tvom 
the foot of this perpendicular draw DE perpendicular to 08, and Join C and E. 
Now CDE is a right angle (Part II., 42C), CE is perpendicular to 08 (Part U., 
399), and DEC is the measure of angle B of the triangle (Part II, MS). 

CD = sin b, OD = cos b, CE = sin a, and OE = cos a. 


From the triangle CDE, right angled at D. we have 

CD = CE X sin CED, or sin b = sin a sin 8 . (1) 

Generalized, (1) becomes. The mne of either euie about the right angle rr the 
tine of the hypotentiee into the tine of the angle opponte the tide. Hence, from 
analogy to (1), we may write 

sin c = sin a sin C. (9) 


Or (2) ma}' be proved in the same manner as (I), 
by letting fall from B a perpendicular upon OA, 
from its foot drawing DE perpendicular to OC, 
and joining E and 8. Then BD -- sin e, OD -- 
CCS c, BE = sin a, OE = cos and angle BED — 
angle C. From the triangle BOE, we have 

BDssBE X sin BED, or sin c = sin a sin C- (2) 

To prove (3), we have from the triangle CDE, 
Fig. 44. 


C 



8 

Ku» 


COS CED =r — , or 
CE 


cos 8 =: 


ED 

sin u 


But from triangle OED, right angled at E, ED = OD x sin DOE = ('<m b sin e *=» 
[from (2)J, cos b sin a sin C. Subsiituiing this value (*f ED, we havr 


cos 8 


cos b sin a sin C 
sill <1 


= cfri h sin C. 


( 3 ) 


We may write (4) from (3) by analog}', ns (2) was from H); or, better, let the 
student produce it from Fig. 43, as (3) pnelucctl from Fig. 41. 

Finally, to produce (5), consider the triangle ODE, in either figure, right 
angled at E. This gives 

OE =s 00 y cos OOE, or c<»s a a= cos b cos e, (5) 


119^ Utile 2. Prop. — In any riffht anyled tpher-> 
ical triangle, the eine of the middle part equate the pro- 
duct of the tangmie of the adjacent extremee, 

— In the tpherical triangle BAC, right angled at A* taking 
b, e, comp B, comp C, and comp a, in aucccaaion at middle 
we are to prove that, 
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siu =r tan r v tan (comp C), or gin 5 = tan « cot C ; (1) 

Bin e = tan h x tan (comp B), or Bin e ^ tan h cot B ; (2) 

Bin (comp B) = tan <; x tan (comp a), or cos B = cot a tan « ; (3) 

Bin (comp C) = tan d x lau (comp a), or cos C =: onta tan 6 ; (4) 


Bin (comp a) -= tan (comp B) x tan (comp C), or cos a = cot B cot C- (5) 


Taklnf^ the formnhr of Hulk 1st, and in the second member of each substitn- 
ting the value of each factor as found in some other of the set, we readily 
write the following 


sin h rr. sin a sin B = 
Bin e - sin a sin C ~ 
COB B = cos h sin C -r- 
COB C •= cos e sin B r: 


sin c cos C 
sin C c<is e 
sin h cos B 
sin B cos 6 
cos ft sin r 
c<»s r sin a 
c-cs a sin h 
cos h sin a ’ 


Bin e cos C ^ ^ 

X . ^ = tan c cot C 
cos£ bin C 


Bin h 
cos b 
cos a 


cos B 
sin B 
sin e 


= tan h cot B 
= c‘ot a tan e 


X - 

sill cosr 

cos 4 sin 6 

- y ~ cot a tan b 

hill a COSO 


(t) 

(2) 

( 8 ) 

(4) 


COB a cos h cos € 


rfJsBcosC rosB 
sin C am B sin B 


cos C ^ _ - 

. - = cot B cot C. 
Bin C 




Q. E D. 


120* Sen. L—It will be a good exercise for 



the student to dcMnonslraU; 
Hclk 2d from llie an- 
nexed figures, ;is Hi:i.k 1st 
was from Fiytt, 44 and 4*5. 
The 5Ui is not as readily 
obtained from tlie figure 
as tlie others. The stn- 

lowing relations, some in 
one figure, and some in 
the other. 


Cot a =r 


00 

OE 


cos b 
Bee « 


cos h cos c. 


But, cot C = 


Bin 6 , _ 

- , and cot B 
tanc 


AD 

AE 


- , . ; whence, c«it B cot C 

tun b ’ 


Bin ft sin « . « ^ 

, — r=: COS ft cosr COS ft := COt B COl C. 

tan ft tan c 


121* Sen. 2.-- It U of much Importance, especially for the purpoees of 
Spherical Astronomy, that the student observe that the relations expressed In 
the above foriiuilic* and in fact all the relations between tlie tides and angles of 
spherical triangles, are also the relatioui between the fiscial and dietiral angles 
of trledrala Thus, If a, ft» and e represent the facial angles, and A, B,and C the 
opposite diedrals, all these relations can be established, and in exactly the same 
manner as above, without anif uUusion to th§ qthorwal triangU, [The stodeal 
should dolt] 



BBTERMINATION OF HFKOU^l. 


DETERMINATION OF SFF/IES. 

122 . In the Polntion of spherical trian<rl(*s tluMh ferminntion of 
the sjx'cies of a part sought Irtoiiics of osscnfta) iin{M>rtanc<', hiiuh* 
any part of sueli a triangle may have any value lu twft'u o uiul ISO 
Hence, when we have leanie<l ih<‘ muneru jil value of any fum tiou 4 >f 
a part, we have yet to determine whetln r the part itself is less 4 >r 
greater than 00®, u c., the s|H‘cies of the part, 'I’his may always he 
effected by some one of the following propositions. 

123* Prop* — If the part sonpht is fat ail in terms of its cos, 
tan^ or cot, its species cfin be (Hennined by the ah/rbraic sitpis of the 
functions in the formula used. 

d . — In each of ihc formula arWncr IVom the application of Napier*!* ndcii, 
tlierc arc three functions, the arcs com'spoiuling to tnoof wijieh nr«» alwnya 
known, lienee the al|;ebniic sii^ns of lln ir fum ti'Uis tire Unown, ninl the Hlmrnii 
of these two (leu rniinc llii' si^n of the tliird or uiiknosM) fnm lion Now, \%iieu 
a C 08 , tun, or e'»l is ♦ , the <‘orreHj»ou'lin:' un;^le U-^h iloui hO’ Of le>i» thnii 
180"); and >\1 h ri (»ne of these funeiions i.% , i)ir eorr« ^p-nnlin^' nje^le in ;;retttor 

than ; i. c., in u liiaiigle, it is between IK) uiul IHO . * 


124 * Wh(*n the part sought is found in terms of its nine, the 
species cannot h<Mlel4*nnine<l by the signs <»f the formula, since the 
part being le.ss than lS(f' it.s sine i.« always -f. The thni* hdlowing 
liropositions dispojk* of sindi tutses. 


123* Prop* — An oblique anyle of n rlyht nayled spherical tri- 
angle and its ojfjwsite side are altrays of the same sperics, 

t . — From Nupicr’s first rule w’»! have, cm 8 h «iin C. Hut sin C U 

necessarily + ; thererore, coa B and cos 4 nlway** have the mutv siirn, and B itiul 
4 arc of tlic same speetcra. In like manner, we see from cm C > cohc »iu 0, tlimt 
C and c are of the same ipedca. q, k . d . 


?. Prop* — When ihehypotenme of a right angled spherical 
triangle i$ less than the other two eidee {and 
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oblique angles) are of the same species with each other, Bui when the 
hypoienuHC is greater than 00'', the other two sides (and consequently 
the oblique angles) are of different species from each other, 

Dkm.— F rom Napier’s first rule we have, cos a cm b cos e. Now, if 
a < IK)”, cos a is -i- ; Iience cos A and cos e must have like si^^s, and b and e be 
both less or both ^^rcuter than 00” But if a > 90” (and less than 180 ”, as it is), 
COSO is — ; hence, cos A and cose must have different signs, and A and c lx: one 
greater and the other less tiian 00 ”. Finally, since the oblique angles are of the 
same species ns their <»ppoHlic sides, they are of the same species with each other 
when a < 90 , and of diircreut species from each other when a > 90 ’. 


127 • Prop. — Whe7i a side and its opposite angle are given in a 
right angled spherical triangle, thej*e is xo sohtiion if the sine of the 
side is greater than the sine of its opposite angle ; there is OXE 
solution and the triangle is bi-revtangular if the sine of the side 
equals the sine of its opposite angle ; and there are two solutions if 
(he sine of the side is less than the sine of its opposite angle, 

Dkm. — W e have sin A rr slno sin B, or sinn ~ Now, sin A > sin B 

sin B 

makes siiwi > 1, wldcli is manifestly impossible. Sin A - sin B makes A = B, 
since they are of the same species. But when the arc includiul by Uie sides of 
an obliquo angle 4»f a right angled sphcricul triangle is eqiml to llic angle, the 
vertex of the angle is the |)ole of the arc. Hence, in this case the <»Uu*r sitles of 
the triangle arc each 90 \ Finally, if sin A < sin B, a has two values, one 
greater and the other less than 90®. Hence Uierc an* two triangles. 


Scii.—Thi’se relations Ixjlwwn nn angle and iis opposite side may be 
observed directly (Voui a ligvm*. When B < 90”, the measure of it, that is 
A = B, is the grcatt*st incUnliHl perpendicular which 
can lie drawn to one side of the hine BAB'C. Hence, 
in this case, A cannot exet*<*d B, w'hich imfdics that 
sin A cannot be > sin B, os when tlie arcs are k«8 
than 90”, the greater arc has the greater sine. If 
sin A =r sin B, A = B, and BA BC = 90”, and Uie 
side A can occupy but one position in the Ittne, thus 
giving rise to but one triangle BAG, 'which satishes 
the conditions (or two equal triangles BAG and 
B'AGV It A < B, which, when B is less than OOT 
implies that sin A < sin B, the side can occupy two posaUons in the lune. A' and 
bf* giving rise to two tiiuiglet» BA'C* and BA'^C", both of which ftttfiU the 
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Agnin, when B > 00% tlu* m(^<tnre of it, i. «■., b = B, U ihe inrimltHt 
porpcndiciilar that can Ix' drawn to one hUU* of tlie 
lune. Hence, in this caw we tmnnot have h < B, 
w hich implies that sin h cannot Im > sin B. sinct* the 
greater arc has the less sine. If sin b - sin B. 

^ 6, and BA = BC = 00“, and the side b <*an 

cupy but one |K>siiion in the lune, thus giving riw 
to but <»ne triangle BAG, which satistit^s the comliiiMns 
(or two eipml iriangb^s BAG and B'AGi. IT b > B, 
which implies that sin h <' sin B. the si<U* h <■ .t» 
oc’cupy two piisitions in tie* lun«\ ns A and /» . 
thus giving rise to two triangles BA G', and BA C Ivoth of which tuitisfy the 
conditions. 



Vlu fvo 


EXERCISES. 

1. In a right angled S]»herical triangle BAG, A being the right angle, 
B = 8(1® 40', and a = lOo' ;{t'. to projeet the triangle and <*onipute 
the other juirts. 

pRO.TErTloN Proji'Ctiiig the Iriainrle npon the phine of the side r 
we have, BCA, I 'i(j. 51. [The student .should give 
the proces.H. ] 

DN. — li is immaterial w hieh of the re* 
quired parts we s<‘ek tirst. We will seek r. Now 
the three cirrulnr parts under consideration an* 
eomp/i, and comp B. (’miip B U middle juiri, 
and the cxtnrm<-s are adjacent ; lienee, tiv Napier's 
second rule wt? have, 

cos B tan c coto. 

eos B eos Wi’ 40^ ' » 

or tan r = - — — 

Cot <1 cot 10.» li-t Fio fti- 

Now* cos 80" 40 Is -f , and cot 1<>5’ iW' b — . Therefonr tan r ij» — , and € > 

Computing by krgariihms, 

log cos 4ff = 0.2fJ9iit92 
- log rot lOri* ii4 = y 444i#47 
= log tan c = 1 . 705045 

Add 10 fur tab. tan 10. 

. . f - ur 47 irr\ 



* It U r«eomiiMt>d«d Umi tU«r pfnjcctii'm fm; / 

It to Ml exceikat eserclM, and gtv« 


0 
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To find b, Ain £> =r Ain a gin B =: gin 105* 34' x gin 60* 40'. Tliig makeg b 
known by meang of itg sine, whence the glgns of the formula do not determine 
the Bf>ccieg of b. But b ig of the same species as B (124\ and therefore less 
Uian 90*. 

Computing by logarithms, 

log gin ia5* 84' = 9.9a3770 
+ log Bin 60* 40 

Deducting 10 = 9.977983 = log sin b, & = 71* 54' 83*'. 


^ J ^ . r* . ^ o cos 105 34' 

To find C, cog a = cot B cotC, or cotC = - = — -nTTa-TAr. Whence 

c«>t B cot t<0 40 

cotC is and C > 90*. 

(Vjmputing by logarithms, 

log cog lai* 34' = 9.426717 
~ log cot BO" 40' = 9.215760 

Adding to =r 10.213937 = log cot C. C = 148* 30' 54 *. 

Self. — It is expctliont to find each part directly from the parts given in the 
example, in order that an error in flntiing one may not extend itself through 
the wh<»lc solution. 


3. (liven a = 60® 51', and B = 18*^ 03' 32", to project the triangle 
and coinputo the other [tarts, 

c = 80'’ 41' 14", b = 18° or 50", C = 88° 58' 25". 


3. Given b = 155° 27' 54", and r = 29° 40' 08", to project the 
triangle and compute the other imrts. Set* 
Fig, 52. 

a = 142° 09' 13". C = 01' 16". 

B = 137° 24' 21". 

4. Given c = 73° 41' 35", unci b = 
99° 17' 33", to project the triangle and 
compute the other parts. 

C = 73° 54' 46", 5 = 99° 40' 30", 
a = 92° 42' 17". 



5. Given B - 47° 13' 43", and c = 126° 40' 24", to project the 
triangle and compute the other parta. 

b = 32« OB' 56", a = 133° 32' 26", c == 144° 27' 03". 



EXEBCISES IK SOLYlKa BIOBT ANGLED TRIANGLE8. 


PnojEcrnoN. — In onier to project this case, •*. e., 
when the two oblique angles are given it is 

most convenient to compute tlic bas«* l»efore pro- 
jcHJting. It is also exi>eiiient, when tiro angle* are 
given, to project the larger at i\ |>iuni in tlie cir- 
cumference of the primitive circle, an at C, es|H‘- 
cially if the smaller he quite small. In this case, 
pix>jecling the angle Cat C, Fig. W, roneeire BA ns 
drawn through P (or, if desired, sketch it hy|>o- 
thetically), and then compute b, fmm the relation 

cos B = sin C cos b. or cos h := Having 

found b = 32* 08' 5(J", take CA = 6, and dmw AB thnnigh P. 



(i. Given B = 100”, and If = 112”, to projetd tin* triangle and com* 
piite the other parts. \ 

IbiojECTioN. — 8c<* Fig, 54. 

Ntmeiik Ai. Solution.— 7’« /mf c, we have 

sin c tan b cot B = tan 112* cot 100”. 

Computing by logarithms, 

log tiui 112“ = 10.393590 
+ log cot KKr = 9.240319 

Itejecling 10 ' 9 «J:«KK)9 = log sin e. 

e = 25* 52' 33 .4, or 154” 07' 20' .0, i. c , BA, or BA'. 



To find a. we have 

sin b = sin a sin B ; 


whence sin a = 


sin 6 _ sin 112* 
siu B sin 100*' 


Computjug by higarithms, 

log sin 112* =9.007106 
- log sin KK)* = 9 99:i:i5l 

Adding 10 = 9.973815 “ h»gtina. a - 70' |8' 10 ".7, or 109* 41' 49".3, 
I e., BC', or BC. 


To find C, we have 

cos 6 3= cos b tin C ; whence sin C 


cos B 
cos b 


cm lOjOr 

cJsIir* 


Computing by logarithms, 

log cos lOO* = 9.290670 
log cos 1 12* as 9.573375 

Adding 10 = 9 666095 = log sin C. . •.0 = 27*86*56' 
is., BCA, or BC'A'. 
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Thus wc «<*c thnt each of the two triangles BCA and BC'A' fulfills the con- 
ilitioiiH <}f the problem. 

7. one widt* of a right angled H]»]u*rical triangle 100°, and the 

oppoMiU; angle loff', to project the triangle and compute the other 
jjarts. 

HrsultH , — ’'rinTf are two triangles. "Flie otlier sides of tlie first 
an* 1*10 ’ r><f ", and .‘lit * 04' ol and t lie angle op|H)site the latter 
side is OV 00' 4.’}'". 'fhe corn^spoinling parts of the other triangle 
are 4:r‘ OO' :{7 ", 140 ' 5:/ OO ', and llv*"' 50' 17 

H. In th(‘ sjiherical triangle dEF. right angled at E. given an oblique 
angle 5.s'‘, and the sidt* oj)|>osite 04°, to jirojeet the triangle and com- 
put4* the other parts. 

IK In a riglit angled spherical triangle giv(*n an oblique angle 

lO.V', and tin* opposite side 11'^", to ])roje(‘t the triangle and com- 
puti* th<* other parts. 

10. In a rigid angled Kjiherical triangle given one sidt* 05° 23' 12", 
and the (qqMisite anglt* f»5° 23" 12", to jiroject the triangle and com- 
pute the other parts. 

1 1. (liven C - 00’ 47' 24".3, B - 57 ’ lt*»" 20".2, and A = 00", to 
jiroject ami compute. 

a - 08 ‘ 5<;' 2H'V.K r =r 54° 32' 32".1, and b = 51° 43' 30".l. 

12. Given v = 110\ b = 10°, and the included angle 00°, to pro- 
ject and compute. 


TRIANGLES. 

12{K A Qumlrauta! Trianifle is a spherical triangle one 
of wh(»Si' sides is a <|Uadnint. or 00°. Such a triangle is readily 
soIvihI by passing t4> its polar, solving it, and then passing hack. 
Tin* [>olar triangle to a i|iuulraiital triangle, lK*ing right angled, is 
sol veil by Napier's rules. 

Ex. 1. Given a =: 90°, 6 = 75° 42", and c = 1S° 37', to compute 
the other |uirtSL 

t^i:o*a;-<*-iieprt«eititing the supplcmeaUd parts of the polar triangle by A\ 6', 
C, 41 , b\ ami r . we have A = 180* - a = 90\ A = 180* - B s= 104* 13', and 
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C = 180" — e = lOr 2JV , from which t»> find a\ and f *. This iR'inj; rivdit 
angled, we find, hy api*lyiiig Napier's ndi‘s, B' =r 9-1 ;U 2r , u . 79 25 11 , 
and € — ICl 55’ 20 . lienee in the primitive triangle we have h ist) - B* 
= 85*^ 28' 39 ", A = 180" - « = 100" 3T 49 '. and C IW r ^ is 01 40 . 

Ex. 2. Given « = C — 42'' 10', imil A r;.. ll.'.' 2(i'. lo liml tin- 
other parts. 

B = 54“ 44' 24". l> - Cl" lie,' id", ,• i;". 


SIzCT/OX Jf. 

OF OBLIQI'E ANKLEI> Si'HF.ItlCAL TKIANtiUX 

130 . All fas<*H of olilitjin* angh il f^pln riejil triimglt*s ran he Kidvecl 
by Napier’s roles ainl the following pn»|H»?.iiion. 

IHl. Prop. — In ant/ aphtrical friani/lt\ if a pt r/n niiu nlar U 
h‘t fall from cither rerte.r n/tan the op/tosite side nr a air pn^Httreil^ 
the iantjent of half the smn if the .sip me nf s’** nj' that Ao/e is to the 
tangent of half the stun of the othtr ttm sides, as the tamjent of half 
the dijf'erenre if those sides is to the tamjenf of half the dijfirenre 
if the SKjinents, 

Dem.—Ih Uie triangle BAG let fall the iM*rpen- 
cllcular /), from C U|sm ilie oppi'^lte «ide, l^ei 
BO 4», and DA -r. s . Hy Napier’s first rule, 

C4I8 a =■ aw p cos n. aiul C'<is b rof* p < <m s . 

I'tm ft erw » 

Dividing the former hv the latter, , ; 

^ • t'ltrt O rOH * 

whence, by compiwilion and <llvision, 





But by {61), 

eo» a 4 viin b 

, con — cos « . . , . t / 

atnd ^ tan ^ I* ^ > tan I {9 — i ), 


• Wb«n ib« {MTpeodicoUr fall* without th« h«»«. a* in Fig. W. tbl« trrm ft u> t»« nn* 
a# BManing the dfcitaDC4iii> from the foot of the |^i<'rj>^tidieabu‘ to eneh extrrmttjr of the 
0D aod AO- *» general »UUaaciit— atyptytng m well to the «»»« v 

pM|)«Ddlctilar liU* on the bare. 
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/. tan Ha + ^) tan i (a — i) = tan K* + tan i {$ — «'); 


or, tan i (« + «') : tan i (a + i) : : tan i (a — 6) : tan ^ q. B. D. 


132^ Sen. 1. —Since from a point in the rarfiice 
of a hemisphere two perpendiculars con always 
be drawn to the circumference of the great circle 
which forms its base, and since the feet of these 
perjwndiculars are 180"' apart, and no side of a 
spherical triangle can equal 180', the foot of on*^ 
perpendicular will always fall within the base or 
UfKm one extremity of it, and the other w^ithout 
the base; or l)oth will fall without the ba.se. If 
VI V. take the foot of the perpendicular w hieh falls 
within the base, or the nearer one when both fall 
without, the tiuni of the d {.stances from the foot of 
tlie perpendietdar to the extremities of the base is always less than 180'^ 
I, <f,, « 4 < 180*. When the per|Hjndicular falls within, makes up one 

side of the triangle, and hence is less than 180 '. If both perpendiculars fall 
without, let D, Fiff. 50, Iw the foot of the nearer one. Now DB + BD' = 180” ; 
but by hyiM)thcais DA < BD\ DB -i- DA < 180’. When DA = BD', DB + DA 
« 180*. 

133, Bell. 2. — As in spherical triangles the greater segment is not alw^ays 
adjacent to the gniater side, it becomes necessary to ileterminc the |>oaition of 
the aeginents. This cun Ixj done by the signs of the proportion 



tan ^ (/I f «') : Uin i (a f A) : : tan H'< — : bin i (i — « ). 


lat. Tan V (* + «') is always 4 , since, if 0 fulls in tin* base, s - < 180^; 

and if D falls without, by taking the nearer iHipeiulicular, « 4 - «' is still < 180“ 
(132). . i 4 « ) < 90”, and Urn j (« 4 j< ) is 

2d. When o 4 A < 180”, tan ^ (a 4 - i) is 4 ; and when a 4- 6 > 180*. 
tan i (a 4- ft) is 

lid. When n > ft, « — ft is a positive are less than 180’, hence tan — ft) 
la 4 ; and when a < ft, (<i —'ft) is a negative arc and less than 180*, hence 
tan Hrt — ft) i* —• 

4th. The signs of these tenns Iw'lng determined, that of tan | (* — # ) 
known. Now, ns | (4 — ji ) cannot Iw niiiuerically greater than 90’, tan 
ia 4 when # > s‘, and — when < < « . 

5 th. When # 4 - «* =: 180*, tan 4 (# 4 t')= oc. Now as a — ft < 180*, Un j (a— ft) 
cannot be op, nor can tan 4 (« — /)= 0 when the perpendicular falls without 
Hence to make the proportion poasible, tan 4 (o 4 ft) roust b<; oe, or a 4 ft = 180*. 
In Utis case we project on the plane of a or ft. If a + ft == 180\ and o 4 e =: 180*, 
wo project on the plane of o. If a 4 ft = 180% 040= 180*, and ft 4 e = 180*, the 
triangle is trirectangular. 

t34. Son. 3 . — If either segroent ia greater than the whole base, tlie perpen- 
dicular falls wlthont the triangle. In this case the shorter segment Ilea in an 
nppoaite direction (Irom Its angle to that considered in the demonstration, and 
hence i$ to be considered — ; and # 4 is in every case equal to the aide upon 
which the perpendicular ia let fall 
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135 . Prop.— -In a spherical triangle, the sines of the sides are 
to each other as the sines of their opjwsite angles, 

Dem.— B y Napier’s first rule we luive frum either Ftg. 55 or Fig. 56, 
sin p = sin a sin B, aiul sin p = sin h sin A. 
sin a sin B = sin 5 sin A, or sin a : b : : sin A : sin B. g. k. i\ 

Sen.— This proposition is not introtluec*! lu re hccause it in m-rrM/uy for tho 
Mittition of spherical Iriaiipfles, but beeauHe of its essential im|><»rtanee. It is 
t)rteu conrtnii’Ht to u.se it in the solution of a irian^rle, but never necessary, as 
will appear hereafter. It affords a rnyly nwth'nl ttf dt termini ng a fktrt orcosiTK 
a ffiten part, prorided the ttjKcies of the jutrt U tkUnnincil by other < 


SOLUTION OF OBLIQUE AN(JLED SIMIEKK’AL TKIAXa.EH BY 
NAPIER'S RULES FOR RIGHT AMBLED SPIIEKKMi. TRIANGLES. 

130. The example.'^ wliieh tiri.se in the solution of ohliijue iint^let! 
HphiTical trijin^les are all cofnpri.scal itntler the fhri'e fcillowiiij; 
problems, each of which consists of two cases: — 

1. Wlien the ;riven part.s are all a»ljacc*nt to each otlier. 

2. When two of the ojv, n parts are atljaicnt ami om* Keparato. 

II. When the given jiarls are all separate from each itther. 


137. Prob. 1.-( Hern three adjarent parts of an ohluiue angled 
spherical triangle, to solve the triangle, 

(.’ask 1 st. — (riven hro sides and the included angle. 

Solution.- Pnjeei the trianirle on the plan** of otte tf Ow girrn tirku ( /Of/), 
und let fall a periM inlieular ftom Ui<; angle oppohiie uih>u iIoh siile «.tr upon 




thU side produwl, as the cas© may be. There are thus fi»nned two right 
angled trinDgles, as BDC and DCA, each of whkb am be iculved \jy Napi«rr*« 
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rnles, by first solving the one containing the given angle. Thus, in the triangle 
BDC right angled at D, a and B are supposed known ; whence CD, BD, and the 
angh* BCD, cun be computed. As BA = <? is known, the segment DA can 
he tbund, it being the difference between c and the arc BD. When the solu- 
lion of lids triangle gives BD > c, it is evident that the perpendicular falls 
wifliout tlie triangle, which will agree with the projection. Passing to tlie 
triangle ADC, right angled at D, we now know CD and DA ; whence tJie 
other parts can hv found. Finally, the angle BCA of the required triangle = 
BCD-f DCA when the pcTixmdicular falls within the triangle, and BCD — DCA 
when the perpendicular fnllti without. 

Cask 2d.-~ /VZ/’ c;/ //ro auffles and the included side, 

SoM’TiON. — The solution of this ra.se is effected b}' passing to the polar 
triangle, projecting and solving it by ('ase 1st, and then passing back. 

1HH, 8cii,— slight saving of hd»or is cffccU'd by using (//:^^) in the solu- 
tion. Thus, in th(! triangle BCD, eoinpute CD and BD as before, and (not com- 
puting angle BCD) then passing to the triangle DCA, compute b and A. Finally, 
compute C (the entire angle) from the pn»iKirti<m 

sin 6 : sin c : : sin B : sin C. 


IH9. Proh. 2. In an obiiffuc auf/lcd spherical friantfle, piren 
two parts adjacent to each other and one stjm rated front both of them, 
to solce the trianple. 

(’ask 1st. — (iicen two sides and an anple opposite one of them, 

Som:tion. Projci't llu* triangle on the plane of the ^inkwnrn tide, with the 
given angle nl B; and let fall the per|M*ndieidur from the angle C op{)OHite the 
unknown side. Compute the triangle BDC. liaving eoiiqriited this triangle, 

\ 



Ftu. BO. Pm. 00. 

the side optHMite Uie given angle, as h, with the peq>endicular and 
U)c arcs BC and C6’, i. with p, a, and — a. If 6 p there ia bat 
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one solution and the ti’iangle is right angled, A falling at D. Ifi ia inter- 
mrtliate in value between p and dotA a and 180” - n, it can (xrupy two jvoaitions 
as in Fig, 59, and there are two solutions. If h is inlenneiliati- in' valtu- hot wtrri 
p and only one of the arcs a or 180” — a, there is but one solution. IVlu n 0 . !H) 
the perpendicular is ksa than any oblique arc; hence in this ease, it* h p^ tUnc 
is no solution. But if B > 90”, the perpendicular is greater lh!u\ thi' 
arcs ; hence in this case, if 6 > p, there is no solution. [These ivmiIis slu>uia U> 
obtained independently of the results given by tlie projcciifrii, and (»ne In* nuuh- 
a check upon the other.] The sidntion is now (xunpleted by ci»»ntnjtii»g the 
parts of DC A, and adding (u- subtracting the segments BO and AD, and the angles 
BCD and ACD, as the case may reepure. 

Case ‘2d . — Given (wo aurjles and a side opintsife owe f»r* fhem. 

Solution. — P ass to the polar triangle ; solve it, uinl then jnis-i bin k • 

1, S<'ii. — Th(‘ n-lation established in may also be vised In tin' 

.solution of this proldem. Tlius, having piojtrud llie inanuli’, eompvitnl 
/), and deterntined wlietiier there are one or two solutions, (•» lind A. when 
o, />, and B are givt'ii, we Imvv*, sin h : sin n : : sin B : sin A. 'I'Ikh Cianptitiiig 
the third side e (nr sides), by tm aiis of the right angh d trlanch n BCD iiml DCA 
as iM'fore, we may u.so the ]>rop<»rtion (/.'Ll) to find the angle BCA and BCA , 
IJut lilt! use <»f lliis |»roportioii gives no advantage e.\i epi in ( asen In wld< h 
there is only one solution. 


141. Proh. an (t/digia 

(hrre parts all f<t'pnralf d fr*na ra^'lt n 

Cask ].st. — Girt'a fhr shUs Ut find Hu- anahs. 

Su.fTDN.— -Proj» f t the triangle ori tin* plane of Mijf of its si.lr I. as c, rroni 
the proportion, 

tnn ; fan p*i • ■ tan (oi fa : tan y* • >. 


• Tail* cai*e can hr and wolvrd in a wiannrr 

altogether similar l«» Uu flr*i, wUhnut |»a>*tng to the 
pidar iriangie, Tbiii*. ict B o. and A t>*' *•>»• given {»arta. 
IVojtti tb« lrianifl«f on tin* plane of r. a« tn the <l;rur»f. 
Trojcci B In the usual way. and make BC projri'- 
tlon of a. Throfijfh C DD - rnake BOO 
probftton of A Drawririg the »injal( r:rrh' with rwliua 
PC, dUroeiert tAmugh the tnf«rM?cti*»r»« 0 “t**! O'* 
Then win A A' !hr tertire* of the fHnnirte m- 
quired. The atodeot inay prove that the dgarew POO 
and PCA •Jw cqoa). aod aits* PO'O »*wl PCA', **4 
hritce that angle 800 A - A'. 


.O' 

o". 
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find — if). Then lialf Ihe sum of the segments 
+ half the tliflcrcncc gives the greater segment, and 
half the sum -- half the difference gives the less. 
Detenu inc from the signs of the terms whether « is 
greater or less than s' : and also determine whetlier 
the perpendicular lies within or without the tri- 
angle Observe that tliesc results corre8|)ond 

to those given by the projection. Finally, in each 
of the two right angled triangles BCD and DC A, 
tlierc are two sides given ; whence the angles can 
Ikj found by Napier’s rules. If the perpendicular 
falls within, C = BCD + DCA, and A, of the re- 
quired triangle = DAC. If the perpendicular falls 
without, C =: BCD — DCA, and A of the triangle 
= 180* DAC. 


(/ASK 2d.- 
suies. 


-Given the angles to find the 


d V / Solution — Pass to the polar triangle ; solve it, 

\ / and then piws back. 

^ D 142. Sen -II <*re, again, (//lA) affords a slightly 

Pkj. more ex {HHlit ions soluiion. Having projected the 

triangle, found and located the wgnu nts, and com* 
ptUed one angle, as B, by the methods given above, the other angles may be 
found from the proportions, 

sin b ; sin a : ; sin B : sin A, 
and sin b : sin c : : sin B : sin C. 


EXEECLSE8, 

I, (livon h - V20^ IW 30", r = 70^ ‘20' 20", and A = 50° 10' 10", 
to project and solve the triangle, 

I^tKiitcTioN. — Sec Fiff. 64. 

Tuigonometrical St>LrTioN. — Ist. To $olw the 
rrtViai 7 f!« ABD, in which the two known parts are 
{\ situated. 

{a) To find p, sin p = sin e sin A. 
log sin 70’ 20 20" 

-I* U»g sin 60* W 10" = ! 

Rejfrcting 10 = 9 850241 =: log sin p 
/. p =r 46* 19’ or , Uie spei'ti« being determined 
by the opposite angle {122$). [Observe that the re* 
suit corresponds with the pn»JecUooJ, 
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{b) To find AO, cos A = cot r Ian AD, or tan AD = 


cos A 
cut c* 


log cos 10' 10' - 9.S0C533 
- log cot 70" 20 20 ' := O .'WmiO 

Adding 10 ~ 10.25^1510 ~ log tan AD. 
the species being determiued by tbc signs of the formula. 


AO = 60“ 50' 49 ". 


(c) To find angle ABD, cos e = col A cot ABD, or cot ABO 


cot A ’ 


ABOrr 68“0r5.r 


log cos 70“ 20' 20" = 9.526920 
- log cot 50° 10 10' := 9.921204 

Adding 10 ~ 9.005725 rr log col ABD. 
the species being determined by the signs of tin* Ibrmnhi. 

2d. 7b salm the triangle DBG. 

{a) To firnl DC. Since AD < 5, the fimt of the |w*r|M‘ndicnhir fallH in the haw*, 
and DC ™ AC - AD = 6 - AD rr 120 :10 50 - 00 50 49* r 59 59 41". 

(i!») To find n, cos a — cos /> cog DC 

log eos 46* 19 01' - 9.Hn9270 
4 log cos 59’ :«»' It" rr„ 9 "(WlHO 

Kejecting 10 ‘ 9 542056 log cos o. 
specie.g iieing <lelennincd by the sigri.s of the f<»rinula. 


a - 69“ 54’ 56' . the 


sm ;> 
sin a 


(<J) To find C, sin p sin a sin C. or sin C 

U)g sin p ‘ • 9 M59241 

- log sin 09 :M 56 - 9 97tM2() 

Adding 10 ~ 9.HX7421 ' log sin C. 
species being determined by the side oppt^dle. 


C r: .50’ 30' OH", the 


(d) To find angle DBC, sin p ~~ tan DC ctH DBC, or col DBC 


sin p 
tan DC ’ 

log sin p ■- 9 H59241 

- log Utn 59" 39‘ 41 ' - I0 2:{2#t5;i 

Adding 10 “ *9.62ff.V<H r log rot DBC. DBC • 67 03 36 
the species being determiin**! by the signs of the formula. 

Finally, B = ABD 4- DBC " Oh O! 53 + 07" 03 :)6 - i:i5 * 05 29 


Sen — We might hare omitted the compntation of angle ABD in the first 
part, and DBC in the second, and have found in^^ti'o^l the entire angle B from 
sin a ; sin 6 : : sin A *. sin B. To comimte this r«?<|uin's the hoiking out of but 
two logarithms, since sin a is given in the second part (r), and sin A in the first 
part {ay 

2. Given a = 97" 35\ b = 27" 08' 22", and A == 40" 51' 18", to 
project and compute the triangle. Ik*twecii what limiU must the 
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value of a be a8si^K?<l in order that there may be two solutions? Be- 
tween what limiting values of a is a solution impossible ? 


PuojKcnoK. See Fig. 05. 

TinciONOMETRICAL SOLUTION.— To find p, sinp 
= fiin ft Hin A. 

log sin 27“ OH 22 " = 9.659115 
+ log sin 40' 51 18 " = ^?^Wb5675 

Ilejfciing 10 — 9.4747 Tk) = log sin p. 
.\p rz 17“ 21' 40 '. [Heuson Ibr the species.] 

We now ol>Kerve that there is one and only one 
solution, sliu*e tin- ur<‘ a (97 J15 ) cannot lie lK*tween 
Fiif. av CD (17 21' 40 ") and ^>(27 08 22 ), but e<in lie be- 

tween CD and CA' (180“ - h =-• 152 51' :iH' ). 

To find AD, eo.s A r: cot h tan AD or tan AD = A. 

cot b 

log eos 4(i' 51' IH ' = 9.H7H7.T1 
- log eoi 27 OH' 22 ' 10.29(»226 

Adding 10 = U.5hif6U7 =r log tan AD. AD = 21' IT 30 (1. 



To find angle ACD, <*<iM b r= <*ot A Cot ACD, (»r col ACD 

log cos 27" OS' 22 - 9.949:110 

~ log cot 40 51' IS " 10.tMi:m575 

Adding 10 .. 9,SH02H25 = log cot ACD. . 
lUetmon for the species.] 


• cos 
cot A * 

ACD = 52' 25 01 . 


To find B. sin p sin a sin B. or sin B = K 

sin a 

log sin p (as above) =r 9.474790 
- log sin 97" 35 == 9.91H11H5 

Adding 10 9.478005 =r log sin B. 

[Ueason tor tlio species.] 


. B = 17“ 31' 09 ' 


To find DB, co» a zs cos p cos DB, or cos DB = 

cos p 

log cog 97“ :15' r:: 9.120409 

- log C4»8 17 21 40 vr 9 979750 

Adding 10 -- 9.140719 = log r»)8 DB. .*. DB = 97“ 50' 51".a 
(Heamm for the g(K‘ctt*s.] 

AB :=: AD 4^ DB = 2r 11 30 .0 4- 97“ 50 51 .3 - 119" 08 21 .9. 


To find DCB, sin p =r tan DB cot DCB, or cot DCB = 

log sin p (as above) r=; 9.474790 
- log tan 97* 50' 51' .3 = J0.a55090 

Adding 10 rr’^ aoiOTOO = log cot DCB. . DCB =r 92“ 23' 7' .7. 
[Reason for tlie Bpeciea.] 

ACB Si C = ACD + DCB = 62* 25' 01" + 92* 23' 7 '7 = 144 48 8 .7. 
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Finalh » "ivc observe tlmt, if any value were assii^niMl to «i iM'tween b (’^7" fw *^'2") 
and CD (17 21' 40'*) there would be hro soIuiiomh; since for sueli vnluen the side 
a could lie on lM>th sides ol CD. But, for any value of u hss ituiu CD tl7 21 40 i, 
there would he uo .solution; since CD is the shortest distanet* fhun C to ilte an' 
ABA. Also, l()r any value of a greater than tin* are CA tl.V2 ol ;is ), iluue 
W'ould be m solution, as such an are woiihl fall between CA and CO (if not 
> CD ), and consequently would make e > IMt , 


— Such examples a.s this and the prr<*ediiiaf can la* more exta'ditioiiHly 
solved by usin^r p in each e(|uation in s«dvinir tin* tri in^des ACO and DCB. By 
this means and usiut^ ( //LY) to determine the side r. ilu* solution can b<* etfeeted 
with only 12 loir.'Oitlnns. Thus in K\. 2 . 


Ist. To fliut p, 

2d. To find ACD. 
3d. To find DCBi 
4th. To find B. 


•in p 
roji ACD 

ro» DCB 
••tn /> 


5th. T«» find c, nin A • '•ia C • 


stn A “In A. riHuiln-* .1 titpo'dliniM 

r*»t f> tun />. r» »|inn*M :t “ 
rot a tnn p, n quip ** 2 
“In a “In 0. o‘<julrt'“ 3 
“in a : “In r. 9 


po); t.sn /> tu'tns; l^notvnV 

tloi; “In }• lnMiiy knowitt. 
of “in A 

ii;' kti 


3 . (iiv<*n ct ■ ' do' l]iV\ h ^ Ib’BB 
}>rojet’t and solve tlie triaii^de. 
l*u<kjK.cTn»N. — See /’A/. UiJ. 

Tuioonomi run At. SoirruiN, — 1st, T‘» timl the 
Rc^^menls CO and DB, we liave, 

tan iu -» /I 1, 
nr 

tan : ttiri 4 r) r : tan it'* r, ; tun h'\. 

(‘ompiitimr by hufariilitns. 

R. e. lo<^r tan lotr tan ;}>* 17 4'*' 

-f h»j^tan ^ - 1 « ‘S' tan 40 t»o 2 o 

+ lo|“ tan \^h — f) :z Itii; tan 5 o.’i 1 <) 

Bejcatiii*' 10 ; I 



lou tatt V 


» } ss; 


In order to ilelermine whether m or « is the I'reater,* we observe the Hijsjni* 
of the projw*rtioa, and findint^ tan U4 /> , |M»<»itive, know that » • n . 

Hence,* - ^ ^ pj* — n > “ 17 4 H ^ f\ 27 Oil U* 41 .*> 0 ", 

and * rr )(* 4 - 41 - , - HV 17 4 S f, 27 02 V) 4 b '. 

Tb«? angle's wni*“ht are now readily four tl by roininttint^ the two rltchl 
nr.ghsl triangU-s ADC and ADB. 


. — ... , _ TinlnMi “OTh fur.t# a* thl». th#» iif ftml 

the Damlwr of sotutlona tn fA/ »twiUnt thotUti nM r*iy upon i/, hot d4:t«ffntfi4i 

irb fort Dpon porrly tri;;:i*nometr5r4il rooaidrmthm*. m* r«!y th« l 
• to tlM» ( 
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Or, having computed C from the triangle ACO, we may find A and B more 
expeditioualy by using tlie proportions, 

sin e : sin ^ ; sin C : sin B, 
and sin : sin a ; : sin C : sin A. 

The angles arc C 3i“ 15' 03 ", A = 121“ 86' 12 ", and B = 42“ 15" 18". 

4. (Jiven A = 45', c = 30° 35', and a = 68° 50', to solve the 

triangle. What values of A give two solutions? AVhat none? 

r = :]r 2K' 20", h = 40° 09' 04", and B = 32° 37' 58". 

5. (liven A = 129° 05' 28", B = 142° 12' 42", and C = 105° 08' 10", 
to solve the triangle. 

a r= 135° 49' 20", b = 146° 37' 15", and r = 60° 04' 54". 

6. Given a - 68° 46' 02", h = 37° 10', and C = 43° 37' 38", to 
project and solve the triangle. 

A = 116° 22' 22", B ~ 35° 29' 54", and r = 45° 52' 34". 

7. (liven a 40° 16', b 47° 44', and A~ 52° 34', to project 
and solve the triangle. What values of a give hut one solution? 
What none ? 

'/7/ere arc two triangles . — In the 1st, e ~ 53° 19' 20", B = 65° 16' 
35", and C 19° 52' 21". In the 2d, e rr 14° 18' 22", B = 114° 43' 
25", and C =:= 17° 39' 22", 

8. Given a ~ 62° 38', h = 10° 13' 19 ", and C = 150° 24' 12", to 
project and solve the triangle. 

A = 27° 31' 44 ", B =r 5° ir 58", and r = 71° 37' 06", 

9. Given a = 56° 40', // “ 83° 13', and c* =: 114° 30', to project 
and solve the triangle. 

A = 48° 31' 18 ", B = 02° 55' 44", and C = 125° 18" 56". 

10. Given A = 50° 12', B = 58° 08', and a = 62° 42', to solve the 
triangle. What values of A give but one solution ? What none ? 

There are two eohtiions, — Ist, b == 79° 12' 10", t = 119° 03' 26", 
and C = 130° 54' 28". 2d, b = 100° 47' 50", c = 152° 14' 18", and 
C = 150° 15' 06". 

11. Given A = 36° 25', B = 42° ir 10", and C = 95° 10' 05", to 
project and solve the triangle. 
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12. Given a = 124® 53', It = 31® 10', ami r - Kl" 48* 22", to 
solve the triangle. 

13. Given a = 150® IT' 23", ^=43® 12', ami r- S2®50' 12," to 
solve the triangle. 

14. Given rr = 115® 20' 10", /t - 57® 30' 00 '. ami A 120' 37’ 30", 
to solve the triangle, 

15. Given A::::: 100® 55' 42", ll<r‘3s'33". arnlC- 120" 43' 

37", to solve the triangle. 

16. Given A ~ 50®, /> -- 60®, uml ff r- 40®, to solvt* tlu' triangle. 

17. Given rr = 50® 45' 2o". /t 60® 12' 40". ami A ■ 44 ‘ 22' 10 ", 

Ui pniject ami solve the triangle. 

There are (wo solulious. — 1st, B - 57 34' 51". c 115® 57' 51", 
and c ~ 05® IS' 16". 2d, B - 122 ' 25' 00 '. C ^ 25 ‘ 44' 32 ", and c 

28® 45' 05". 

18. (liven h ^ 00® 40' 48", r =r KiO® 40' 3o". and A 65® 33' 10", 
to project and s(0ve the triangle. 

a 64® 23' 15 B 05' .38' (M", am! C 07® 26' 20". 

10. Given A - 48^^ 30'. B 125® 20\ and C 62' 54'. to solve the 
trial! gh*. 

a v: 56® 30' 30". h 114" 20' 5s". and r - 83 12' 06". 

20. Given C = 54* 15' 0.3 ", B 4o” is' 13 ", and a 70' 30' 30", 

to solve tho triangle. 

21. Given A ^ 47' 54' 21", r - 61' 04' 56", and a lo'' 31' 20", 
tn projeft and solv«* the triangle. 

22# Cfiveii A “ 50® 10' 10", b -- 60® 34 35 and a — 120® 30' 30", 
to project and solve the triangle. 
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SECTION III. 

GENERAL EORMUUE. 


[Note. — T hiH Rfrtion is (hsipunl for such as 
make mutiu'inulicH a speriulty. 'I'he preceding 
sections are tlicniglit snrticieut for the general 
btudeuUj 

Prop* — In (I Spheriral Tri- 
(tiif/lr the ntsiiie of any side is equal to 
the produrt of the Vitsiues of the other two 
sides, plus the produet of the siues of those 
sides into the cosine of their inr/uded 
anyk ; that is. 



(1) 

(a) 

(••») 


cos a ™ (‘OS h ('OS c -f sm sin e cos A ; \ 

cos h ™ (H»s a cosc f sin a sin e (*os B ; > A« 

(H»s c cos a cos d + sin a sin b cos C. ) 


Dbm. — P rom Fiy, 07, wt! Iiave, 
cos a — cos {e — J*) cos p 
cos (r .r) cos h 

('OS .r 

^ emb cose cos jr 4 cos^ sin r sin x 

<’08 X 


r . cos b T 

since <'os 1) = - I 

L cos X J 

[expanding cos(c — a?)] 


=5: 008 b COSO -f- cos b sin r tan j* I since — tan x 




] 


= COB b COB c 4- sin b sin r c<is A I since cos A = cot b tan x = 


l^sin 


co^Man xl 
sin 6 J 


In a similar manner (5) and (3) may lie pnKluc(*d. 


144* Cou. 1, — From set A, by passiuy to the polar trianyle^we 
have, 

(1) cos A = — cosB cose -f sin B sin C oos(7 ; \ 

(2) cos B = ~ cos A iH>8 c -f sin A sin C cos ; J- B. 

(3) cos C = — cos A cos B + sin A sin B cos c. 3 

1>BM.—Lettlng a\ h\ k\ B\ and C’ represent the parts of the polar triangle, 
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wc have a = 180® ~ A^ 6 r= 180" — B\ r = ISO* - C . A - ISO* ~ B ^ 
180'" — &\an(l C = 180 — r'. AVhence*, subi^titutini; in (1) A, we have, 

C 08 (180" - A') =r ci» 8(180’ - B‘) c<w» nSO' - C ) 

+ sin (180 ~ B )»in(ls<) C ) cos (ISO — a), 
cos A' = — cos B' cosC' + sin B’ sin C (’«»s ti , 
since cos (180 ~ A') = — cos A', «‘0\ ; niul sin (180 -- B ) . sin B', etc. 

Finally, tlroppinp: the accents, since the results an* trcticral, ami treatinj; (2) 
and (il) of set A in the same way, we have set U. 

14,%. Coit. 2. — From A atul wv rvndilu fi ml the tumlva in Irrms 
of the fidcitf anti the .sides in terms of the angles, 'fit us ^ from A, 


, , . cos n — CO.*? h co.s r 

( 1 ) ros A = . , . ; 

SI It 0 Kin e 


(2) cosB: 

(3) cos C 


cos h — c»»s a cos e 
sin a sin e ’ 
cos r — C 08 a cos h 
sin a sin h 


\ A\ 


From B, 


( 1 ) cos a -~ 

( 2) Co.s /; rz 

(3) cos c = 


cos A 4- co.s B cos C 
sin B sin C 

c os B 4 cos A c<*sC . 

sin A sin C 
Cos c 4 co.s A co^i B 
hill A hill B 


W. 


140. I^rop. — Formtthe A\ and W, adapted to hgarithmic com- 
put at ion f hecmnfy 

( 1 ) = 

' ' * y hill 4 hill r 

(2) = . A". 

' ' » ^ am rt Hin c 

(3) Bxn\c = y - «i7r^.ii,i • 
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And (1) sin 


. / 

(1) sm Ja = i/ - 

/ (;ofi 

(2) Bin 4 /- 

/ (!<>{; 

(3) sm ic = |/ 


08 COS (Js ^ 

sin B sin C ’ 


08 JS cos ( JS — B ) ^ 
sin A sin C ’ 

08 }S cos ( JS — C j 
sin A sin B 


Dbm.-- S ubtracting each member of (1) A' from 1, we have, 


1 — cofi A = 1 — 


rns a — cob h ros c cos h cos c sin h sin c ~ cos a - 

sin ^ hin c ~ sin b bin c 


^ . COB (b — <•) — COB a . ^ - ft • * , * m'v 

2 Bln* iA = . - , , since 1 — cos A = 2 sin* JA (02, S), 

bill b Bin e 

and cos b cos e + sin b sin c = cos (6 c) (Ji/S, D). 

Now letting y — b ^ c, and r ~ a, we see from (59, D') that cos (6 — «) 
— cos a =r 2 bin i(a 4 - 6 - r) sin J(a + c ~ by 

IIVMCC, 2 Hin» }A = 2-^*" ^ 7 ^ 

Sin b sin c 


. , A ^ 4 /* — ri MU ♦ r -- b) 

sin J A “ ^ 7- - , . 

’ f sin 6 bin c 

Finally, putting # — a + 4 r, whence \(a + — r) = — c, 


we have, 


i(<i + c — A) — ~ b. 


. . _ ^/siii - b) sin (jfs 
“ r ~ sin b bin c 


In like manner, (2) and (3) of set A* reduce to (2) and (3) of set A". 
Again, subtracting each member of (1) set from 1, we have. 


1 — oosa = 1 — 


cos A 4^ cos B cos C sin B sin C — cos B cos C ~ cos A 


sin B bill C 


sin B sin C 


A Bsin* |a = 


— cos (B 4- C) — cos A ___ cos (B 4> C> 4- cos A 


sin B sin C 


sin B bin C 


. KA + B 4> C) cos ^<B 4 - A) 

. aGTS’iSirC 
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Now putting S = A + B + C, whence + C - A) - - A. we hien. 

sin ifl = c;«US - X, 

r gin B gin C 

In the same manner, (2) ami (U) of B' are diHiiiced (Vom (2) ami (li) of li . 
14:7 • Colt. 1. — Pnssi>i^ to the polar frianf/lt. A" and IJ" l/caftn$ 


( 1 ) cos J</ 


(2) cos 


^/ci>s(iS — B) C‘*M(Js — C). 
' Kill B sine 

/c..s(}S -’a)««>s(JS C). 


Kill A Kilt c 


(3) COS r 


.--l/ 


4*OS (js - A) <*< (JS b) 


(1) COS (A 


(2) cosjB 


(3) cos JC 


Kill A Kill B 


/ sin Jk Kin( J.*< — //) 
sin b sin r 

/ >in J n sin ( J x — //) 
sin a sin <• * 

/ sin i X sin { J.x r) 

^ sin a sin b 


J4S» Sen. — Formnlie A ’ :in«l B " run Iw f*l»tHin<*<l direrily <Vom A nml 
B. in li maniu r nlloi^etlu r similar to lluit in which A' iiiul B wi r<- Mcdin cd, hy 
addiuff each im inhcr (»f lln‘ cfitiiitiorm in gris A and B l4> 1, insU ad nf Kub(riu>t 
Ing, and oiisc-rviug that I * cokj r 2 r4>s* Jr. 

149. (’OK. 2. — Diridinp the formulfv of net A” hpthr ntfrenpnnd- 
ing ones of net A’"; nud^ in a n inn hr manner, those (,f B"' hg 

, ... . /sin ( i.v ™ r/f sin ( tx - 4) sin ( 1.1 - r) , 

thane of B , and putting \ " ' 4r. 

, i ^ - B) cos (is - C) ^ . 

and y * — , - K. wr hat^e, 

— cot> is 


K, wv hatfff 


(1) tan iA 


(2) tan ^B : 


(3) tan iC 


t /sin (i>> Kin 

gin i# sin ( !» — «) siu(i;» — //j^ 

^ sin J.x Kill (J^ tf) sin 

^ / sin ( ’zJ'l — ^ 

^ niii Im un (Ja — cj ”** wn (i# — c)* 
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(1) COtJ« = 

(2) cotib = 


(3) cot ir = 




C 08 (is - B) COS (is - c) . 
COS JS cos ( JS — a) 


cos (js - A ) cos (is - c) _ 

— cos cos (jS — B) 

"coti (js — A) cos (^S — B) __ 

— cos is cos (Js — C) 


K 

cos (^S — A) ’ 

K 

cos (is ~ B) ’ ^ 

K 

cos (is — C). 


B' 


8ch.— I n tboHe f^/rmula k is the tangent of the arc with which the inscribe 
circle is described, and K is the cotangent of the arc with which the circuui 




w'Hbed cireh* is doscrilH'd. Thus, ming the common notation, we have li 
68, AD = AO’ =r — a, and angU* PAD = 4A; whence 

tan PD 


sin AD = cot PAD x tan PD = 


tan iA = 


tan PO 


tan PAD' 

, [(1) A>'I. . 1* = tanPO. 


sin 0* “■ <0 «ln — a)' 

Fn>m FSg. 01), we have, AD =: ir, and angle PAD = iS — C. 

Hence, cos (IS — C) = cot AP x tan ir, or tan Ir = 

or c»t tc = _ cj- «») B"1 •• K = cot AP. 


QAV8S*S E^tUATlONH. 


JSO» Pmb* — To deduce Gausti's Equatiom, which are 



gauss’s equations. 
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,g, cos^(A + B) _ cos i(a + d) , 

' ' sin^C cosje ’ 

(4) cos|(A— B) _ Bin |(g + 6) 

' ' Bin^ smic ■ 

Solution.— P rom A., page 25, we have, 

Bln (iA + or sin i(A + B) = sill I A cos iB + COS iA sin JB. 
ibstltutlng in the second member the vuliu's of sin I A, (‘t»s IB, eo« iA. mu\ 
niB , from A" and A'”, there n‘su\ls. 


wA Dv Rin ~ 6) /Vm — f) •»> mu O 

in -4- D) - . j ‘ i • , ■ 

Bin e r hiu a siu o siu <• f ‘•m <i hui h 

ISt e (ij) A 'V 


sin (Aat — ft) + hin (^rj« — </l nin 


MU (* 

Bin — h) ♦ hin - a) 
Bill c 


i' 


l OB ^C. 


;iut Bln (Js — b) 4- Bin^« — <t) -= hiu ^ kb f - h) > 4 

-Bin lir 4 j(<i — 4 sill 14*' “■ i<a — 6)) 

r- 2 sill c<»s — b). A ). 


Also, sill c 2 sin cos ir. 

l^ubetituUng these values, the j»reeedin^? ber<»mes, 


- _ 2 Mil i/- cos 40# b) 

Hin A ^ B) . cos . 

2 sm f ttH ff’ 


sin k(A ^ Bi cos jfu — bf 


am iC 


am Jr 


( 1 ) 


In like manner starting with 

sin (iA — IB ), or sin |(A — B» = sin JA ctm JB — cos JA sin |B, 


then* results, 


sin J<A - B) _ sin i^>r - bf 
am JC sin jr 


Starting with co« (^A s JB), or cos |4A 4 0i t am ^A cos J8 — sin JA aln 46, 


there results, 


cm 4<A 4 B) _ cm Jhi 4 


sill 


cos 4r 




Starting with cos (iA — JB), or cm \<A — B) ™ cm |Arm JB 4 sin ^Asin IB 

cm i(A — B > _ s in i(n + b) 
iiafe §m ie ^ 


there results. 
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KAFIEira ANALOGIEB. 

ISl, Prob. — To deduce Negoiefe Analogies, which an 

n \ + B) COB ^(g - b ) . 

' ' cotjc cos|(a + J)' 

ta" - B) _ Bin jja - h) . 

' ' cot sin J(a + i) ’ 

m tan i(a + b) _ cos |(A - B). 

' ' tan cos i(A + B)’ 

/4\ tan _ Bin|(A ^B) 

' tan if ~ sin i(A + B)‘ 

Solution. — To deduce (1), divide the Ist of Gauss's Equations by the 8d. 
To deduce (2), divide the 3d of G alias's liy the 4th. To deduce (3^, divide the 4th 
of Gauss's hy tlie 3d. To deduce (4), divide tlie 2d of Gauss's by the Ist. 

J/f2» Sen.— In usinij these formula? the species must be carefully attended 
U). Tlius ill (1), cot iC and cos i(a — b) are necessarily + ; hence tan4(A + B) 
and cos \((i + b) are of the same sign with each other. In (2), cot iC and 
ain + 6) are both + ; hence, tan — B) and sin \{a — b) are of the same 
sign with each other. And siiuilur inspections may be maile upon (3) and (4). 


EXERCISES* 

TIic proposition that “ The sinis of the angles are to each 
other Its the sines of tlieir opposite sides" ( Napier’s Analogie.'^ 

(/^/), and formnhe A*\ (140) aR» siillieient, in themselves, to 

ofTect the solution of all oases of oblique spherical triangles; and 
for practical j)iirjK)s<\s tht‘y generally re<]uirt‘ le.ss labor than Napier's 
Hulas. We give a few solutions and refer the student to the pro- 
coding E.xercises for further pnurtiee. * 

1. Given a = UHI®; c = •*>'’ and h = 10®, to solve the triangle, 
(ProA 1, Case Ist, 137*) 

Ist To find A and B we have, 

c«« -s *) : cos |(a — SI : : eot iC : tan I(A -s B) ; 
tad sin i(a + b) i sin l(ti — 6) : ; cot ; tan {(A — B) [ISO (1) (3)] 
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CompMting by logarithm*, wc have, 

ar. CO. log CO* IK* + J) = 65°] = 0.341408 
+ log cos [i(a - 6) = 45° j = 8.849483 
+ logCOttiC = 3'80'l = 11.859907 

Rejecting 10 = 11.450801 = Ing tnn + B). 

.*. 4(A + B) -= ST" .')8' IH". 

ar. CO. log sin (i(** + 5) ss 55*J = 0.086035 

+ log sin [«<» - 6) = 45”] = 6.849485 

+ log cot liC = 3” 30'] = 11.859907 

Rejecting 10 = 11.390037 = log tan ](A - B). 

.-. i(A - B) = 87" (»• IB" 

The signs of all the terms being +, i(A.+ B) iui«l K* - B) '"■« ''"U' 

Ilian 90°. 

4(A + B) + i(A - B) = A = 87° 58' 18" + 87” OB' 10 " = 17.5" 04' 114" 

KA + B) - i(A - B) = B = 87° 58' 18" - 87“ 00' 10" r-. 0 53 03 '. 

2d. To find c. This may be found from the proporliim, 
sin A : sin C : : sin o : sin r, 

tr from the 8d or 4th of Napier’s Analogies. 5Ve use Uic last, iliougli ihe lb» 
& equally expeditious. 

sin j(A - B) ; sin ^(A + B) : : tan - l>) ■ tan jr. 


ar. CO. log sin U^A - B) = 87“ 00' Ift"] = 0.00955.5 

+ log sui IHA + B1 = 87“ 58 18"] = 

+ log tan li(a -i) = 45'’1 = I" '"!!!!!!? 

Rejecting 10= .0 .88)38. - log ten 

2. Given A = 1:15“ 05' 28" .0, C = 50° 50’ 08".0, aud 5 - OO” -'V 
50" .2, to solve the triangle. 

1st To find « and r. The 3d and 4lh of Nainer's Arnd.-gie* give. 

COS KA + C) : KA - C) : Uin H : ten . r) ; 

and sin KA + C) : sin i<A - C) : . ten \>> tan ](■. - rV 

t?omputingby logariiUra«. we have 

ar. CO log cos [KA + C) = 93’ 47 48 0] = j> * 

-Iogco.I«A-C) = 42“ir 40 1 - 

.flog urn U5 =3447 38 1] --- 9 81t»i.5.7 

Uriel UOR 10 = U 033.V148 = log tan i(<i ^ f). 

* <*) • 

«e + rt > 90“. slme cos RA r C) U coa RA - C, U + , and fa U *. 
making tao 

■ .Thr«lc««tth».«uk«l«»ri4«*<*W«.te uath. of 

•ccsrmUKljr* 
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ar. CO. log sin [HA 4- C) = 92" 47' 4a''.6) = 0.0005176 

+ log «in U(A - C) = 42" 17' 40 " \ = 9.8279768 

+ log tan liA = 84’ 47' 28". 1] = 9 841^527 

Rejecting 10 = 9.6705471 = log tan H« — «)• 

>- c) = 25" 05' 05". 

~ <j) < 90", since the signs of the U’rnis arc all -f . 
l(a f r) 4- 30' 30 ", an<l ^{a + c) — ^{u — r) =: c = 70" 20' 20 

2<1. To firi.l B. Kitlier of the 1st two of Xapier’-s Analogies will give B. 
TliiiM (1) beconu*s, 

cos ^(a — r) : cos \{a + r) : : tan HA + C) : cot ^B ; 
and (2) sin \{,a — c) : sin \{a + c) : ; tan HA -- C) : cot iB- 

But as ^{a -t c) is s<i near 90 , it will be better to u.so the second of these 
than the llrst. Or wc may with fapiul iiecitracy use, 

sin <• : sin A : : sin C : sin B. 

ar. CO. log sin (<• = TO" 20' 20" ) = 0 O260H7H 

4 log sin {h ~r 69' 34' ri6".2) 0.97182(12 

f log sin(C rr. 50' 30' OH". 6) vz. 9 8874210 

Rejecting 10 - - *9.8853290- log sin B. B = 60"' 10' 10 '. 

3. Oivon a ~ 5(V’ 45' 20", h — 09^ 12' 40", uiul A - 44^^ 22' 10", 
to Holvo the triangle. 

Ist. To find B. sin a ! sin & : i sin A r sin 0. 

ar. CO. log sin (a — 50’ 45 20 ') -rt 0.1110044 

4 log sin {b = 69 12' 40 ) - 9.9707626 

4 log sin (Act 44" 22 10 l 9,844(r,25 

Rejecting 10 =: 9.9264195* ~ log sin B. B - 57 3-r51".4. 
and 122" 25' 08 .6. There are two solutions, since a is intcrmeiliaie in value 
lielween p and l»oih b ami 180’ — /*.• 



• The delcrmlnsilon <>f the sp«'rie» of B, or whst is 
the Nime thing, the number of roluttons, can asuslty be 
cirected by s rlmple inspection wltboot any oompata* 
(ton whatever. Thne, sin p =r rin A ein A. 
rithms of which are (riven above, as to log sin a. Now. 
as t>oth a and p are < SO*, and log sin p < log sin a. 
p <i a. Bot a <b^ and sIm ices than 189* — ft. All 
this can be seen al a glance. 
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To find C and t of the larger triangle in which B = 57" 34' 5r'.4 
Napier’s Ist gives 

ar. CO. log cos li (5 - rt) ~ 0 " 13 40 | ~ O.OOriiV '570 

+ log cos [4(5 /I) rr 50 .V.> j 0.0001 SS7 

+ log tan[KB 4 A) 50" 5*^ 30 ,7] -- 10.0012404 

Injecting 10 “ 0 71HH)i»2l r- log om ^C. 

. C 115 57 50 '7. 


Napier’s 3d gives 

Jir. CO. log ( OS [1(8 ~ Al . (V 30 20' .7] ~ 0.(K>2xiV}S 
4 - log('os l4<B * A> ,50 .5< 30' .7] ~ 0 7001030 

-f l<»g Uin (4(5 ♦ (() .50 ,50 I 10 2,:n2(W0 

Hcjri ling 10 10.0402«M»1 log tan 4/*. 

: 05 IS' 1 ( 1 ' 4 , 


M. To find C and f* of tin* smaller trianglt* in wlii( h B = 122' 25’ 08'".fi. 
Using the mmo. J'irmuhr as hclunr. 


ar. CO. log cim ( - a) • 0 13' 40 ) 

4 logC(K||('> i <50 5!t I 

4- log tan [4(B • A> k; 2,1 30' ..'{| 

Urj<-('ling 10 


0 0050570 
0 0001MS7 
HM,»;U{2703 

10.011 n«io ing cot [C 

C 25 44 3I".«. 


ar. CO. log cos ji(B • Aj r. 30 or 20 ' 3J - 

4 log cos joB •• A) Ki 2,3 30 .3) = 

•4 li»g tan |4<'/ . .n .50 .50 j 

Ilcjccling 10 


0.1000500 
0 0<10S300 
10 2^Js20so 
0 |Oh;.50I 


log tan 4/\ 

2S 45 a5 2. 


ScJt. — Wlirn Napier's Antilogiis arr n-ed for solving AV*>6 2(nf i flic 

most expeditions and elegant method of revolving the .amhiguity, is hy ineann 
of the analogicH themselves, 'rini'. in the alw.ve f-varnfile, alter ha\ ing fotiiid 
thatB tr: .57 34 51 4, or 122 25 tt^ i;, oi tpoth. a simple inspectioti of the anah 

ogy next used will determine the imiulKT of MdntionH. 

Napier’s Isl may he written 


col 4C 


hh • 
cos — 


"Siin4/B 4 A). 


Now 4C < IK)', licm'c (?ot jC U 4-. If, ihcrcfon*, neither of the rtiUiPn of 
B renders cot JC ihen.* are (tm itohilions. If one \alije renders rot 4 C 4 , 
and the other — , there is iwdnlion and it f’r)m*a|Mmds to the value (»f 8 
which makc*^ cot 4 C +. IflMith vahiea «»f B render cot -* . ther»‘ 114 no aolti- 
lion. In the last example, we see that con \\ih -t* <i) r: .50' 50 |, and r<m \\(h — aj 
sr 9* 13' 40 I arc ls>th 4 - . Alan Un (4<B 4 . A) = 50" 5H 30 7. or H-f' 23* 39''.3, 
or botlij h 4 - for both values of B. Thcrdbre there arc (tro n^dniionji. 
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4. Given A = 95® 16', B = 80® 42' 10", and a = 57® 38', to solve 
the triangle. 

Ut To find 6, »in A : sin B : : sin a : sin b. 

ar. CO. lo;; sin (A = 05' 10 ) rr 0.001837 

-f lof? sin (B = 80" 42' 10") = 0.004257 

+ log sin (a = 57“ 38 ) = 0.02G071 

Ucjccling 10 = 0. 022705 *= log sin b. 

\ b z=. 50 ' 40 57", or 123* 10' 03 or both. 

2d. To find r, tan Jr .■= ^ tan A(/f + h). Now for 5 = 50" 49’ 57", 

cos J(A — B) ' ' 

tan Jr is ♦ ; but for b — 123“ 10' 03" tan Jr is — ; hence there is but one solu- 
tion, and tliat corrcRp(»nds totlic smaller value of b. 

ar. CO. log co.s [UA — B) — 7* 10' 55"] -= 0.003517 

f log co.s (JiA f B) ™ 87“ 50' 0.V ] = 8.540124 

log tan tJla -f h) 57“ 13' 5H '] ~ 10.101352 

Kejecting iO = 8.740003 log tan Jr. 

. r = 0“ 18' 19". 


3il. To find C, we may use (1 1 or (2 » of Na|>ier’s An:ilogi«:s. or 
.sin #r ; sin r : : sin A : sin C, 
llie last of widen is the most e.xpediliou.s. 

nr. eo. log sin Of ~ 57 * 38 ) -- 0.073329 

S log sin (r : (» 18 19") • 0.040705 
4 logsiiuA 05' 10 ) 0.008103 

U'jecting 10 9.112107 -- log sin C . . C - 7“ 2(5' 22' 

This vaUte i.s taken tor C instead ()f its supplenu nl, siiu e C is opposite tin* 
sinalh'st side r. 

5. Given a ~ 70 ’ 14 20", b = 40'^ 24' 10", and c = 38" 4C' 10"; to 
jjolve the triangle. 


rOMPUTATIOK. 


a - 70' 14 20 

h- 40 ' 2 1' 10 

c - J18“ 4(J icr 

ft - 158 ’ 24' 4i»’' 

J# “ '79 12' i^V' 

- <1 ™ 8“ 58* 00 ' 

Ji. ~ i r= 29“ 48' 10" 

J# ~ = 40“ 36' 10' 


nr. CO. Ickg Rin = 0.007753 

“ “ =-. 9 192734 

»• “ :.r. 9.G9C370 

•* ** ~ 9 811977 

2)18.708834 
logjt= 9.354417 
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log tan iA = log k - log ain ~ a) 4- 10 = lO.lGlOS;!. . , A 1 10 51 10 
log tan = log A: — log sin ~ + 10= l>.r>58017. . B 4S" 50 04 > 

log tan iC =: log k ~ log sin - r) 4- 10 = 9.542440. C : : 28' 48’ . 

6. Given a = 109° 55' 42'\ b = 110 ' ;i8'r>;r\ and C 120‘^4d' 37". 
to solve the triangle. 

COMPUTATION'. 

A =r lOir 55 42" 

B - iiG" :i8' 3;i" 

c = 120 ’ 4:r a? " 

S z::; :]47* 17* 52 ' 



4S .z 

I7;r 

38' 

50" 

nr. Ct>. h»g cos r : 

o.oomi 


-At: 

(kT 

45' 

14" 


9(140158 

iS 

- B T 

57 

00 ' 

25 ' 

.. 

9 750955 

iS 

- C = 

52’ 

55' 

19 

•* *• 

9 789247 







2d9 19.5125 






log K 

9 oSj.Vd 


log cot ~ log K — log r<»s (iS — A) 4 10 - O.oaoioa • ,1 |ih 21' 88*'. 
log cot log K — log COH — B) * 10 9 840528. . . h 109 .V) *20' . 

log C(»t r.r log K — log roH ,' jS - C) « 10 r. 9 80251 1. . f 115 15' 28 . 

Sen. l,~~Thc stiuk'Ut enn u.hc the exercises in the pn rc.lirig Hr< tion !<♦ hinill- 
inri/e tin? metho'.ls here given. In tli»ing ««», it will he well lor hitn to neek the 
most ex{H‘3iiious Kolutiotm. He w ill hn>} that 

Krampltn i//n/<rr ritoii. 1 n^piire 11 logiirilhrnH hv Napier’s Annlogieft and 
and 12 loguritliin'* hy Napu j’^i Uah-'^ and </»'/«>/. 

KtampUn utuhr Piion. 2, when there is hut «»ne s<»lulioi), reipiire 10 log/t- 
rithms by Napii*r.s Anrth)gie.s and t/.TAl, and 12 logarithniH hy .Napier'n Holes 
and(/*T^). When there are iv\«» MdutinnH. 15 hig.arithiOH are ret|uired hy 
Napier's Anah)gi<‘s and (/XT), luid only 14 by Napier s Ituh-H uhme, or hy iJje»« 
rules and ( 

Kjtnmpi^H uutUr Pjmiij. 5 reejuire hut 7 logunlhiiis hy the method given in thi** 
section and 13 by the previous meihral. 

Sen. 2. — In cases in whieh the angles or siden an- near the limits O’, 9<1‘, or 
180*, so that the funetions ined in the partieuhir solution ehange very rapidly 
in proportion to the arc, it is oOeo p*»ssiblc to select one among the «;verul 
melhcKls which will give more accurate 144*11114 than the *8her4. There are 
also other methods which an; lx;tler adajm d to sue h r?i%eH than those here 
given. For these, as well as for much other interest»r>g limit* r, and i-siMM. ittlly 
for the discussion of the General Spherical Triangle, American stmienta have an 
cxoelleni resource in the treatise of Professor Cliauvenct of Wasiangton Uuivvn 
sity, Sl Louis. 
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SECTION IV. 

AREA OF SPHERICAL TRIANGLES. 

1^1$ • l*robm — liavinff ike angles of a spherical triangle given^ to 
find the area, 

Hou tion.— |T1ki solution is pvon in Part II. {G13\ and we simply re- 
jiroduce the result, in order to give ciimpletencss to this sc^ction.] The area is 
eijuul to the ratio of ilie spherical excess to hO \ or into the trireetangular tri- 
angle. That is, letting the sum of the angles Ik.* S", the urea K, and the radiuB of 
the sphere 1, when<*e the area of the trireetangulur triangle is we have 



In the latter expr<*ssion S is the sum of the angles in terms of the radius, i. e., 
S S® 

s ri7^2ii5TH’ ^ 


EXEIUTSIX 

1. Wliut is tin* ureti of u sjdu'rical triangle whoso angles are 100®, 
58", and on a sphere w hose diameter is l> IVvl ? 

2*30* 

SoM’TlON. K S — Jt - — 11.14150 .COH, the area of a similar tri* 

o« •«» 

atigle on a splu re whose radius is 1. Hence, the ari’a of the recpiired triangle* 
is .008 X :P <1.282. 1 The method given in Part II. is more e.xpedi- 

tious, but it is our purpose to illustnite the form here given.) 

2. What is the art*a of a spherical triangle whose* angles an? 170®, 
135®, and 115", cm a sphere whose radius is 10 feet? 

A ns. 418.875 stpiare fi*et 

3. What is tlu* area of a spherical triangle whose angles are 150®, 
110®, and 00®, tni a sphere W'hoso radius is 3 ftvt ? 


1^0. JF*ro6 . — Having the sides of a spherical triangle giveriy to 
find the area. 

IdoLUTioK. — The angles may be found by {148\ and then the area by 



area of spherical triangles, 


m 

But a more direct metluHl to find the spherical excess by means of Lhttil- 
formula, which we will now pnHlucc. 


IK bA ^ B f c - »r) 


Whence tan IK = uin IjA 4 B ^ C ~ 

^ sin I(A 4 - B) — sin ijir ~ C) 
cos I(A - B) 4- COS A(/T — C) 

_ sin J(A + B) — • cos iC 
coH i\A 4- B) 4- sin JC 

(cos kilt — h) — eos b'j cos iC 

(cos 4- b) *• COS Icj sin 


jtI == tan [i(A 4 B) - hr - C)) 

t7, iwj-e;!/) 

( tMp 1st and :hb 


cos lOi — A) — <’oK A/* ' vin AM sin (Aj» — r) 

cos jbi + A) cos W V sin — <i) sin ~ A) 


i47) 


sin i(a 4- r ~ A) sin l(A . <• - sin sin ri 

cos b/i 4- A 4 c} ( OS • A <•/ f sill (Jj* - t!) sin — A) 


V\ 1) ) 


^sin * " A|sin‘ *iy» — sin An sin («fi ■ r) 

' COS’ I» co.i^ -■ /*)siiH*N - A) 


(.'IS M o f A f r) 




sin* M 4% - A)sin^ kijM - »/) '•in t* cos Insiii 4^^ fii »»s - *') 

coH* I.** cos* p u —, 1 ) Cfs piN -'O'^in A(u-”A|c«h piN -^A) 




Tan IK -Y/'ian In lun i<U — >/} tun ps* ~ Ai tim — rj iA) 

Having; fotiinl K, llic s|»hcri« ;il • 'ccss, or what is the suinc tliin*,;, tin* area of 
a similar triaiiirlc on a splicrc who^i* raJois is I, wc have but !<» nr.dliply K by 
the scjiiare of the radius in any irivcn case. 


EXERCTSES. 

1. (fivon (7 =r 9>s\ A™ 1 10"^, and r Ilo"", to lind the ur<‘a of a 
spherical trianjjlc, on a sphere who-^** radiioi U miicti. 

rojiPtTATlox. 

log tan (I# =: W 4.% i --- 10 78AlHr, 

+ log tan pi) rr :n ir^ \ ~ m TMir^:; 

+ log tan hI«--IA) = 2.V 4.i | - lMW3:Vi« 

4 - log tan =: S3’ 15 I “ 

2VK# 

Rejecting 10 ~ 0 04#^101 =: log tan IK . . K =I<W" StT 20" 

• The 4 I* alwavs token ; otbenriee, |K being > W*. K woald b« > dBtr wklcli In Inpon* 

Me, (PomT Til.. tSfi 
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Whence area = — — . ijr(4000)* = (4000)* — 46,450,440, 

nearly. 

2. Given a = 70'’ 14' 20", = 49'’ 24' 10", and c = 38® 4C' 10", to 
find the area of a spherical triangle on a sphere whose diameter is 8 
feet nearly. 


1^7 • Pvoh* — Having two sides and ilicir included angle given 
in a spherical triangle, to find the area. 


Solution. — C(»mpiitc Ihc otlicr two anpjlos by Napier's Analogies, and find 

. « . tm. - . f'*’* hivoiV> 4- cos C . 

tlic area ftom the angles. (The formula cot “ gives 

the spherical excess in terms of two sides and their included angle ; but it is of 
no practical value for fiiuling the area, as it is not adapted to logarithmic compu- 
tation. For the manner of producing it and several other forms for K, see 
Todhuntcr’s Spherical Trigonometry, (/O//)]. 


PRACTICAL APPLICATIONS. 

[Notk.— The three follow’ing problems are given merely to indicate to the 
student some departim nts of investigation in whic h Spherical Trigonometry is 
of essential service. The two .sciences to which this branch of I’ure Maihe- 
tnniics is indispensable, arc (.Jeodesy, or the mathematical mcasurcmmit of the 
earth, and Astronomy ] 


I^robm /• — To find the shortest distance on the eartJCs surface be- 
tween two points whose latitudes and longi- 
tudes arc known. 


Suo’a — The shortest distance on the surface be- 
tween two i>oints is the arc of a great circle Joining 
the |K»inis. lienee, the Pn»blem is : Given two sides 
(the co-latitudes) and the inchuUHl angle (the differ- 
ence in longitude), to find the Uiinl side. 



Ex. 1. Berlin is sitnateil in Lat.. 62® 31' 
13" N.. Iw<on. 13® 23' 62" E.. and Alexandria, Egypt, in Lat 31® 13' 
X., lx»n, 29® 56' E, IVhat is the shortest distance in miles on the 
earth’s surface Indwctm them, the earth being considered a sphere 
whose radius is 3902 miles ? 


Ans. 1692.44 miles. 




112 


BPHEBICAL TillOONOMETRY. 


Therefore ^ the hour angle NNS' = 80* 22' 08" .8, and the hour angle is 60* 
44’ 07". This reduced to time at 4 minutes to a degree, gives 4 h. 3 m. 56 s. be- 
fore noon, or 7 h. 57 in. 4 s. a. m. 

Ex. 2. In latitude 40" 21' N., when tlie declination of the sun is 
8" 20' S., and its altitude 30" 12', what is the time of day ? 

A ns, 9 h. 43 m. 44 s. A. M. 

Ex. 3. In latitude 21" 02' S., when the sun's declination was 18" 
32' N., and the altitude in the afternoon 40" 08', what wa.s the time 
of day ? A ns. 2 h. 2 ni. p. M, 


Proh. — To find the tune of snnrising nnd suyiset ting at an\j 

given plare on n given dag. 

Sen’s. — Tiie projection being the same m lM*fhre, let M'RS’M reprt'sent the ap- 
parent diurnal path of the huh. Since S'M is described in 0 horn's, tlie time Uikcn 
t<» deseribc RS' is the time before (> o’clock, at 
which the sun rises, i. c , passes tin? horizon HO. 
But the time retpusite to describe RS', is tl»e same 
part of hours (360 angular measure) that the 
ang le CNL (=: arc CL) is of 360’. Hence, the arc 
CL, in time, U the lime hefore 6 o’cUwk nl which 
tin? sun rises. In a similar mannea*, C/, in lime, 
is seen to he the tiuieo/Zc/* (» o’clock when the sun 
i.s south of the ecpialor. 3'lie solution ('f the | reb- 
lem, therefoix*, consists in finding CL. Now, in 
the triangle RLC, rigiil angled at L, LR — the 
sun’s declination at the lime, and angle RCL = ECH = the c(» latitude of the 
place.* From Uiese data CL is readily found. 

Ex.l. Kequired the time of sunrise at latitude 42" 33' N., when 
tlie sun’s declination is 13" 28' N. 

rOMPlTATIOK. 

cot 47* 27 = 9 962813 

tanljr28 r= 9 379239 

sin 12’ 41' 53 * = 9.3420.V3 

(19* 41' 52'’) X 4 gives the time before 6 o’clock as 50 47". The sun rises at 
5 lu 00 m. 18 8. 


• TaU inny b« thn» ; Supp(M>« m pervon to Hart fWnn the eqtifttor at £ ati4 tTarel 
north. tlVhea ho at K, the aonth point of hia hoiiaon (H> »t S : tic 

fooo north, the aouih polo (S) ainka a deerreo b^ow hit faoriaon. Iloiico, HCS * laiimde, 
•ad ECH « co4aUUida. 




PRACTICAL APPLICATIONS. 
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Ex. 2 , Reqiiiix'd the time of sunrise at latitude 57” 0*^ 54'' 
when the sun's declination is N. 

Su7i rises at 3 h. 11 in. 41» h. 

Ex. 3. IIow lonj^ is the sun above the horizon in latitude 58' TJ' 
N., when the sun's declination is 18"' 41' S., that is alMUii dunuar) 
25th ? A ns. h. 35 m. 33 s. 

ICx. 4. What is tin* length of the lonji^esi da\ at .Ann Arbor. Alich.. 
liat, 42” Id' 48".3, the sun's <?rea(est diclination Ixdni; 23" 27' ^ 

A ns. 15 h. 05 in, 50 s. 


INoth. — I n sneli proViloms ns thr f«»rf*iroiiijj. Kt'vend siniill eornTtionn httvi» to 
be made in onWr loentiiv art uraev. siu ti, lor cxainph*. ns Hint lor n lhiclhai hi 
takin:; tin* ultitiulo, and Idr liie tiiiit* n nuin il for the Mnu’s di^»k lo p it»H the hori 
zon. But they would be out of place here ) 
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